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PART V 


« 

PHILOSOPHY OF PHYSICS 




44. THE PRESENT STATE OF THE 
DISCUSSION ON RELATIVITY* 

A Critical Investigation 

[1922f] 

[A few pages have been omitted dealing with Herman Weyl’s generalization of Riemannian 
space, and with some minor criticisms of the theory of relativity which are of no histori- 
cal significance. — M.R.] 


INTRODUCTION 

In the years during which the theory of relativity has been the subject of 
philosophical discussion, a considerable number of publications concerning it 
have appeared. It would therefore seem appropriate to summarize the philo- 
sophical viewpoints expressed and the conclusions arrived at in these investi- 
gations. Of course, one cannot hope to distil one final judgment or one common 
interpretation from such a variety of works. The same reasons which make it 
impossible to unify the various philosophical systems also make it impossible 
to unify the various treatments of a specific problem in the philosophy of 
science, for these treatments have usually been mere projections of their 
author’s philosophical position. It is obvious that each philosophical school 
selects from the theory of relativity exactly those philosophical issues that 
appear interesting from its particular vantage point, and either accepts, 
rejects, or ‘interprets’ the physical theory depending on whether or not the 
theory agrees with the doctrines of the school. Such an attitude is not fruitful 
for an understanding of the philosophical content of a new physical discovery. 
Moreover, philosophical analysis meets with difficulties in this case because 
a much greater knowledge of physics is required than has commonly been 
necessary for studies in the philosophy of science. The adequacy of any 
philosophical criticism of the theory of relativity therefore depends on the 
author’s grasp of the physical content of the theory, and on his understanding 
of the physical significance of particular assertions. This accounts for the 
amazing variety of opinions, the violent controversies about the importance, 
consistency, and scientific applicability of Einstein’s discoveries. The kaleido- 
scopic chaos of opinions is heightened, in turn, by the participation of the 
general public in this controversy. 

Under these circumstances, any attempt to impartially review the present 
state of the discussion would be a rather useless enterprise because no coherent 
* From Modern Philosophy of Science' Selected Essays , ed and tr. by Maria Reichenbach, 
Routledge & Kegan Paul, London, 1959, pp 1-45. Copyright © Maria Reichenbach 1959 
except m U.S Copyright © in U.S. by Maria Reichenbach 1959. 
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picture can be constructed from the different formulations. Everything is 
still quite unsystematic; dogmatic understanding is found next to clear in- 
sight, and the voice of the amateur has not yet been stilled. It almost seems as 
if Einstein’s great physical discovery might split philosophy even further; 
convictions about the most elementary functions of knowledge become 
irreconcilable at a time when their adherents should humbly learn from this 
new development in science. Let us, therefore, try to critically examine these 
writings, separating the important from the unimportant contributions, 
correcting the mistakes, and exposing the fundamental philosophical pro- 
blems arising from Einstein’s discovery. 

We must admit that such a presentation itself constitutes a point of view, 
but that is a fate which no productive work can escape. However, this need 
not prevent us from making new attempts at arriving at objective statements 
by means of analysis; there is no other way. The following critical presen- 
tation may therefore be regarded not only as a review of, but also as a partici- 
pation m the discussion. Later developments will show to what extent our 
criticism is justified. I am convinced that such participation is useful, even 
necessary, because the number of obvious misunderstandings is so large, and 
it is futile for some philosophers to attack the theory so violently simply 
because they do not fully understand its physical content. I rather believe 
that it will be possible to bring about agreement on many questions in a 
relatively short time. It is the aim of the present essay to contribute to such 
a clarification. 

In our presentation, we shall have to discuss the physical significance of 
the theory of relativity, and even specific physical questions, but this will 
always be done from the viewpoint of philosophical analysis, and merely 
physical problems will be excluded. Therefore, the purely factual assertions 
of the theory will not be criticized; that may be left to physics, and for the 
present there is no other course but to accept these assertions, subject to 
possible later modifications. It will be one of our problems, however, to 
discover what empirical assertions the theory does, in fact, contain. This 
question has not yet been clarified sufficiently, and even the physicist usually 
loses his bearings when he is expected to give a clear answer. Here is the 
source of most of the philosophical misunderstandings. In this respect, we 
hope that the following presentation will clarify the discussion. We shall 
closely adhere to the physical theory. 

A presentation of the theory itself is not necessary. The literature in 
this field is extensive enough, and there are some excellent expositions of 
the theory. In addition to the original publications by Einstein and the 
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outstanding works by Weyl (69),* v. Laue (31), Kopff (24), and Pauli (38), 
which are accessible only to the expert, there are popular presentations by 
Einstein (10), Bloch (2), Freundlich (17),Schlick (56), Born (4), 1 Thirring 
(65), and the short and well-organized article by Sommerfeld (64). 

The philosophical works treated below do not exhaust the literature - 
that is impossible - but I presume that I have not missed any of the more 
important works published in recent years. Unfortunately, I had no access to 
the philosophical literature of foreign countries. A bibliography of the 
publications mentioned in the text will be found at the end of this essay. 


1. CONCEPTIONS INFLUENCED BY VAIHINGER 

It is true that the theory of relativity sometimes makes use of fictions. This 
is the reason why Vaihinger’s philosophy of ‘As If seemed especially suited 
to a clarification of the philosophical problems of Einstein’s theory. Vaihinger 
himself did not participate in these discussions, but his adherents did. At a 
meeting that took place in Halle in 1920, their attitude was negative through- 
out; Kraus, who has become the mouthpiece of this school in regard to 
relativity, is especially critical of the theory. 

What are fictions? According to Vaihinger, they are “mental structures” 
(68, p. 12) “which do not directly correspond to reality” (68, p„ 17). In a 
certain sense, all conceptual constructions can be called fictions because all 
of them are mental structures that may never be construed as ‘mirrors’ of 
reality; they are determined by the nature of our thought processes and are 
nothing but tools for the understanding of reality. However, the latter view 
corresponds neither to Vaihinger’s terminology nor to that of the recent 
fictionist school. Vaihinger expressly (and rightly) distinguishes fiction from 
hypothesis: “Whereas every hypothesis seeks to be an adequate expression 
of some reality still unknown and to mirror this objective reality, the fiction 
is advanced with the consciousness that it is an inadequate subjective and 
pictorial manner of conception, whose coincidence with reality is, from the 
start, excluded and which cannot, therefore, be afterwards verified, as we 
hope to be able to verify an hypothesis” (68, p. 268). Thus there are two 
classes of mental structures used in acquiring knowledge; one of them has a 

* [The numbers in the text refer to the bibliography at the end of this essay In the 
case of the author’s works, we also cite Reichenbach’s bibliography number in square 
brackets. - Ed.] 
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certain relation to reality (‘description’ is a better term in this context than 
the word ‘mirror’ used by Vaihinger), the other one has no relation to reality, 
and is only a conceptual tool. The question arises: which assertions of the 
theory of relativity are mere fictions? 

Obviously, it is a fiction when Einstein speaks of an observer who sets his 
watch at the arrival of a light signal. It is impossible to perform this operation 
because the error which would result from the faulty sensory reaction of the 
observer would be much larger than the correction in the setting of the 
watches required by relativity theory. Although popular presentations of the 
theory make frequent use of such fictions, their purely pedagogical and 
heuristic purpose is apparent. Such fictions can easily be eliminated, but this 
fact is so obvious to the expert that, instead of avoiding them, he often uses 
them successfully. 

For the same reason, such fictions are not the concern of the philosophy 
of ‘As If’ since no philosophical analysis is needed to discover them. The 
fictionist school maintains, rather, that the theory of relativity contains 
different, more fundamental fictions whose fictitious character, far from 
being obvious, is not known even to the physicists, including Einstein himself. 

We shall turn to a discussion of Kraus’ views. Basic to the theory of 
relativity is Einstein’s theory of the measurements of spatial and temporal 
intervals; Kraus calls this theory a fiction. He declares: “One can interpret 
the Lorentz contraction only as a mathematical consequence resulting from 
certain fictitious measuring operations; more precisely: one obtains the value 
of the Lorentz contraction when one figures out what the results of certain 
measuring operations would be. Actually, such a measurement has never been 
performed. Thus the calculation of measuring results under certain fictitious 
conditions is confused with actual measurement” (26, p. 359). These words 
contain Kraus’ mam ideas, and it will be worth while to examine them criti- 
cally. We admit that a direct measurement according to Einstein’s methods 
has never been performed; but the direct measurement is certainly one of 
those trivial fictions which we excluded from consideration on the grounds 
of being obvious. Kraus overlooks the possibility of arriving at statements 
about the behaviour of measuring rods and clocks without making direct 
measurements with these objects. The Michelson experiment shows that there 
is a certain connection between rigid bodies and the velocity of light; from 
such experiments we can infer how rigid rods would behave if measurements 
were performed. Kraus is mistaken when he infers that, according to the 
theory of relativity, only those bodies accidentally used as measuring instru- 
ments would undergo the Einsteinian changes (26, p. 358). On the contrary, 
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for the theory of relativity every rigid rod is a measuring rod and the theory 
has empirical evidence for its assertions. Of course, these assertions contain 
hypotheses since our inferences are only indirect, but that does not make 
them fictions. 

For Einstein, clocks, like measuring rods, are physical things, not fictions, 
and he has suggested experiments designed to test the retardation of clocks 
empirically. 2 Einstein’s assertions might be false , but this is an empirical 
question. Kraus does not notice that his statements about measuring rods 
and clocks are also empirical, and therefore may be false. Let two clocks 
be synchronized and placed next to each other, let them then be transported 
at different velocities to a distant point. According to Einstein, the faster 
travelling clock will be retarded compared to the other. This is a factual 
statement that may be true or false. Direct experimental confirmation of the 
statement has not been possible so far, but that does not render it a fiction , 
only an hypothesis. How does Kraus know that Einstein’s retardation of 
clocks does not occur? The assertion that it does not occur is also only an 
hypothesis. 

It turns out that Kraus himself confuses fiction and hypothesis, that he is 
even less certain about this distinction than the physicists. It is true that 
Einstein’s theory contains statements that cannot be confirmed empirically; 
we shall discuss them in Section 4. But the statements mentioned by Kraus 
are empirical. He calls Einstein’s law of the constancy of light a fiction; yet 
this assertion is essentially a factual statement. Kraus writes: “The statement 
that the relative velocity of light, unaffected by the motion of the light 
source, remains the same with respect to every system which is in rectilinear 
uniform motion is false. It does not violate our thinking habits, but violates 
a priori necessary judgments” (26, pp. 363-4). Yet this statement asserts only 
the following simple fact: If I use the same method and the same measuring 
rods and clocks to measure the velocity of light in different systems, the 
result is always 3 00 ,000 km/sec. This is a statement about the relation of rigid 
rods and clocks to the propagation of light, and it is to be tested in experi- 
mental physics. Physics has not yet fully confirmed this statement but con- 
siders it highly probable. A priori , we can know as little about this relation as 
we can about the ability of light to penetrate matter. Kraus does not see that 
his polemics are directed against a simple and intuitively plausible factual 
assertion. As so often in the history of philosophy, we are faced with the 
strange case that a philosopher wants to prescribe on the basis of ‘self-evident’ 
knowledge what phenomena the physicists can observe. When Kraus calls 
Einstein’s light principle a fiction, he maintains that a measurement with rigid 
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rods and clocks in a moving system will not yield 300,000 km/sec as the 
velocity of light. On the basis of an apriorist philosophy, he wants to assert 
something about the behaviour ofrphysical things; he wants to deduce physics 
from philosophy. In the century since Kant’s death, philosophy should have 
outgrown this point of view. Regardless of whether or not the light principle 
is factually true and regardless of whether future experiments will confirm 
this tentative principle, Kraus’ criticism must be firmly rejected; it is imper- 
missible for philosophers to disregard the limits of knowledge. 

How little Kraus understands the physical significance of Einstein’s light 
principle is manifested by his statement that, according to this principle, 
c + v = c (26, p. 368). This equation is indeed a contradiction. The addition 
of velocities constitutes a physical process and it cannot be demonstrated, 
in any way, that this addition is represented by the above equation (cf. 49 
[1921f] ). Given a system in which the measured velocity of light is c , and 
given a second system moving with the velocity v, what value is obtained for 
the velocity of a light ray in the first system if it is measured by clocks and 
rigid rods which have been transported to the moving system? This is the 
problem of the addition of velocities; the answer depends on the behaviour 
of clocks and measuring rods. It is indeed a problem of combining velocities, 
but the operation can be called ‘addition’ only in a generalized sense. Algebraic 
addition is only one way of combining quantities, and what mathematical 
operation applies to the physical combination of velocities is an empirical 
question. The equation should rather be written in the following way: 

c(+)v = c 

where the plus sign in parentheses stands for addition in the generalized 
sense. 3 The special case of the addition of velocities in relativity theory has 
been formulated mathematically (i.e. it can be reduced to algebraic addition). 
Einstein achieved this formulation by means of his addition theorem 

u + v 

= w 


This formula is the interpretation of the plus sign in parentheses for the 
addition of velocities in relativity theory. As can easily be seen, w = c if 
u = c,i.e. it yields the physically required result. 

In a more recent work, Kraus reproaches Einstein for confusing the means 
of description with the object of description. He identifies the ‘classical 
principle of the equivalence of coordinates’ with the Newtonian principle of 
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relativity according to which the acceleration of a body is the same in all 
uniformly moving inertial systems. For Einstein, the special principle of 
relativity is the assertion that, relative to„these systems, the same laws of 
nature hold. Kraus continues with the following criticism: “With these 
statements, Einstein confuses himself and his readers. The statement does 
not express Einstein’s special principle of relativity, but merely the classical 
principle of the equivalence of co-ordinates, which has always been maintained 
on the tacit, but obvious, assumption of the invariance of the units of measure- 
ment . Einstein fails to mention the fundamental change in this assumption 
which he himself introduced” (27, p.472). In the first place, this criticism 
by Kraus contains a factual error. It is not true that, according to Newton’s 
principle of relativity, the same laws of nature hold in all inertial systems; 
only the same laws of mechanical acceleration do. The propagation of light, 
for instance, is different for all these systems. Einstein’s assumption, which 
also applies to the propagation of light, is therefore different from that of 
Newton. It is not Einstein who is wrong, but Kraus. Secondly, Kraus’ criticism 
is not clear on logical grounds. He speaks of the invariance of the units of 
measurement without defining this concept. He overlooks the fact that there 
are no other means of comparing measuring units than by physical processes. 
What does it mean to say that a meter in one system has the same length as 
a meter in another system? No physical application of this statement is 
possible except by defining ‘one meter’ by reference to a physical thing. The 
simplest definition is to say that the same stick should be called a meter no 
matter where it is located. Other definitions, for instance by reference to 
light waves, do not differ in principle. Every statement about the value of a 
velocity is, therefore, a statement about the relation of two physical things, 
the moving object and the object defining the unit. It is Einstein’s great merit 
to have deliberately reduced all physical measuring values to such correlated 
values of physical things (cf. 48 [1920a]). His light principle is also a state- 
ment about such a relation. It is a matter of taste whether one wants to call 
the transported unit changed. It is impossible to measure this change objec- 
tively because the result of such a measurement depends upon a previously 
given definition of congruence. It seems to be expedient to say that the 
same measuring rod always has the same length. 

Now we can understand Kraus’ objection that Einstein has confused the 
means and the objects of description. Kraus believes that Einstein’s light 
principle is a statement about changes in measuring rods, not a statement 
about light. But now Kraus’ mistake becomes obvious; there are no empirical 
statements about measuring rods alone or about light alone, but only about 
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the relation between light and measuring rods; Einstein’s light principle is 
such a statement. 

In addition to attacking the light principle, Kraus objects to Einstein’s 
definition of simultaneity. He contends that it violates the logical law of 
non-contradiction (26, p. 336). This erroneous and short-sighted conception 
has been corrected repeatedly, by Linke (34, p. 413), by Thirring (66,67), 
and by me (50 [1921g]). I shall therefore only point out that, in the theory 
of relativity, simultaneity (incidentally, only simultaneity at different places, 
not at the same place) is a relative concept, like right and left, and thus no 
principle of logic is violated. The only problem is whether one may properly 
regard simultaneity as a relative concept, and this is not a logical, but an 
epistemological problem. Elsewhere (28), Kraus regards it as self-evident 
that simultaneity is not a relative concept. But the problem cannot be solved 
by such a declaration; obviously, there are many people to whom it is not 
evident, to whom, on the contrary, the relativity of simultaneity is evident. 
Kant introduced a new requirement for synthetic a priori principles, he 
showed that such principles cannot simply be taken for granted but must be 
demonstrated to be conditions of experience . Only then can they be regarded 
as objective truths. This requirement enables us to replace assumptions based 
on untutored experience by scientifically founded assertions. Kraus nowhere 
attempts to demonstrate that absolute simultaneity is a condition of experi- 
ence. Of course, such an attempt would be in vain since the theory of relativity 
has shown that experience is possible on the basis of the relativity of simul- 
taneity. The assumption of absolute simultaneity is thus based on primitive 
evidence, and this assumption can easily be shown to be unsatisfactory. 

Although Kraus believes that Einstein’s simultaneity is impossible, he 
has no better objections against it than those we have mentioned. It is very 
strange that nevertheless he retains relative simultaneity as a useful fiction. 
If Einstein’s conception of simultaneity were false , the physicist would 
certainly not accept it even as a fiction. Indeed, we cannot require that 
simultaneity be defined correctly because it is not an hypothesis. But it is 
not a fiction either; there is a third possibility. We shall pursue this pro- 
blem in Section 4. 4 

lipsius (35) has also maintained the fictional character of Einstein’s 
theory in a lecture at the ‘As If’ Congress. His statements, however, con- 
tain so many misunderstandings of the physical theory that we can dis- 
pense with a detailed criticism. He contends that the theory of relativity 
contradicts Maxwell’s theory since it denies the existence of a material 
ether. Apparently, he does not notice that this remark is only historically , 
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not logically correct; logically, a wave theory of light without a material 
elastic medium is quite tenable. He denies, furthermore, that “it is epistemo- 
logically feasible to assign the same logical status to the time co-ordinate as 
to the three spatial co-ordinates” (35, p. 441). He does not realize that, in 
fact, physics does not treat them alike; the negative sign of the time para- 
meter in ds 2 (m the ‘indefinite’ metric) distinguishes the time co-ordinate 
from the spatial co-ordinates. It is this circumstance which prevents the 
reversibility of causal chains 5 which Lipsius mistakenly imputes to the 
theory of relativity. Finally, Lipsius believes erroneously that “the relativism 
destroys the unity of the world of experience” (35, p. 441); see pp. 17 and 
29. Lipsius’ statements about the fictitious character of the theory of relativity 
cannot have great importance if they contain so many misunderstandings. 

Another attempt to demonstrate the fictitious character of Einstein’s 
theory was made by L. Hopfner (22, 23). Compared to Kraus’ writings, 
Hopfner’s presentations have the advantage of being rigorous formulations, 
and it is commendable that he singles out certain particular assertions as 
examples of fictions; in this way, one can at least decide whether they are 
fictions. It turns out, however, that all of Hopfner’s contentions except one 
are false, and that one exception is trivial. 

Hopfner lists six fictions in Einstein’s theory; he tries to account for 
them by formulating statements about them using the words ‘as if’. He 
succeeds in constructing such formulations, but he does not notice that in 
doing so, he alters the physical significance of the statements. Thus he calls 
Einstein’s light principle a fiction: “The velocity of light should be treated 
in all calculations and equations as if it were an absolute constant magnitude” 
(22, p.473). Einstein has never made such an assertion, and the theory of 
relativity certainly could not be based upon this statement. The velocity of 
light is not an absolute magnitude, but, as we explained above, a ratio; 
this ratio is in fact the same everywhere. If this were not the case, the theory 
of relativity would be false because all formulas of the theory are based on 
the assumption that this ratio holds objectively. If the theory were incorrect, 
the optical experiments would not be in accord with it. Hopfner contends 
further that, if Einstein’s theory were correct, the positions of the hands on 
the clocks would causally influence the light signal; this statement, too, 
he calls a fiction. It certainly is a fiction, and a deliberately false one, but 
it is an obvious misunderstanding to believe that Einstein’s theory needs 
such naive assumptions. Hopfner’s other fictions are of a similar kind. The 
only correct statement which one could make is that Einstein occasionally 
employs the fiction of observers and clocks existing everywhere. But this 
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is a trivial fiction, of which the author of the theory of relativity is un- 
doubtedly aware. 

The extent to which Hopfner misunderstands the physical problem which 
was the source of the theory of relativity is shown by his statement, appear- 
ing elsewhere (23), about Newton’s absolute space. He calls this a “scientifi- 
cally justified fiction” (23, p.482), but does not see that he would have 
to defend his assertion against Einstein. One should certainly search for 
a cause of the occurrence of inertial forces, i.e. one should interpret these 
forces as resulting from physical phenomena for which there is independent 
evidence; this is the reason why Newton quite consistently ascribed reality 
to absolute space. Since it was not possible, however, to find some other 
evidence for absolute space, this space remained a fiction , and Einstein is 
perfectly justified in calling it a “merely fictitious cause”. In contrast, 
Einstein adduces the masses of the fixed stars as the cause of inertia, i.e. 
he adduces a cause for which there is independent evidence. Hopfner in- 
correctly compares the introduction of the fixed stars with the introduction 
of the zero point on the thermometer. The zero point is not introduced 
as the cause of heat, but as a reference point of comparison for the measure- 
ment of temperature; it corresponds to the co-ordinate system to which 
measurements of velocities refer. Yet Newton’s absolute space is more than a 
reference point for measurement; this follows from the fact that the orien- 
tation of his absolute space is not arbitrary, but can be inferred from the 
observed motions of the celestial bodies. In contrast, both the co-ordinate 
system from which measurements are made and the zero point of the 
thermometer are arbitrary. 

Whereas in the other cases mentioned the philosophy of ‘As If’ erroneously 
blames physics by contending that the hypotheses of physics are actually 
fictions, in this case it will not permit physics to remove a fiction and replace 
it by an hypothesis. It seems ‘as if’ this philosophy wants to introduce 
fictions into physics at any price. This method would be quite inappropriate 
to philosophy - unless the words ‘as if’ allow us to hope for something 
better. It would be advisable for the philosophy of ‘As If’ to study the signifi- 
cance of the physical theory more attentively if it intends to participate in 
the philosophical analysis of the theory of relativity. One must have advanced 
beyond the point of misunderstanding physics in order to be able to criticize 
the most profound physical theory. 
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2. CONCEPTIONS INFLUENCED BY MACH 

It is well known that Mach expressed one of the essential ideas of the general 
theory of relativity as long as forty years ago. He recognized that motion can 
be defined only in relation to bodies , and that it is meaningless to speak of 
motion ‘relative to space’. In his criticism of Newton’s principles, he says 
about motion: “In reality, therefore, we are simply cognizant of a relation 
of a body K to A,B,C . . . If now we suddenly neglect A, B, C . . . and 
attempt to speak of the deportment of the body K in absolute space, we 
implicate ourselves in a twofold error. In the first place, we cannot know 
how K would act in the absence of A, B, C . . and in the second place, 
every means would be wanting of forming a judgment of the behaviour of 
K and of putting to the test what we had predicted - which latter therefore 
would be bereft of all scientific significance” (36, p. 282). These words 
contain a clear criticism of the doctrine of absolute motion, but, beyond 
that, they point the way to a possible development of a precise theory of 
motion. The idea that motion, as a spatial process, is recognizable only in 
relation to other bodies antedates Mach’s writings. Even earlier, Leibniz 
had expressed such an idea; a passage, quoted in Lange’s historically interest- 
ing work, Die geschichtliche Entwicklung des Bewegungsbegriffes (30), 
shows Leibniz to be convinced of kinematic relativity. 6 Whenever motion 
is characterized as a change of spatial distances , it is relative; this idea is 
implicit in the concept of kinematic motion. What distinguishes Mach’s 
view so greatly from previous conceptions is his awareness that dynamic 
relativity must be maintained in addition to kinematic relativity. Motion 
can be recognized by the occurrence of forces — this is the significance of 
Newton’s equation ‘force = mass x acceleration’ — and Mach asserts that 
the occurrence of secondary forces of motion, the so-called forces of inertia, 
likewise depends on the existence of other bodies. This idea was unknown 
before Mach. He infers it from the fact that every interpretation of motion 
is, in principle, reversible, so that it is always possible to regard the inertial 
forces as an effect of other bodies. This idea is best illustrated by Mach’s 
treatment of the problem of rotation. “But if we take our stand on the 
basis of facts, we shall find we have knowledge only of relative spaces and 
motions. Relatively , not considering the unknown and neglected medium 
of space, the motions of the universe are the same whether we adopt the 
Ptolemaic or the Copernican mode of view. Both views are, indeed, equally 
correct ; only the latter is more simple and more practical. The universe is 
not twice given, with an earth at rest and an earth in motion, but only once. 
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with its relative motions alone determinable. It is, accordingly, not permitted 
us to say how things would be if the earth did not rotate. We may interpret 
the one case that is given us in different ways. If, however, we so interpret it 
that we come into conflict with experience, our interpretation is simply 
wrong. The principles of mechanics can, indeed, be so conceived, that even 
for relative rotations centrifugal forces arise” (36, p.284). It is admirable 
how convincingly the idea of dynamic relativity is expressed in this passage, 
and nobody has acknowledged this ingenious insight more than Einstein. 
In his obituary for Ernst Mach (11), he quotes the relevant passages from 
Mach’s The Science of Mechanics. 

In spite of our admiration for Mach’s ideas, we must not forget that Mach 
errs when he accepts general relativity on a priori grounds. Schlick was the 
first to point out this mistake (58, pp. 166-8). 7 The principle of dynamic 
relativity is empirical , since observable consequences concerning the behav- 
iour of rotating masses (for instance, fly wheels) can be inferred from it. It is 
not possible to logically derive dynamic relativity from kinematic relativity. 
Schlick shows this clearly by translating the idea of relativity into the language 
of Mach’s positivism* ‘‘Where optical experiences do not teach us anything, 
kinesthetic ones may not teach us anything either”. It is strangely ironic that 
Mach inadvertently became the victim of apriorism. 

Admirers of Mach’s analysis of space experienced a great disappointment 
when The Principles of Physical Optics was published posthumously last 
year [1921] . In the preface of this book, the seventy -four-year-old author 
declares himself to be a convinced opponent of the theory of relativity. “I 
gather from the publications which have reached me, and especially from my 
correspondence, that I am gradually becoming regarded as the forerunner of 
relativity. I am able even now to picture approximately what new expositions 
and interpretations many of the ideas expressed in my book on mechanics 
will receive in the future from the point of view of relativity. 

“It was to be expected that philosophers and physicists should carry on a 
crusade against me, for, as I have repeatedly observed, I was merely an un- 
prejudiced rambler, endowed with original ideas, in varied fields of knowl- 
edge. I must, however, as assuredly disclaim to be a forerunner of the relativists 
as I withhold from the atomistic belief of the present day” (37, Preface). 

Although we must accept Mach’s declaration, it cannot disprove the close 
connection between his criticism of the problem of motion and the general 
theory of relativity, nor the fact that Einstein’s theory carries out Mach’s 
program. We must remember that the passage quoted from Mach’s book 
stems from the year 1912 — that this passage was written before the final 
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version of the general theory of relativity appeared, even though the principle 
of equivalence and the theory of the deviation of light had already been 
published. Mach’s opposition to the special theory seems much easier to 
understand because this electrodynamic theory has no relation to the passage 
in Mach’s Mechanics . We might ask, therefore, whether the ultimate general 
theory would not have reconciled the old ‘rambler endowed with original 
ideas’. This remains doubtful, however, since the special theory is an ele- 
ment of the general one; we have to accept the fact that the originator of 
the idea of relativity did not recognize it in his old age when he met it in a 
new form. 

Mach’s reversal of his own position has led his philosophical heirs to adopt 
different attitudes towards the theory of relativity. Petzold, following the 
younger Mach, has become a convinced relativist; Dingier, however, appealing 
to the remarks by the older Mach, declares himself to be in strong opposition 
to Einstein’s theory. F. Adler occupies an intermediate position. 

Petzold sees Mach’s theory of motion in close relation to Mach’s pheno- 
menalistic epistemology. If only observable phenomena are real, only relative 
motion exists, since our senses perceive only the relative motion of bodies. 
‘Those who have become convinced that the shapes in visual space are in- 
separable from the colours, and who, in addition, understand the perfect 
epistemological equality of the sense of touch and the sense of sight, know 
that physical space, the space of experience, shows us only relative motion, 
and that there exists no observation, and no means — whether optical, or 
electromagnetic, or mechanical — that would permit us to perceive absolute 
motion” (43, p. 7). For Petzold, Einstein’s main contribution consists in the 
fact that the theory of relativity regards only coincidences as realities access- 
ible to experience. We know that when Einstein established the general 
theory, he regarded the fact that, in principlef^only coincidences of physical 
things are observable as an essential premise; the general theory, therefore, 
considers coincidences as the only invariants, and relativizes merely the 
metrical relations between the coincidences. Petzold views this conception as 
the only way of describing nature objectively and of eliminating metaphysics. 
Metaphysics, not sensation, is the deceptive element in knowledge according 
to Petzold. “Today the doctrine of Heraclitus and Parmenides that the 
senses deceive us would be ridiculous in the face of experimental science . . . 
what we observe and judge are always complexes of sense impressions, or of 
memories of them: Einstein calls them coincidences of perceptions . . . 
Physical phenomena are determined when these coincidences can be uniquely 
co-ordinated in pairs. This point is of utmost importance. Whoever states 
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more about nature than that, as far as we know it is always possible to 
uniquely correlate coincidences to each other, goes beyond the limits of 
experience. In principle, this was Hume’s assertion as well as Mach’s doctrine, 
and the same idea is at the foundation of Kirchhoffs judgment about the 
vagueness which he found inherent in the concepts of forces and their effects. 
Einstein accepted this principle completely, and it is here, above all, that 
we have to seek one of the sources of the far-reaching generalization of 
the idea of relativity which he has achieved in his general theory” (42, p. 64). 
Classical physics and epistemology committed the error of regarding mechani- 
cal motion as the explanation of all phenomena. This was a prejudice because 
mechanics is not closer to the senses than optics and acoustics. Mechanics 
originated from the sense of touch, while optics was born of the sense of 
sight and, in principle, it does not matter which kind of sense perception 
physics takes as its starting point (39). All those objections to the theory 
of relativity which charge it with being inconceivable arise merely because 
one is still preoccupied with a mechanical conception of the world; progress 
in science consists in overcoming mechanistic materialism, and the theory 
of relativity is the last great element in this development. It is interesting 
to see how Petzold pre-empts the theory of relativity for a specific philo- 
sophical development - positivism. He discusses these ideas in his work 
Die Stellung der Relativitdtstheorie in der geistigen Entwicklung der Mensch- 
heit (42). In the following section, we shall encounter a similar claim by 
Neo-Kantianism. It cannot be denied that there is a certain justification for 
Petzold ’s view; instinctively, he emphasizes the fundamentally philosophical 
character of the theory of relativity. The insistence upon observability 
is truly Machian, and Einstein himself acknowledges his close relationship 
to Mach. For example, Einstein quotes (11) the passage in which Mach 
says that a statement has nd%cientific significance if there exists no possi- 
bility of testing it. Furthermore, Petzold seems to agree with Einstein’s 
conception of causality (44). Petzold believes that the task of causal ex- 
planation is completed when a unique functional co-ordination of all events 
has been established; in such a pure ‘description’, metaphysical concepts 
like ‘causal forces transcending phenomena’ are meaningless. Thus, for 
Petzold, the question about a force causing the Lorentz contraction becomes 
meaningless; 8 this phenomenon is sufficiently explained as a function of 
relative motion. The question whether the Lorentz contraction is ‘real’ 
or ‘apparent’ is likewise a vacuous one according to Petzold; for him, ‘real’ 
means ‘observable’, and thus something can be real for one observer which is 
not real for another. 
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This is the point at which Petzold’s positivism deviates from the theory 
of relativity. Einstein does not assert the relativity of truth (cf. 45), and only 
a one-sided positivistic interpretation can read this assertion into the theory; 
indeed, Petzold seems to be of the opinion that the theory of relativity 
becomes comprehensible only through positivism. In the new adition of his 
book Das Weltproblem (41), Petzold discusses this question in detail 9 and 
answers a remark by Cassirer (41 , p. 208; cf. also the quotation from Cassirer 
on p. 28 in this essay). Cassirer had contended that the facts are determined 
objectively, not by the measurement of a single system, but by the measure- 
ments of all systems, or by the discovery of the transformation formulas 
which indicate the relation of the systems. Only this invariant relation has 
objective significance; the statements of a single system no more provide an 
exhaustive description of the world than a blueprint does of a building. 
Petzold, however, claims that the measurements of a single system are suf- 
ficient because the measurements of other systems can be derived from these 
by means of the transformation formulas, and he asserts that the theory of 
relativity is a “confirmation of Protagoras’ homo mensura statement”. 

There is no doubt that Cassirer has the correct interpretation in this 
controversy. Petzold forgets that the knowledge of the transformation 
formulas provides that element which points beyond the measurements 
of a single system. The transformation formulas are not empty definitions, 
but empirical discoveries; they express the causal relationships between 
the observations in different systems. If we are merely given the measure- 
ments in one system we are not thereby given the transformation formulas 
and the measurements in other systems. It is a matter of indifference whether 
one characterizes the objective state of affairs, as Cassirer does, by the 
measurements of the totality of systems, or, as Petzold does, by the measure- 
ments of one system and the added transformation formulas; both versions 
say that the world is not exhaustively characterized by the way it appears 
to one observer. The fact that there is a functional relation between the 
measurements of the different observers expresses a property of reality . 
The law of the constancy of the velocity of light asserts more than that 
the measurement of this velocity by rigid rods and clocks yields the value 
300,000 km/sec in one system; the connection between light and rigid rods 
and clocks is determined objectively only if we add that we obtain this value 
for measurements made with moving rods and clocks as well. For a complete 
characterization of the velocity of light, the measurements of all systems is 
required. It is possible to find the value of the velocity of light in moving 
systems by means of the Lorentz transformation, but conversely, the Lorentz 
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transformation can be derived from the value of the velocity of light in the 
different systems. These statements represent merely two different math- 
ematical descriptions of the same state of affairs. Petzold writes that the 
method of the theory of relativity “is in accordance with Protagoras’ state- 
ment which can be formulated as follows: the world ‘is’ for every system as 
it ‘appears’ to be in that system, or it ‘is’ for every reference point as it 
‘appears’ to be from that point, i.e. as it is discovered to be from that point, 
and all the different reference points are compatible with each other” (41, 
p.208). The reference points are not only compatible, but their relation is 
governed by a law; this relation is accessible to knowledge and makes our dis- 
coveries independent of the limitations of an accidental reference point. 

Let us emphasize, at this point, that one should not think that it is necessary 
for an observer at rest in a given system to describe phenomena by means of 
measurements in that system. The terminology of the usual presentations of 
the theory of relativity is often misleading. A moving observer is not com- 
pelled to use just those methods of measurement which are the simplest for 
him. He can, for instance, define simultaneity in such a way that it corre- 
sponds to the simultaneity of an observer ‘at rest’; then the law of the con- 
stancy of the velocity of light does not hold for him, but he can nevertheless 
achieve a unique determination of events. Einstein’s definition of simultaneity 
is not ‘truer’ than any other defmition; cf. below p. 39. There is no necessary 
description of the world for a given observer; a description is determined only 
after certain metrical presuppositions for measurement have been established 
by definition. The transformation formulas which express the relations be- 
tween measurements in all possible systems eliminate the arbitrariness of 
these assumptions. Differences in the measurements obtained in the different 
systems have nothing to do with the subjectivity of the observer , but result 
from the indeterminateness of the concept of measurement, measuring is 
comparing , and a measurement is definite only after the object of comparison 
has been designated. The subjectivity of perception is of a different sort. 
Even ‘the world of one system’ is a world which goes beyond immediate 
perception and therefore contains arbitrary elements; it is not possible to 
eliminate these elements by reducing them to the immediate perceptions of 
one observer, but only by determining the causal relations between the per- 
ceptions which result from a variation of the arbitrary elements. The causal 
relations are the same for all observers. 

The danger of interpreting the theory of relativity in terms of a precon- 
ceived philosophical position manifests itself in Petzold’s rejection of certain 
consequences necessarily connected with the theory. We are referring to 
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Einstein’s assumptions concerning the limiting character of the velocity 
of light and the finiteness of space. Petzold is aware of his opposition to 
Einstein. He believes that Einstein goes beyond the “range of our sense 
organs”, and that Einstein’s doctrine constitutes a “retrogression to the 
rationalistic mistake of Kant” for whom “the things had to behave according 
to reason” (44, p. 473). But Petzold’s interpretation is erroneous, and the 
above assumptions of the theory of relativity are compatible even with 
Petzold’s positivism. These theorems of Einstein’s are not, in principle, 
different from the other doctrines of the theory of relativity; they represent 
observable phenomena. Petzold objects to the statement that velocities 
faster than light are impossible on the grounds that this statement is negative; 
yet every positive statement can be transformed into a negative one. The 
statement Petzold objects to is identical with the positive one that any 
motion of a physical thing requires a finite amount of kinetic energy; for 
velocities faster than light, the kinetic energy becomes infinite. The statement 
is logically of the same type as, for instance, the principle of energy; this 
principle asserts that there does not exist a natural process for which the 
energy of a closed system increases. Similar considerations hold for the 
finiteness of space; if space were finite, then light rays would return to their 
point of origin after a finite time without being reflected. The fact that this 
assertion has not yet been sufficiently confirmed experimentally and that it 
will always have to be inferred inductively does not deprive it of its empirical 
character. (The spherical shape of the other side of the moon can also be 
inferred only inductively. 10 ) 

Petzold’s final judgment of the theory of relativity constitutes a mis- 
understanding of its logical character. The theory is definitely objective. 
He writes: “The quest for the absolute was expressed in the general theory 
of relativity in a quite unnecessary manner. The equations which described 
natural relations, and which remained unaffected by the arbitrary trans- 
formations of the theory, were considered to be absolute invariants, absolute 
laws of nature, if not explicitly, then tacitly, in terms of the underlying 
concepts” (41, p. 214). The word ‘absolute’ is, of course, open to misinter- 
pretations; undoubedly, the invariant equations make the lam independent 
of the conditions of measurement. If these conditions are known for one 
particular measurement, then that measurement is connected with all possible 
measurements by virtue of the invariant equations; in this sense, and only in 
this sense, can the measurement be regarded as absolute. It is only in this 
sense that Einstein’s light principle — contrary to Petzold’s conception (41, 
p. 215) — is an absolute truth; its specific form, the constancy of the velocity 
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to be Euclidean; if by assuming A = B one can, with the help of other 
statements, derive A =f= B, this is a contradiction, and therefore 6 A B ’ 
must be true. If one wants to prove positively that space has a certain non- 
Euclidean structure, one can use the method of successive approximation , 
accepting Euclidean geometry as an approximation for small dimensions. 

Dingier ’s objections did not seriously hamper the theory of relativity, 
and one cannot say that his elaboration of Mach’s ideas has been fruitful. 
F. Adler’s objections (1) offer greater difficulties. Adler does not start with 
epistemological objections, and that is his strength. He just wants to investi- 
gate whether the observational data used by Einstein — Michelson’s and 
Fizeau’s expenments — necessarily lead to Einstein’s theory. He restricts 
himself to the special theory of relativity. Not only does Adler arrive at the 
conclusion that Einstein’s theory is not a necessary consequence of the 
experiments — no scientist would ever claim it was a necessary consequence 
since no theory can be deductively derived from observations — but he also 
asserts that Einstein’s theory is false. This is not the place to discuss these 
questions m detail since they lead deep into special problems of physics; 
elsewhere (54 [ 1922d] ) I have given a refutation of Adler’s main thesis. 
Another of his claims, which I criticized in a letter to Mr. Adler, was sub- 
sequently given up by him. It is, however, of philosophical interest that, 
ultimately, epistemological motives induce Adler to reject the theory of 
relativity. He believes that it is impossible to obtain the value c for the 
velocity of light by using a moving clock; he calls such a result a “miracle of 
nature” (1, p. 176), and demands that the physical theory abandon this idea. 
He believes, however, that there is good reason to say that clocks transported 
along different paths will again be synchronized when they are brought 
together (l,p.208). He does not offer any adequate justification for this 
statement. One can just as well see a miracle of nature in the undisturbed 
transportability of the clocks; what mysterious relation regulates the periods 
of the clocks in such a way that they remain the samel It makes no sense to 
impose rules upon nature that stem from human reason. Either assumption is 
possible; which of them corresponds to reality only experience can tell. More- 
over, I was able to show (54) that the two assumptions do not exclude each 
other, but are logically compatible; the retardation of clocks when trans- 
ported follows only if certain other assumptions of Einstein’s theory are 
accepted. 

Adler’s writings show no definite relationship to Mach’s but one may 
perhaps sense a hint of Mach’s spirit in the respect and the admiration which 
this representative of Mach’s doctrines expresses for Einstein. 
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3. THE N EO-K ANT IAN CONCEPTION 

It is strange that schools as divergent as Mach’s positivism on the one hand, 
and Neo-Kantianism on the other, can interpret the theory of relativity in 
conformity with their own epistemology, and that each is to a certain extent 
justified in doing so. Whereas the right of positivism to interpret the theory 
of relativity is based on the relativistic restriction to observables, that of 
Kantianism is based on the interpretation which the theory of relativity gives 
to the unobservables, space and time. The foremost problem of Kantian 
epistemology is to investigate how statements can be made about these two 
unobservable forms of appearance, but it was Kant’s sin of omission simply 
to take over the content of such statements without criticism. Since this mis- 
take had inadvertently slipped into Neo-Kantian philosophy, Neo-Kantianism 
had all the more reason to focus upon the physical theory that turned with 
unequalled success against the content of the classical space-time theory. 
There arose the problem of whether the analysis of the content of space-time 
statements would lead to a confirmation or a refutation of Kant’s philosophy 
of the forms of phenomena. 

It is possible to uphold Kant’s philosophy in the face of the theory of 
relativity by proving that the objects to which the theory of relativity refers 
are different from the objects referred to in the Transcendental Aesthetics. It 
would be futile for the philosopher to doubt the correctness of the physical 
theory, but Kant’s doctrine of pure intuition enables us to restnct the state- 
ments of epistemology to an isolated domain existing independently of 
experience. This point of view is represented by the radical Kantians; I will 
mention Sellien, Ilse Schneider, and Lenore Ripke-Kuhn. 11 The radical 
Kantians do not want to admit that Einstein’s theory refers to the content 
of the intuition of space and time; they maintain that the theory concerns 
only the measurement of space and time magnitudes, not space and time 
proper. 

Sellien proceeds dogmatically in his justification. “Since it is in the nature 
of geometry to refer to the "pure’ intuition of space, experience cannot in- 
fluence geometry at all. Conversely, experience becomes possible only through 
geometry. Under these conditions, the theory of relativity is deprived of its 
right to assert that the ‘true’ geometry is non-Euclidean. It may at most say: 
the laws of nature can conveniently be expressed in a very general form when 
we base them on non-Euclidean metrical relations” (63, p. 48). About time he 
writes in a similar way: “First of all, it is a matter of fact that Einstein’s 
theory cannot concern pure time as a form of intuition”. If pure intuition is 
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defined, in such a way that it cannot be affected by experience, the statement 
is true; but one must not believe that one is still on Kantian ground with such 
an empty definition. For Kant, pure intuition is not divorced from empirical 
intuition; pure intuition is the form of, and hence determines empirical 
intuition. It is the profound significance of his philosophy that he does not 
take his a priori principles for granted, but derives them from the possibility 
of experience. Use Schneider has also overlooked this meaning of the tran- 
scendental philosophy. She charges that my criticism of the Kantian a priori 
does not “correspond to the meaning of the transcendental philosophy 
emphasized by Kant” (61, p. 73); but if one searches for this meaning in her 
writings, one finds the claim that the “general laws and the concepts of the 
a priori are immutable” (61, p. 17). I will admit that this is an assertion of 
the transcendental philosophy, but this assertion does not exhaust its signifi- 
cance; this is precisely the reason why I have objected to the transcendental 
philosophy. Kant does not want to say merely that the general a priori laws 
are logically correct — this would be trivial — but rather that empirical 
knowledge cannot dispense with them. The theory of relativity, in turn, 
is an empirical theory which does not make use of a priori laws of space and 
time; the theory shows that it is possible to attain empirical knowledge by 
means of conditions of experience that are different from the Kantian ones. 
If, in spite of this fact, one wants to defend Kant’s philosophy of space and 
time, one would have to show that the validity of Kant’s forms of pure 
intuition must be presupposed for any application of non-Euclidean geometry 
and relativistic time. The Neo-Kantians have never attempted to give such a 
demonstration. They merely dogmatically assert that an empirical theory 
cannot affect pure intuition. They nowhere attempt to relate the empty and 
untouchable a priori to the observable world, to empirical knowledge. Such 
a demonstration would be impossible. Undoubtedly, one can arrive at a 
perfectly adequate understanding of the relativity of simultaneity without 
presupposing absolute simultaneity. 12 We cannot prevent anyone from 
asserting that absolute simultaneity exists, although it is unknowable; but one 
must not believe that this absolute time is a condition of experience. Kant 
himself would have rejected such a ‘chimera’ because he held that the forms 
of intuition were not only products of reason, but also presuppositions of 
knowledge. Similar considerations apply to Euclidean space; one must not 
assert that it is necessary to presuppose Euclidean space in order to under- 
stand non-Euclidean space. One might, however, attempt to demonstrate that 
it is necessary to presuppose Euclidean space by referring to the fact that 
Riemannian space contains Euclidean space as a differential element; 13 



44. THE DISCUSSION ON RELATIVITY NOW (1 9 2 2) 


25 


however, Kant’s Euclidean space is employed for statements about finite 
dimensions, and as such it is not a presupposition of Riemannian space. The 
theory of relativity has achieved a scientific system without presupposing the 
Kantian forms of intuition, and thus Euclidean space and absolute time no 
longer have the unique position which Kant ascribed to them. 

It cannot be maintained that Kant understood the forms of pure intuition 
to be more general structures, and that he did not restrict himself to the 
specific forms we have mentioned. For Kant, it was a matter of course that 
pure mtuition is identical with Euclidean space and absolute time. When he 
distinguished the determination of empirical time as an empirical problem, 
he did not mean that physics should be permitted to construct any kind of 
definition of uniformity or of simultaneity; he meant that the task of deter- 
mining what physical mechanism corresponds best to absolute uniform time, 
and of indicating what empirical procedure measures absolute simultaneity 
in the most precise manner is an empirical one. It did not occur to him that 
any given time interval can be defined with equal justification as a measure 
of uniformity. He may have known that kinematically one is not forced to 
choose a particular definition, but he believed too firmly in the Newton- 
Euler theory not to regard the law of inertia as a criterion supplying an 
approximate dynamic determination of absolute time. Certainly, one must 
not interpret Kant so naively as to believe that he took the psychological 
experience of time as a basis for determining absolute uniform time; he saw 
that an approximate determination of absolute time could only be achieved 
by appealing to physical laws, i.e. by means of systematic knowledge. But 
Kant could not know that the totality of physical laws do not provide such 
a determination, and that the laws retain their structure when the time metric 
is arbitrarily changed since this was not known until Einstein developed the 
theory of relativity. The same considerations apply to the space of pure in- 
tuition which Kant took to be Euclidean space. It is futile to show by means 
of quotations from Die metaphysischen Anfangsgrunde der Naturwissenschaft 
— as Ilse Schneider does (61, p. 69) — that Kant had on occasion considered 
the possibility of constructing multi-dimensional geometries. He took such 
a geometry to be a conceptual system, “a geometry const rue tible by a finite 
mind” (61, p. 69). It would contradict the Critique of Pure Reason were he 
to consider these geometries as possible forms of pure intuition. The Critique 
begins by asking for the source of the apodictic certainty with which we 
assert the axioms of geometry. Kant’s answer is that it is pure intuition which 
forces us to accept these axioms. What would be the significance of this 
answer if the same pure intuition were to force us to deny the truth of these 
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axioms? Certainty in the choice of the axioms would be ruled out, and 
synthetic judgments a priori about space would be impossible. Kant’s pure 
intuition is not compatible with the space-time doctrine of the theory of 
relativity. Some Neo-Kantians try to blur this incompatibility by citing 
appropriately chosen quotations. Surely, one would perform a better service 
to Kant if, in the face of modern physics, one were to abandon the content 
of his assertions and, following the great plan of his system, search for the 
conditions of experience on new paths instead of clinging dogmatically 
to his specific statements. Nothing can be defended any longer by reverence 
for Kant’s every word when a new physical science knocks at the door of 
philosophy. 

It is Cassirer’s great achievement to have awakened Neo-Kantianism from 
its ‘dogmatic slumber’, while its other adherents carefully tried to shield it 
from any disturbance by the theory of relativity. It is no accident that this 
role was left to Cassirer. Those who have always taken the development of 
the natural sciences to be a development towards greater conceptual clarity 
will see in the theory of relativity the ultimate and most profound advance in 
this direction, and consequently will not hesitate to uncover those ideas in 
Kant’s philosophy which were conditioned by his time and which have been 
superseded in the evolutionary process. In Kant’s critique of knowledge, one 
must distinguish the method of formulating questions, the ‘transcendental 
method’, from the specific answers that Kant gives to particular questions; it 
is possible to reject the particular answers without abandoning the critical 
method itself. I see Cassirer’s merit in the fact that he proceeded m this 
manner, and did not evade modern physics like the other Kantians. His work 
(5) is the masterful presentation of a historian to whom systematic analysis 
gave breadth of vision, and whose superior competence lacks any dogmatism. 
His every sentence evinces a command of critical analysis that is bent, not on 
a preservation of Kant's doctrines , but on a continuation of Kant’s methods. 
The transcendental method searches for the presuppositions of knowledge; if 
the system of knowledge has changed since Kant, then Kant’s presuppositions 
of knowledge must be corrected. There is no doubt that the contradiction 
between Kant and Einstein can be resolved in this way. 

Cassirer therefore abandons the idea of interpreting pure intuition in 
Kant’s sense. He separates the metric from intuition, and takes pure intuition 
to be the general law of coexistence that even Riemannian geometry retains. 
According to Cassirer, the metrical axioms are no longer dictated by pure 
intuition. Riemann began by searching for the most general type of three- 
dimensional manifold; in this manifold, Euclidean ‘plane space’ turns out 
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to be a special case resulting from a certam form of the metric. If one takes 
as the space of pure intuition this general Riemanman structure which has 
certain continuity and order properties but which leaves the choice of the 
metric open, all contradictions to the theory of relativity disappear. Cassirer 
is aware of his deviation from Kant even though he manages to soften his 
rejection of the older theory by a very wide interpretation. He writes: “The 
most general meaning of this term [pure intuition] , a meaning to which Kant 
does not always adhere since he inadvertently gives the term more specific 
meanmgs and applications, is simply that of the order of coexistence and of 
succession. Nothing is presupposed concerning the particular metrical 
relations holding in either of these orders” (5,p. 85). The narrow require- 
ment of Euclidean space and uniform time is replaced by the general rule of 
the theory of relativity that all metrical determinations are to be equivalent 
and uniquely correlated to one another. This rule determines a definite mani- 
fold, but of a much more general type than that determined by Kant’s laws 
of pure intuition. “It is true that here we have gone beyond Kant; he estab- 
lished his analogies of experience essentially in accordance with Newton’s 
three fundamental laws” (5, p. 82). The acceptance of the theory of relativity 
therefore requires a modification of Kant’s doctrine of pure intuition. 14 

One must not forget that the modification required by the theory of 
relativity is not only consistent with Kantian philosophy, but also in a sense 
serves to complete it. It was Kant’s great contribution to have pointed out 
that space and time have no physical reality, that they are merely structural 
laws of knowledge. One may say that the conception of the ideality of the 
forms of intuition finds its mathematical expression m the principle of 
general relativity. 15 Elsewhere I have voiced my astonishment (47, p. 8 
[1920f]) that the principle of relativity had not been asserted long before 
Einstein by Kantian-oriented philosophy. Cassirer is correct when he writes: 
“If Einstein sees the essential feature of the theory of relativity m the fact 
that it depnves space and time of the last vestiges of physical thinghood’, 
he opens the way for a definite application of the philosophy of critical 
idealism to, and for its development within empirical science” (5, p. 79). 
In this context, Kant’s philosophy is more compatible with Einstein’s theory 
than with Newton’s, and it is surprising that Kant himself did not realize 
that his views were inherently incompatible with those of Newton. Cassirer 
may rightly consider himself Kant’s successor when he denies that pure 
intuition determines a metric and claims that non-Euclidean geometry is 
better suited than Euclidean to the things of experience. The theory of 
relativity merely asserts the greater adequacy of non-Euclidean geometry; 
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a Euclidean physics is also possible, but the Euclidean character disappears 
when the congruence of two segments is defined as coincidence with the 
same rigid measuring rod. It is due to this idea of the ‘naturalness’ of non- 
Euclidean geometry that Cassirer writes: “The actual advantage of Euclidean 
geometry seems, at first glance, to consist in its concreteness and intuitive 
plausibility compared to which all ‘pseudo-geometries’ become empty logical 
‘possibilities’. These possibilities exist only in theory, not in practice; they 
seem like an empty play with concepts which can be neglected when we deal 
with experience and ‘nature’, i.e. the synthetic unity of empirical science. 
This view is strangely and paradoxically reversed when we look back upon 
our earlier considerations. It turns out that pure Euclidean space deviates 
more from the fundamental requirements of empirical physical science than 
do the non-Euclidean manifolds. It is precisely because Euclidean space is 
the logically simplest form of space that it fails to do justice to the inherent 
complexity of the physical structure of the world” (5, p. 1 13). 

The theory of relativity is a confirmation of Kantian and Neo-Kantian 
doctrines in a further sense; it lends support to Kant’s analysis of the concept 
of an object. In contrast to naive realism, Kant holds that a physical object is 
not a directly given thing but is defined by physical laws during the process of 
acquiring knowledge. Thus, Cassirer speaks of magnitudes rather than objects, 
and he regards it as the primary characteristic of scientific development that 
concepts of objects are continuously eliminated in favour of concepts of 
magnitude. The meanings of ‘temperature’, ‘atom’, and ‘mass’ are not given 
intuitively, but are determined only by the totality of physical laws. Con- 
sequently, ‘truth’ for natural science does not mean correspondence with a 
thing — that would be an impossible requirement — but rather internal consist- 
ency of the conceptual system (Schlick calls it “uniqueness of co-ordination”.) 
In this way, mechanistic materialism is overcome, and Cassirer shows, in a 
consummate presentation, that the theory of relativity must be understood 
in the light of this development. This critical formulation of the concept of 
truth ultimately clarifies the significance of the principle of relativity. The 
theory of relativity does not entail the subjectivity of truth; to believe that 
it does would be to completely misunderstand Einstein’s frequent references 
to ‘measuring results for one observer’. In addition to ‘measurements in one 
system’, there are transformation formulas for all other systems, and both 
these components are required to determine the invariant state of affairs, a 
state which can be described in the various languages of different systems, 
but which holds objectively. Cassirer is correct when he objects to Petzold: 
“In this respect, the physical principle of relativity has little more than a 
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name in common with the ‘relativistic positivism’ to which it has been com- 
pared. If one sees in it a revival of the philosophy of the ancient Sophists, 
a confirmation of Protagoras’ statement that man is ‘the measure of all 
things’, one misunderstands its essential contribution. The physical theory 
of relativity does not maintain that what is true is what appears to be true 
to the individual; on the contrary, it warns us not to regard statements hold- 
ing only in an individual system as true in the scientific sense, i.e. as express- 
ing comprehensive and ultimate empirical laws. Laws are neither discovered 
nor confirmed by observations and measurements made in an individual 
system, not even by those made in any given number of such systems, but 
only by the mutual co-ordination of results obtainable in all possible systems” 
(5, p. 56; cf. also above p. 16). 

It is remarkable how Cassirer’s theory, derived from his historical criticism, 
comcides with the concept of objectivity in the theory of relativity. 

I should like to conclude the discussion of Cassirer’s Kantianism with 
a criticism of his brilliant and excellent work, a criticism I have been in- 
tending to make for a long time. With the elimination of the metric from 
pure intuition, certain axioms of the theory of space and time, the metrical 
axioms are deprived of their character as synthetic judgments a priori. If 
both a judgment and its denial are acceptable to reason — and Riemannian 
geometry, for instance, accepts the denial of the Euclidean axiom of parallels 
— then that judgment can no longer be regarded as synthetic a priori . Yet 
it was the belief that there are synthetic a priori judgments which Kant 
took as his starting point, and he considered the principal achievement 
of his transcendental method to be its demonstration of the eternal appli- 
cability of such judgments to science. If some of these judgments have 
now lost their privileged status, more has been shattered than these judg- 
ments alone; the certainty of the transcendental method has been under- 
mined, and there is no guarantee that the hitherto unaffected axioms will 
hold for ever. If physics should proceed, under the influence of quantum 
theory, to conceive of space as a discrete manifold (a matter that is un- 
decidable at the moment), Cassirer’s concept of pure intuition would require 
a further extension. Under such conditions, a continuous, metric-free space 
would no longer be an adequate framework for empirical reality. It seems 
to me that one should renounce the apodictic certainty of all statements 
about the form of knowledge. I have shown elsewhere that epistemology 
does not thereby become impossible; rather, as a method of scientific analy- 
sis, it is concerned with discovering what principles of knowledge hold at 
a given time. 



30 


PHILOSOPHY OF PHYSICS 


One should not contend that, since the logical equivalence of all geometries 
leaves the internal consistency of Euclidean geometry unaffected, the validity 
of synthetic a priori judgments remains unchallenged; such an appeal to con- 
ventionalism is denied to Kantianism. The internal consistency of geometry 
is analytic. Conventionalism would admit all logically consistent conceptual 
systems as possible structural forms of empirical knowledge, but the signifi- 
cance of synthetic a priori principles consists in the fact that they constitute 
a specific choice among the logical possibilities. Similarly, the law of causality 
is not logically necessary since uncaused events are logically possible; accord- 
ing to Kant, it is a synthetic a priori principle which excludes uncaused 
events. If ‘synthetic a priori ’ meant nothing but ‘internally consistent’, 
Kantians would have to admit that, at some future time, we might gain 
knowledge of uncaused events. But on such an interpretation, synthetic 
a priori principles would ultimately degenerate into empty formulas that 
would impose no limits upon experience. This is the reason why eliminating 
the metric from pure intuition leads to a denial of synthetic judgments 
a priori. 

Cassirer resolved the contradiction between Kant’s epistemology and the 
theory of relativity by extending the concept of pure intuition. I agree that, 
in this way. Kant’s philosophy is rendered consistent with present-day 
physics, that this consistency is achieved with the minimum number of 
changes in Kant’s philosophy, and that there are even certain doctrines in 
Kantianism (e.g. the ideality of the forms of intuition) which point to such 
a reconciliation. Nevertheless, I maintain that such an approach is tantamount 
to a denial of synthetic a priori principles, and that there is no other remedy 
but to renounce the apodictic character of epistemological statements . 16 


4. THE RELATIVISTIC CONCEPTION 

Under this heading, I wish to present a position which adheres very closely 
to the physical content of the theory of relativity and which finds support 
in Einstein’s writings. Its aim is not to incorporate the theory into some 
philosophical system, but rather to formulate the philosophical consequences 
of the theory independently of any point of view, and to assimilate them as 
a permanent part of philosophical knowledge. 

It would be erroneous to say that Einstein’s contribution consists only in 
the establishment of a physical theory; he has always been aware of the fact 
that his theory is based upon a philosophical discovery. The starting point of 
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the special theory of relativity — the contradiction between two optical 
experiments - was a problem of interpretation , not a problem of discovery. 
The two optical experiments I. * * * * * * * * * * * * * * * 17 were contradictory only because a unifying 
principle was lacking; the physical discovery was completed with the per- 
formance of the experiments, whereas the logical discovery of its explanation 
was still missing. Every physical theory is, of course, a logical achievement 
because it establishes the theoretical connections between observed facts. But 
in this case all known logical methods seemed to fail. Lorentz had worked out 
his theory within the framework of traditional methods, but this theory itself 
had led to a new riddle, the contraction of rigid rods. I do not wish to suggest 
that the contraction in Lorentz’ theory contradicts the principle of causality 
(it is certainly a functional explanation); a paradox consists in the fact that, 
given the contraction, all effects originating from the ether are said to be 
quantitatively of such a kind that motion relative to the ether cannot be 
observed. Physics cannot regard such effects as accidental; it must look for an 
explanation of this consistent unobservabihty . The significance of Einstein’s 
solution consists in the fact that it explains this unobservability by the prin- 
ciple of relativity, in this case by giving up the view that a material ether can 
serve to determine a state of motion. 

According to Ehrenfest (9,p. 19), Einstein’s theory combines the follow- 
ing assertions: 

I. Light sources send us light signals as independent phenomena 

through empty space. 

II. The measured velocities of light rays from a source moving towards 

us, and from a source at rest would be observed to be the same. 

III. We declare that we are satisfied with the combination of these 

two statements. 

Ehrenfest’s view goes right to the heart of the theory; but the ‘combination 

of these two statements’ becomes comprehensible only when Einstein’s 

definition of simultaneity is assumed. The measurement of the velocity of 

light presupposes the definition of simultaneity. If this definition is not the 

same for observers moving with different velocities, then (II) does not con- 

tradict (I), i.e. the constancy of the velocity of light (II) does not contradict 

the principle of relativity (I), since (I) entails giving up the material ether. 

The contradiction between the optical experiments could no longer be solved 

within the framework of traditional epistemological concepts, and a philo- 

sophical analysis of the concepts of space and time was needed in order to 

construct relativistic physics. 
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Einstein himself is aware of the philosophical character of his analysis. 
Witness his remarks concerning the related contribution by Mach, remarks 
which are contained in his obituary for Ernst Mach: “Concepts that have 
proved to be useful for a systematic descnption of things easily acquire such 
an authority for us that we forget their earthly origin and accept them as 
immutable entities. In this way they are stamped ‘logically necessary pre- 
suppositions’, 6 a priori given’, etc. The path of scientific progress often is 
obstructed by such errors for a long time. It is therefore not just an idle game 
when we are trained to analyse familiar concepts and to show what the con- 
ditions of their justification and their usefulness are, and how in particular 
they have grown out of the given phenomena of experience. In this way, their 
all too great authority is broken. They are eliminated if they are not legitimate, 
corrected if their co-ordmation to the given phenomena is not accurate, 
replaced if a new system can be devised that is preferable for certain reasons. 
Such analyses usually seem unnecessary, artificial, sometimes even ridiculous 
to the special scientist who is more interested in particular problems. The 
situation changes, however, when one of the traditionally used concepts is 
to be replaced by a more rigorous one because the development of the 
respective science requires it. Then those who have not been careful with 
their own concepts protest vigorously, and complain of a revolutionary 
threat to their most sacred possessions. This lament is re-enforced by the 
voices of those philosophers who think they cannot dispense with the con- 
cept to be replaced because they had claimed it for their jewel-case of the 
‘absolute’, of the ‘ a priori ’ or, in short, because for some reason they had 
proclaimed the eternal truth of that concept. The reader will have guessed 
that I am hinting, in particular, at certain concepts of the theory of space 
and time, as well as of mechanics, which have been modified by the theory 
of relativity. No one will deny that the epistemologists have prepared the way 
for this development; for my own part, I know at least that I was directly 
and indirectly greatly stimulated by Hume and Mach” (11). 

The significance of the theory of relativity consists in its analysis of 
certain concepts of science, or, in Kantian terminology, of the conditions of 
experience; the attempts of some philosophers to relegate the achievement 
of the theory of relativity to physics show only that these philosophers are 
no match for the physicist Einstein in philosophical competence. Einstein’s 
discovery is not a philosophical triviality. Einstein once wrote the following 
in a letter to me : “The value of the theory of relativity for philosophy seems 
to me to be that it has revealed the dubiousness of certain concepts that were 
also regarded as small coin even in philosophy. Concepts are empty when 
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they cease to be closely connected with expenence. They are like upstarts 
who are ashamed of their origin and want to deny it” - I must, with all my 
admiration for this confident rejection of any dogmatic rationalism, object to 
the modesty of the first sentence; unfortunately philosophy had not yet 
recognized the doubtfulness of those concepts, although this should have 
been its task. It is a serious failing of post-Kantian philosophy to have left the 
development of the epistemological space-time problem to the mathematicians 
and physicists. The line of development extends from Bolyai, Lobatschefskij, 
Riemann, Helmholtz and Mach to Poincare, Hilbert, Einstein, and Weyl; it 
is high time that philosophy adjust itself to this development and begin its 
work where the mathematicians left off instead of guarding itself with a 
noli me tangere. 

There is a short essay by Einstein, entitled ‘Geometry and Experience’ 
(14), which formulates the relation between geometry and physics with 
classical brevity. To the question about the apodictic certainty of the geo- 
metrical axioms, Einstein answers: “As far as the laws of mathematics refer 
to reality, they are not certain; and as far as they are certain, they do not 
refer to reality”. Subsequently, he distinguishes the purely logical ‘axiomatic 
geometry’ from ‘practical geometry’, i.e. geometry applied to physical things; 
the relation between the two is expressed by the sentence: “Solid bodies 
are related, with respect to their possible dispositions, as are bodies m 
Euclidean geometry of three dimensions” (14, p.32). It is an empirical 
question whether this statement is true; according to Einstein, it holds only 
approximately for small dimensions. It is not possible to define solid body 
without referring to physical laws. These laws can also be chosen m such a 
way that the rigid body is defined by Euclidean geometry; in this case, the 
quoted sentence becomes empty, but the choice of physical laws is restricted. 
This is the reason why, according to Einstein’s formulation, only the sum 
G 4- P of geometry and physics is testable by experience. 

Such philosophical considerations are not by-products of Einstein’s works 
in physics, but rather the logical foundation which makes his work possible. 
He writes. “I attach special importance to the view of geometry which I have 
just set forth, because without it I should have been unable to formulate the 
theory of relativity . . . The decisive step in the transition to general co- 
variant equations would certainly not have been taken if the above inter- 
pretation had not served as a stepping-stone” (14, p. 33). Those who know 
Einstein’s clear and comprehensive way of thinking from personal conver- 
sations will understand the significance of this remark. Einstein is not a formal 
mathematician concerned with developing purely mathematical theories; 
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rather, he thinks analytically, i.e. he is concerned with clarifying the meaning 
of concepts. Mathematics is, for him, only a means of expressing an intuitive 
process — a process which operates from unconscious sources and for which 
the formal language is merely the framework. It is a rare gift of fortune to 
find philosophical intuition and a talent for mathematics and physics com- 
bined in one mind; only a mind combining these traits could create the 
theory of relativity. 

The essay ‘Ether and the Theory of Relativity’ (13) is further evidence of 
Einstein’s competence as a philosopher. In this essay, he gives several precise 
formulations of the old problem of the existence of ether, a problem that had 
remained unsolved because it had been stated m equivocal terms. One can say 
that the space between material complexes is filled with ether, since space has 
the physical property of affecting the shape of the measuring instruments; in 
this way one can define a practical geometry. But ether, so understood, does 
not have the property of a substance whose individual particles can be traced 
in time; the concept of motion is not applicable to it. In addition to ether or 
‘metrical field’, there exists matter or the ‘electromagnetic field’, which com- 
prises light rays (i.e. electric waves) as well as ordinary matter. The two fields 
interact, and the relation between them is expressed by the equations of 
gravitation. Thus, the problem of the ether has been solved by renouncing a 
concept which is not applicable to reality, the concept of substance. Philos- 
ophy is confronted with the fact that physics creates new categories which 
cannot be found in traditional dictionaries. 

The first philosopher to accept the theory of relativity whole-heartedly 
was Schlick. In this regard, he occupies a leading position among philosophers, 
and his conception of the theory of relativity, which is related to Poincare’s 
conventionalism, is shared by Einstein. Schlick opposes Kant and represents 
philosophical empiricism, but he also defines his position in contrast to 
Mach’s positivism. 

For Schlick, the problem of intuition is the foremost philosophical pro- 
blem posed by the theory of relativity. The space of physics is not identical 
with tactile or visual space, but “is conceived as being independent of our 
perceptions, though not as being independent of physical objects since it is 
real only in relation to them” (56, p. 75). In the last clause, Schlick refers to 
Einstein’s idea that the structure of space is determined by the masses of 
bodies, even at those places which are not themselves filled with matter, the 
metrical field of the g would not exist if there were no masses. Here Schlick 
opposes Kant’s doctrine of the ideality of space (cf. also 57). Only with 
regard to the arbitrariness of the co-ordinates is space an ideal structure; its 
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metric, however, expresses an objective property of reality. 18 This conception 
does not contradict conventionalism. Schlick must not be interpreted as 
saymg that a certain metric has been prescribed; a metric emerges only after 
the physical laws have been established (the P of Einstein’s formula). One can 
also change the metric , provided one changes the laws of physics correspond- 
ingly. But the relation between these modifications expresses an invariant 
fact. In this case, as in the case of all other problems treated m the theory of 
relativity, the laws of the universe cannot be given in a single structural 
formula. One cannot say that real space is non-Euclidean. Only the invariant 
relation of changeable structural formulas determines a property of reality. 
This is the language which the theory of relativity has developed for the 
description of nature. 

Yet precisely because the space of physics descnbes a real state, it is 
unintuitive ; the spatial metric determines a state just as temperature or 
electric intensity do, and it possesses reality in the same sense as these para- 
meters. “Physical objects are therefore unintuitive; physical space is not given 
in perception, but is a theoretical construct . One may not ascribe to physical 
objects the intuitive spatiality which we encounter in our visual or tactile 
sensations, but only an unintuitive order which we call objective space and 
describe theoretically by a manifold of numbers (co-ordinates). Intuitive 
space is similar to the sensible qualities, colours, sounds, etc. Physics does 
not know colour, but only frequencies of the oscillations of electrons, not 
heat qualities, but only kinetic energy of molecules” (56, p. 76) 

Thus Schlick gives up Kant’s concept of pure intuition. Since space is 
not intuitive, “intuition cannot, in spite of the conviction of many adher- 
ents of Kant’s philosophy, tell us anything about whether space is Euclidean 
or not” (56, p. 77). The logical construction of physical space is opposed to 
the intuitive spaces of the different sense organs; Kant’s pure intuition occupies 
an intermediate position between the two, and has no epistemological signifi- 
cance. Schlick formulates his conception most clearly m his brilliantly written 
answer to Cassirer. He writes: “When, in other publications, I contrasted 
psychological space (and time) as purely intuitive with physical space as a 
purely logical construction, I was well aware that ‘intuition’ is defined by 
Kant in a completely different way. A number of critics have misunder- 
stood this point. Cassirer calls Kant’s pure intuition a certain ‘method of 
objectification’; (5, p. 123, 124 n.) it certainly is that, but this does not 
exhaust its significance. Kant wanted to eliminate all psychological aspects, 
but I shall never become convinced that he succeeded. Such an elimination 
is not possible without applying the only method that is capable of separating 
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the purely logical aspect of geometry from the psychological-intuitive one: 
the method of implicit definition which has been developed in modern math- 
ematics (Cf. 60, p. 30ff.) Without this method, we cannot even express the 
idea of a logical concept nor understand it independently of all psychological 
aspects. Kant’s space of pure intuition necessarily contains such aspects; 
without the content provided by these aspects, the concept of space would 
be ‘empty’ for Kant” (57, p. 108). These statements may be regarded as an 
interpretation supplementing Schlick’s Erkenntnislehre (60, p. 301). 

There remains the peculiar psychological hold which the Euclidean metric 
has over us. Schlick deals with this problem, in his comments on Helmholtz’ 
writings, in the following way: “Our Euclidean intuition fights with the logical 
analysis which recognizes that Euclidean intuition is not quite adequate 
for reality. Yet it holds sway over us: thus we call the light rays passing close 
to the sun curved , and represent them as such in our drawings, even though 
they are the straightest lines of our space. However, the actual situation does 
not correspond to the assumptions of the foregoing remarks (Helmholtz had 
constructed an extreme example) since the deviations from Euclidean geo- 
metry are so small that they are not revealed in ordinary perception. We 
agree with Helmholtz that, if these deviations were visible, our intuition 
would be perfectly adjusted to a non-Euclidean metric because it would have 
developed under the influence of non-Euclidean experiences; in this case, 
there would be no discrepancy between intuition and the theoretical descrip- 
tion of nature” (59, p. 174, n. 83). 

To this remark, I should like to add that I personally regard Schlick’s 
presentation as essentially correct, but I have the impression that the investi- 
gation of this question is not yet closed. The intimate connection between 
intuition and conceptualization is a problem that will raise difficult questions 
for psychology. 

Schlick’s analysis of the problem of intuition, which was developed on 
the basis of the theory of relativity, is a heartening sign of how fruitful the 
co-operation between philosophy and physics can be. Schlick proves himself 
to be an outstanding student of physical theory, and his candid judgment 
is never impaired by his philosophical ‘viewpoint’. ‘Viewpoints’ are most 
dangerous when physical discoveries are to be evaluated philosophically. 
The representative of a certain philosophical Weltanschauung will always 
be inclined to interpret the physical sciences in accordance with his own 
predilections, and he may easily overlook new philosophical discoveries. The 
philosophers of the ‘As If’ provide a striking example; they noticed that in 
some disciplines, such as jurisprudence, fictions play an important part, and 
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therefore they believed that the theory of relativity must also be a fiction. 
Schlick never shows such prejudices. He exhibits, in all his writings, the 
same sure understanding of physics, and a readiness to profit from the exact 
sciences for the purpose of philosophical analysis. This is the reason why 
Schlick’s expositions find more and more recognition among physicists. The 
physicist feels relieved when a philosophical method reminds him of his own 
objective way of thinking. I have heard physicists express their amazement 
at the lack of a body of generally accepted philosophical truths; every philo- 
sophical school wants to start all over again, and attacks the result of its 
predecessors. There is profound insight in this naive remark. A ‘point of view’ 
belongs at the end of philosophy, not at the beginning , and there are enough 
specific problems left before one can even think of giving final answers to 
the most general questions. 

By calling his philosophical point of view ‘empiricism’, Schlick invites an 
identification of his views with that naive position which neglects the pro- 
blems of conceptualization. Formerly I believed, on the basis of his oppo- 
sition to Kant, that Schlick overlooked the constitutive significance of the 
categories in the concept of object, and in an earlier publication (47, p. 110 
[1920f]), I objected to Schlick’s views on these grounds. However, in the 
course of our correspondence, it turned out that this objection was based on 
a misunderstanding and therefore I should like to take it back Recently 
Schlick has made his views more precise (57, pp. 98 and 1 1 1). Accordingly, it 
seems to me that Schlick’s empiricism must not be regarded as a ‘system’ 
comparable to the traditional systems of philosophy; rather, it must be 
regarded as a method based on the belief that reality is given in experience, 
a method which takes as its task the analysis of the process of experience 
in the widest sense, without adhering to any specific interpretation. I am 
quite ready to accept this method because my so-called “analytic method” 
(47, p. 71 [1920f]) represents exactly this objective approach. 

In this connection, I should like to mention two of my own studies. The 
first (47 [ 1 920f] ) is devoted to an analysis of Kant’s philosophy. Kant had 
the idea that reason prescribes a certain system of principles by means of 
which our knowledge of the physical world is established. According to 
Kant, this system can never be falsified by experience because experience 
is possible only by means of these principles; therefore these principles can 
be called synthetic judgments a priori} 9 But Kant uses an assumption for 
which he gives no evidence (and for which he can give no evidence); he 
assumes that the system of principles is not overdetermined (hypothesis of 
the arbitrariness of co-ordination). It is possible for a contradiction to arise 
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between the totality of experience and a system of principles if that system 
provides more rules for experience than experience will admit. The ultimate 
instrument in the judgment of empirical truths, perception, is independent of 
reason; although perception always permits different interpretations , the 
combmation of the interpretations is no longer arbitrary. It is the significance 
of the theory of relativity to have discovered the limits of arbitrariness. 
According to the theory of relativity, the choice of a geometry is arbitrary; 
but it is no longer arbitrary once congruence has been defined by means of 
rigid bodies. The combination of the principles of Euclidean geometry and 
this definition of congruence is excluded by experience. Thus we can show 
that there are overdetermined combinations; it is not possible to prove that 
the system offered by reason is not such an overdetermined combination. 

In a certain sense, one can even say that the Kantian system has already 
been shown to be contradictory. All the assumptions of Einstein’s theory 
are so evident that they have as much right to be regarded as requirements 
of reason as do the principles of Euclidean geometry. The principle of the 
relativity of the co-ordinates is, as all Neo-Kantians agree, a requirement of 
the transcendental philosophy. But the principle of relativity leads to non - 
Euclidean geometry on the basis of certain empirical facts alone, in particular, 
of the equivalence of inertial and gravitational mass. 20 The system of self- 
evident principles of reason thus leads to contradictions, contradictions that 
cannot be recognized within the system itself but which become apparent 
when the system is applied to experience. 

Reason has the task of adjusting the principles of the understanding to 
experience. Although some constitutive principles must always be pre- 
supposed for the establishment of empirical knowledge, such an adjustment 
can be made by means of a ‘method of successive approximations’, a method 
in which previously employed principles are assumed to hold approximately. 
Thus it is possible to change the constitutive principles themselves. In this 
way, the a priori loses its apodictic character, but it retains the more import- 
ant property of being “constitutive of objects”. 21 

In this connection, I wrote: “The role of reason [in knowledge] consists not 
in the fact that there are invariant elements in the system of co-ordination, but 
in the fact that arbitrary elements occur in the system” (47, p. 85 [1920f]). 
Although in this quotation I appear to be on the side of conventionalism, I 
should not like to choose this name for my view. In the first place, conven- 
tionalism does not recognize, as Kant did, that these ‘conventions’ determine 
the concept of object, that the particular thing or law is defined only by their 
help and not by reality alone. Secondly, the term ‘convention’ overemphasizes 
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the arbitrary elements m the principles of knowledge; as we have shown, 
their combination is no longer arbitrary. 22 I agree with Schlick, who drew 
my attention to this matter, that Poincare, the father of conventionalism, 
would acknowledge the restricted character of the combination of the prin- 
ciples and that his stress on the arbitrariness of the pnnciples themselves was 
due to the historical context in which he wrote. For modem philosophy of 
science, however, it is important not only to detect the arbitrary principles 
of knowledge, but also to determine the totality of admissible combinations. 
That part of our scientific knowledge which stems from reason must be 
distinguished, by a sort of invariant theoretical method, from the objective 
content of science, a content which, m the present form of science, is no 
longer clearly visible. 

In order to draw this distinction, I have attempted to formulate the pre- 
suppositions of the theory of relativity in axiomatic form. So far, there 
exists only a brief report (53 [1921d]) of these investigations. I shall there- 
fore take this opportunity to mention some further results which will serve 
to clarify the role of fictions in the theory of relativity; I shall restrict myself 
to the special theory of relativity. Such an axiomatization must begin by dis- 
tinguishing between axioms and definitions . In this context, in contrast to 
mathematics, an axiom is a factual statement. However, experimental evi- 
dence for this statement is not required; it may be provisionally asserted as a 
physical hypothesis. In any case, the axioms are not fictions. The axioms are 
supplemented by definitions which contain rules concerning the co-ordination 
of certain empirical phenomena to certain mathematical concepts. This 
distinction is, of course, to a certain extent arbitrary, but that is unimportant. 
What matters is the rigorous adherence to this distinction once the arbitrary 
stipulations have been given. Definitions are not fictions either. They do not 
claim to be either true or false, whereas fictions are falsehoods deliberately 
employed (cf. Vaihinger’s remarks above, p. 5). A fiction is a statement 
which is capable of being true, but which, in fact, is not, whereas it would be 
nonsense to apply the predicate ‘true’ to a definition. A systematic con- 
struction of the theory of relativity can be achieved by means of the two 
auxiliary concepts of axiom and definition. Fictions appear only occasionally 
as pedagogical devices; they can always be eliminated. 

Einstein’s famous simultaneity equation is a definition. It specifies a rule 
for determining what time indices are to be attached to events happening at 
different space points. It would be a mistake to believe that the definition of 
simultaneity given in the special theory of relativity claims to be ‘more 
correct’ than any other definition of simultaneity. Clearly, Einstein does not 
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make this claim since m the general theory of relativity he abandons the 
definition of simultaneity given by reference to light rays. Even in gravitation- 
free spaces to which the special definition of simultaneity could be applied, 
it is not necessary to do so; according to the general theory, any other defi- 
nition of simultaneity will lead to an exhaustive description of nature and 
even to the same physical laws. It is only advantageous to use the special 
definition of simultaneity in this case. By ‘advantageous’ we do not mean 
‘economical’; we can state precisely what the advantage is, namely, that the 
defined synchronism becomes transitive , 23 One can also use a non-transitive 
synchronism. But the use of a transitive synchronism has a further advantage: 
a moving observer passing a system ‘at rest’ will never find that he is moving 
backward in time when he looks at clocks in the system ‘at rest’. (This result 
is due to the fact that no physical system, and therefore no observer, can 
travel faster than light.) Thus, the law of causality will not be violated. It is 
possible to describe the situation in such a way that the law of causality is 
violated, and the resulting physical laws can even be expressed by the same 
mathematical equations that express the usual physical laws. But it is, of 
course, preferable not to violate the law of causality. 

What does the theory of relativity assert about absolute time? Above 
all, that it, too, is merely introduced by definition , and therefore has the 
same epistemological status as relative time. Furthermore, the theory asserts 
that it is not possible to discover a natural simultaneity. Of course, one 
might say that the time of a given co-ordinate system is absolute, and de- 
mand that everything be measured with reference to this time, but such 
a time is an ‘empty’ absolute time. 24 The problem is to find a rule whose 
uniform application leads , in every co-ordinate system , to one and the same 
simultaneity. Such a simultaneity could be defined by transported clocks, 
if the time of the clocks were not dependent upon the velocity of the trans- 
port (cf. 54 [1922d]). The theory of relativity states that there is no such 
rule. This is a factual statement. (One could call it an axiom, but it turns 
out to be more expedient to divide it into several axioms.) This assertion 
may be either true or false; according to the present state of our knowledge, 
it seems to be true. If this assertion were false, absolute simultaneity would 
still rest upon a definition , albeit a definition with certain advantageous 
properties. Its advantage would consist in the fact that the same mechanism 
could be employed to define simultaneity in every co-ordinate system. 
But the possibility of defining absolute time would not exclude the use 
of relative time; the latter would be a time with different advantageous 
properties. 
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The theory of relativity makes two assertions about absolute time. First, 
that there is no absolute time; second, that if there were an absolute time, it 
would not be absolute. 

In the course of the axiomatization, a strange result occurred. In order to 
define a physical metric, one must establish its relationship to certain physical 
things; the definition of congruence, for instance, relates this concept to rigid 
measuring rods. It is possible to define the entire space-time metric of the 
special theory of relativity in terms of light signals alone. Imagine a domain 
of space in which mass points travel freely. In this space, light signals can be 
used to define the conditions under which two mass points are at rest relative 
to each other; one can speak of a uniquely defined ‘rigidity of light’. Uniform 
time need not be assumed, it, too, can be uniquely defined by reference to 
light signals. Furthermore, the equality of line segments can be established by 
light signals. A pure light -geometry can therefore be used as a foundation of 
the space-time metric. Emsteinian kinematics rests on the hypothesis that 
light geometry is identical with the geometry of rigid rods and natural clocks. 
This hypothesis is asserted by a special group of axioms. 25 It is the advantage 
of the light geometry that it avoids defining the metnc by reference to such 
complicated things as ngid bodies and clocks; these things should be intro- 
duced at the end of a physical theory, not at its beginning, since a knowledge 
of their mechanisms presupposes a knowledge of all physical laws. 


SUMMARY 

Four prominent viewpoints can be distinguished in the literature on relativity. 

1 . The ‘As If’ philosophers regard the assertions of the theory of relativity 
as fictions. Their view is in opposition to the physical theory and to experience 
because they attack the factual assertions of the theory. They have no justifi- 
cation for their interpretation. Philosophical considerations cannot decide 
whether the factual statements of the theory are correct; only experience 
can do so. 

2. The conceptions influenced by Mach contradict one another. Although 
Petzold is an adherent of the theory, his interpretation is influenced by his 
philosophical position and is therefore in part incompatible with the physical 
theory. 

3 . Among the Neo-Kantians, some representatives maintain that Kantianism 
is not affected by the theory of relativity. Cassirer, however, proposes a 
modification of Kant’s doctrine of ‘pure intuition’. Only in this way can 
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Kant’s theory be reconciled with Einstein’s, but then the transcendental 
method seems to lose its apodictic character 

4 For the relativists, the philosophical significance of the theory consists 
m the modification of certain fundamental epistemological concepts The 
relativists deny the existence of pure intuition Furthermore, they deny the 
apodictic character of the a priori , and they do not regard general principles 
of knowledge as necessary but as arbitrary (This is the position of conven- 
tionalism ) The relativists leave the decision concernmg the admissible com- 
binations of these principles to expenence, and they believe that a continuous 
change of these principles is possible 


NOTES 


1 Tins is the most detailed exposition, it contains, m addition to a statement of the 
theory of relativity, an elementary survey of the physical problems which gave nse to it 
In the new edition, the section on the theory itself has been extended, and this section 
demonstrates a clear understandmg of the theoretical problems involved 

2 Spmning electrons are the best clocks and therefore all such experiments are con- 
cerned with them. The transversal Doppler effect would be a confirmation of the retar- 
dation of clocks, but has not yet been mvestigated because of experimental difficulties 
The red shift of spectral lines on the sun is also an empirically testable statement about 
real clocks 

3 Compare, for instance, the chemical equation 

2 litres of hydrogen (+) 1 litre of oxygen = 2 litres of water vapour 

which is also a contradiction if the plus sign is construed algebraically 

4 It is strange that Kraus continuously charges Einstein with logical confusion, but of 
course, he only does so when he misunderstands Einstein’s theory He asserts, for in- 
stance, that the general theory of relativity contradicts the special theory (27, p 476) 
He justifies this assertion (which is refuted by the fact that the special theory holds in 
the infinitesimal domain) by saying that huge, even astronomical dimensions would have 
to be called infinitely small He does not understand that when the mathematician says 
that certain conditions hold m the infinitesimal domain, he means that these conditions 
constitute a limit which is approached as the domain decreases And why axe some astro- 
nomical dimensions not small compared to other, larger astronomical dimensions 9 It 
would be interesting to find out at what order of magnitude the philosophy of ‘As If’ starts 
using the concept of the infinitesimal, perhaps at the order of dimensions of a pm head 9 

5 At least this is true for the special theory of relativity of which Lipsius speaks In 
the general theory, matters are more complicated 

6 This, however, is Lange’s only contribution to the question of relativity, he is not 
aware of dynamic relativity even though he was familar with Mach’s statements, nor 
does he take into account the influence of the masses of the fixed stars in his definition 
of the inertial system 
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7 Schlick wrote this paper before Einstein's final publication of the general theory of 
relativity, and it contains a mistake that came from Einstein (pp 170-1) At first, 
Einstein thought he could prove the impossibility of a completely general relativity, 
he later proved the contrary Schlick’s presentation can easily be corrected, and its 
philosophical content is not affected by this circumstance 

8 V Laue, on the other hand (32), does not wish to exclude causal forces, according to 
him, a causal force is merely a function of the co-ordinate system, and may therefore 
exist for one reference system and not for another But the difference between v Laue 
and Petzold is probably only a terminological one 

9 He writes “In the present book, I have been able to incorporate the theory of 
relativity into the widest framework because here we are concerned with the ulti- 
mate question, namely, what is the nature of the universe” (41, Preface) 

10 Petzold makes a further mistake with respect to the so-called clock paradox, let me 
refer in passmg to the correct and clear presentations by Thirrmg (66) and Bloch (2, 
pp 71 and 102) Petzold makes a fundamental mistake m his analysis a coincidence, 
l e a point event , does not lend itself to different interpretations, but is the same for 
all observers, it two clocks stand side by side, and one is slow when directly compared 
with the other, it is slow for every observer The objectivity of coincidence is an 
assumption of the theory of relativity which Petzold himself acknowledges Another 
confusion is involved in Petzold’s criticism of the mechanical models of the theory of 
relativity He rejects these models for epistemological reasons since they are incom- 
patible witfh Ins view that it is impossible to go beyond the observations in one system 
In these passages (46), he always speaks of the different spaces of different observers, 
whereas the issue concerns differences of simultaneity in the same space The short- 
comings of such models consist in the fact that the measured distances are so small 
that one can see them at a glance, in this way, the simultaneity in one system becomes 
identical with the experienced simultaneity, and the simultaneity in the other system 
appears to be ‘false’ For large dimensions, there is no experienced simultaneity If one 
disregards immediate perception, possible m small dimensions, one can easily visualize 
the conditions in large dimensions Of course, in the model, clocks and measuring rods 
must be corrected artificially, whereas such a correction is not necessary when light is 
used as a signal since once the zero point of time is determined, the correction takes 
place automatically This fact illustrates the unique character of the velocity of light 

11 L Ripke-Kuhn does not understand very much of the theory of relativity, but she 
is at least honest enough to reject the theory outright (55) 

12 Schlick has likewise explained (58, p 162) that Kant’s absolute time is not a logical 
presupposition of Einstein’s time I should like to refer, therefore, to this little known 
publication by Schlick written as early as 1915 

13 This idea is contained m the interesting publication by Bollert (3, pp 62-5) which 
shows a clear understanding of physics Bollert admits that his interpretation deviates 
from Kant’s specific doctrine of space (cf Preface), I must, however, object to his view 
that the differential uniqueness of Euclidean space constitutes an eternal necessity , i e 
a synthetic judgment a priori It is conceivable that Euclidean geometry may lose its 
unique position some day, perhaps there are already signs of this development in 
quantum theory 1 have previously rejected this apology for apnorism (47, pp 30 and 
76 [ 1 920f ] ), I must also reject Bollert’s defense of the concept of substance, a defense 
which I had predicted (47, p 75 [1920f) ) It is interesting to note Bollert’s presentation 
of the steps of objectification 
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14 Since Cassuer expresses this conception so clearly in the quoted passages, it is hard 
to understand why he states elsewhere (5, p 75) that the theory of relativity refers only 
to empirical intuition, and why he even agrees with Sellien If, m view of the theory of 
relativity, pure intuition must be changed, it is not possible to restrict this theory to 
empirical intuition 

15 One must not forget that, m another sense, the theory of relativity gives up the 
ideality of space, cf below p 35 

16 Schhck has also made this objection against Cassirer (5 7) and for a detailed exposition 
I refer the reader to his work as well as to my book Relativitatstheorie und Erkenntms 
apnon (47 [1920f]) My book was written without knowledge of Cassirer’s work and 
therefore I raised this objection directly against Kant 

17 The Michelson and the f lzeau experiments, cf for instance the presentation by Bloch 

( 2 ) 

18 I have expressed this idea earlier m a similar formulation (47, p 86 [1920f]),but 
the earlier passage is not quite clear, because I forgot to add the statement about the 
definition of the metric by rigid bodies The above analysis may therefore be considered 
a correction of my previous statement, I hope to have Schlick’s consent to it 

19 With respect to this statement, cf my above remarks on Dingier (p 21) and on 
Cassirer (p 29) 

20 The presentation of this issue in my book (47, pp 27-8 [1920f] ) is not quite correct, 
I have given a clearer exposition in (52 [1921c]) 

21 Whether one still wishes to call such an extension of the doctrine of the a priori 
‘Kantian’ is a terminological question Schhck is against doing so (57, pp 98 and 111) 
because he regards the combination of these two properties of the a priori as Kant’s 
most important assertion I feel, however, that the discovery of the constitutive com- 
ponent is such an eminent philosophical achievement that one should not divorce 
Kant’s name from it In this discovery lies Kant’s superiority to Hume, for Hume did 
not know what to do with his discovery of non-empincal principles m knowledge, and 
could only characterize them as ‘habit’ 

22 One must not underestimate the restrictiveness of this combination As I shall show 
in the near future, this restrictiveness means that the absolutist cannot use Euclidean 
space, otherwise he would have to sacrifice essential requirements of absolutism at 
pomts of singularity in space 

22 Tins means if clock A is synchronized with clock B, and clock B is synchronized 
with clock C, then A is synchronized with C 

24 The absolute time of the Lorentz theory is ‘empty’ m this sense since it is nothing 
but Einstein’s ‘absolute’ time of a given co-ordinate system 

25 For a more detailed analysis I refer to (53) and a forthcoming publication [ Axio - 
matik der relativistischen Raum Zeit Lehre, 1924h ] 
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45 THE THEORY OF MOTION 
ACCORDING TO NEWTON, LEIBNIZ, AND HUYGHENS* 

[1924d] 


1 

Newton’s theory of motion has a considerably greater influence upon the 
histoncal development of the problem of motion than the doctrine of his 
opponents, Leibniz and Huyghens Nevertheless, it is ironic that Newton, 
who ennched science so immensely by his physical discoveries, at the same 
time largely hindered the development of its conceptual foundation However 
fertile his optical discoveries, his emission theory of light delayed the accept- 
ance of the wave theory, formulated with great insight by his contemporary 
Huyghens, by about a century However far reaching Newton’s discovery of 
the law of gravitation, his theory of mechanics arrested the analysis of the 
problems of space and time for more than two centuries, despite the fact 
that Leibniz, who was his contemporary, had demonstrated a much deeper 
understanding of the nature of space and time Only today, when physics has 
finally abandoned Newton’s point of view in optics and mechanics, can we do 
justice to the two men whose unfortunate fate it was to have possessed 
insights that were too sophisticated for the intellectual climate of their 
times A man’s histoncal influence depends not only upon the profundity 
of his ideas, but also upon his having the good fortune to offer ideas which 
are in tune with the spirit of the times It seems that the faculty of abstrac- 
tion m Newton’s time had not reached a sufficiently advanced stage to permit 
the ascendancy of the discoveries of a Leibniz or a Huyghens concerning the 
relativity of motion Even Kant’s theory of space and time, formulated almost 
a century later on the basis of Newton’s mechanics, 1 constitutes a regression 
m comparison with the discernment and precision of Leibniz’ formulations 
Leibniz had in the mam advanced beyond the employment of such vague 
terms as ‘the ideality of time and space’, although he used them occasionally 
Even Kant’s early essay, ‘Neuer Lehrbegnff der Bewegung und Ruhe’ (1758), 
which contains the most extensive elaboration of the concept of relative 
motion and which makes his critical doctrine of space appear like a return 
to Newton, falls short of the level achieved by Leibmz 

The injustice of history goes even further; for there is no direct historical 
connection between the relativistic conception of motion developed in our 
Modem Philosophy of Science Selected Essays, ed and tr by Mana Reichenbach, 
Routledge & Kegan Paul, London, 1959, pp 46-66 Copyright © Maria Reichenbach 1959 
except in U S Copyright © m U S by Mana Reichenbach 1959 
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day and the ideas of the two earlier relativists On the contrary, their theories 
seem to have been forgotten by the scientists and to have been preserved only 
by the historians of philosophy, and the latter have never influenced the 
development of philosophy in any remarkable way When physicists finally 
solved the problem of motion, they turned back more exclusively to Newton, 
although this time in order to object to his theory In their opposition to 
Newton, physicists of our day rediscovered the answers which Newton's two 
contemporaries had offered in vam Mach, the first relativist of the new era, 
developed his conception of the problem of motion through a criticism of 
Newton’s Principles 2 He did not know anything of Leibniz’ well-grounded 
objections to Newton, and made only a few naive comments about him 3 
Even Einstein’s solution, going far beyond Mach’s, took Newton’s ‘classical 
mechanics’ at its starting point without any reference to Leibniz and 
Huyghens 4 It almost looks as if a curse has been cast upon a discovery that 
was not in step with its own time The later acceptance of relativistic views 
stems not from the gradual penetration of the earlier discovery, but from new 
and independent creative work stimulated by a reconsideration of Newton’s 
theories, which m this way have once more become immensely fruitful 


ii 

Newton certainly believed that his mechanics was a complete justification of 
the theory of absolute motion Not only did he give (in the introductory 
section of the Pnncipia Mathematica Naturahs Philosophiae ) definitions of 
absolute space and absolute time which have become the classical formula of 
absolutism, definitions characterizing space and time as independently exist- 
ing entities which supply the measure for all space-time events 5 but he also 
specified methods for establishing relations between empirical events and these 
absolute entities It is well known that he assigned the decisive role m these 
methods to the centrifugal force The core of Newton’s doctrine consists in 
the fact that he considered the occurrence of a force as evidence for a state of 
motion Of course, Newton knew that it makes no sense to speak of absolute 
motion if motion is regarded purely kinematically, l e as a change of distance 
between masses Kinematically speaking, there is no difference between the 
views of Ptolemy and of Copernicus, both descnbe the same fact the relative 
motion of the celestial bodies Yet for one of the views, the Copermcan, 
Newton found a dynamic explanation in his law of attraction, whereas for the 
other view no such explanation seemed possible The confirmation of absolute 
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motion was therefore left to dynamics In the introduction to his Pnncipia , 
Newton gave two illustrations of this idea the famous pail experiment, and 
the two spheres connected by a string which rotate around their common 
center of gravity The tension of the string permits us to discover the velocity 
of rotation and to determine it quantitatively even if no other possibilities 
for such a determination were given Newton also proposed a most ingenious 
method for recognizing the direction of the rotation At first this result 
seems to be paradoxical because the quantity of the centrifugal force does 
not depend upon the direction of the rotation But if one changes the 
velocity of the rotation of the spheres by imposing additional forces in one 
direction or the other, one discovers, through the mcrease or decrease in the 
tension of the string, the direction of the original rotation These consider- 
ations were of major mterest to Newton The declared purpose of his book 
was to provide methods which permit inferences concerning the true motions 
of bodies when their apparent motion, 1 e their relative or kinematic ones 
are given The introduction ends with these words “But how we are to 
obtain the true motions from their causes, effects and apparent differences, 
shall be explained more at large m the following treatise For this end it was 
that I composed it ” 6 

Had Newton’s Principia no other use than that claimed by its author, the 
work would not possess the importance which it actually has Perhaps no 
other passage so clearly demonstrates the tragic influence of Newton’s philos- 
ophy upon his judgment, an influence which led the great physicist to regard 
his epoch-making achievement, the physical discovery of the fundamental 
laws of mechanics, as being of secondary importance After two centuries of 
error, ‘philosophia naturalis’ has finally abandoned Newton’s philosophical 
views, but this does not detract from Newton’s contributions to physics 
Fortunately, all empirically grounded knowledge is independent of the 
interpretation of its discoverers, but the price of this independence is that 
such knowledge holds only approximately 


hi 

The reason for Leibniz’ opposition to Newton’s theory of motion must be 
sought in the philosophical differences between the two thinkers Newton 
was a consistent scientist of invincible persistence, who left the test of an 
hypothesis to experience, he withheld his theory from publication for twenty 
years because it did not agree with astronomical observations, though he 
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presented it with renewed conviction when more precise observational 
material had been gathered Leibniz, on the other hand, had a flexible mind, 
he arnved at his conclusions by abstract manipulation, for he considered the 
logical analysis of a problem to be a better guide to its solution than a re- 
liance upon empmcal data since such data are always open to various inter- 
pretations For Leibniz, the solution to the problem of motion grew out of a 
conception of space derived from philosophical considerations Although 
the means of modem physics were not available to him, he remained faith- 
ful to his philosophical position in the face of Newton’s senous counter- 
arguments Although Leibniz’ views finally triumphed, he himself was unable 
to completely refute Newton The decisive answer to Newton’s argument 
concerning centrifugal force was given by Mach (As is well known, Mach’s 
answer is based upon the fact that centrifugal force can be interpreted 
relativistically as a dynamic effect of gravitation produced by the rotation 
of the fixed stars, therefore, no absolute state of motion is dynamically 
discernible ) One is inclined to concede greater recognition to the adherent 
of a mistaken view which has the advantage of consistency, the reason that 
Leibniz’ position failed to influence the development of science evidently 
lies in the fact that he had not yet found Mach’s answer On the other hand, 
we must not forget that it was a profound insight into the nature of space 
which forced Leibniz into opposition, he, too, can claim the ment of a con- 
sistency, which would not permit him to relinquish a cogent epistemological 
position 

The best known presentation of Leibniz’ theory of space is contained in 
his correspondence with Clarke, which was widely read m the eighteenth 
century, when the reality of space was discussed with a vehemence similar to 
that with which it was discussed at the time when Einstein presented his 
theory 7 In the correspondence, the theologian Clarke appears as the defender 
of Newton’s view To a certain extent, however, we may regard his defense as 
authontative since he drafted his answers to Leibniz with Newton’s help 
The correspondence reads like a modern discussion of the theory of relativity 
The relativist tries m vain to convince an opponent so enmeshed in his ab- 
solutists ideas that he does not notice how often his arguments presuppose 
the doctrine which he wants to prove, nor to what extent his allegation that 
the relativistic position is contradictory rests upon his own tacit assumption 
of an absolutists conception Before dealing with this correspondence, let 
us examine the rigorous foundation of Leibniz’ theory of space and time in 
his Tmtia rerum mathematicarum metaphysica’, 8 which was wntten during 
the penod of the correspondence 
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The work begins with a very profound explanation of time and space Only 
physical objects and their states are presupposed as data and it is on the basis 
of certain relations between them that we later construct the order of time 
and space Causality is the physical relation which leads to the order of time 
If two physical states stand in the relation of cause and effect, the cause is 
defined as the earlier state, the effect as the later one The temporal sequence 
is therefore the order of causal processes, logically, causality is primary, time 
secondary Causal connections are discovered, but time is defined In addition 
to the relation of temporal sequence, there exists the relation of simultaneity 
It holds for physical states that are not causally connected Leibniz notes, 
however, that this condition is not sufficient He adds the condition that a 
uniform definition of simultaneity for all events must not contradict the 
temporal sequence as determined by the order of causal processes 9 Evi- 
dently, Leibniz meant to refer to this condition in the following quotation 
when he remarks about “the events of past years not co-existing with those 
of this year” and further about “the connection of all things” I shall quote 
the entire passage “Given the existence of a multiplicity of concrete circum- 
stances which are not mutually exclusive, we designate them as contempor- 
aneous or co-existing (dicentur existere simul) Hence, we regard the events of 
past years as not co-existmg with those of this year, because they are qualified 
by incompatible circumstances 

“When one or two non-contemporaneous elements contams the ground 
for the other, the former is regarded as antecedent (pnus), and the latter as 
the consequent (postenus) My earlier state of existence contams the ground 
for the existence of the later And since, because of the connection of all 
things, the earlier state in me contains also the earlier state of the other 
thing, it also contains the ground of the later state of the other thing, and 
is thereby pnor to it All existing elements may be thus ordered either by the 
relation of contemporaneity (co-existence) or by that of being before or 
after in time (succession) (Et ideo quicquid existit alten existenti aut simul 
est aut pnus aut postenus )” 

“ Time is the order on non-contemporaneous things (Tempus est ordo 
existendi eorum quae non sunt simul ) It is thus the universal order of change 
m which we ignore the specific kind of changes that have occurred ” 10 

This passage seems to me to represent a depth of insight into the nature 
of time that has not been equalled m the whole classical penod from 
Descartes to Kant Even Kant’s theory of time (as formulated, for instance, 
m the ‘Second Analogy of Experience’) does not attain Leibniz’ perspicacity 
Leibniz’ charactenzation of time as the general structure of causal sequences 
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is superior to Kant’s unfortunate characterization of time as the form of 
intuition presupposed by causality This difference emerges clearly only 
from the vantage pomt of an axiomatically grounded theory of knowledge 
I must therefore refer the reader to my book on Axiomatik [1924h] 

Leibniz’ explanation of space is closely connected with his explanation 
of time Since there are many things which exist simultaneously, there must 
exist an order of co-existing things, space 

“ Space is the order of co-existing things , of the order of existence for all 
things which are contemporaneous ” n 

Subsequently, Leibniz makes an important attempt to define the topo- 
logical order of space and time This problem concerns the relation between 
If a point P is between Pi and P 2 ,P is nearer to Pi thanP 2 is Thus the metrical 
order of a contmuum, the quantitative comparison of distances, is based on a 
topological order, and we can speak of a topological distance which no 
metrical determination may contradict Therefore, when Leibniz speaks of 
‘propinquity or remoteness’ in the following passage, this must be understood 
topologically However, such a topological propinquity is bound to a linear 
continuum, l e P is nearer to P x than P 2 to Pj only along a certain line 
Therefore, Leibniz introduces the concept of a straight line, which is actually 
a metrical concept He is faced with the problem of defining under what con- 
ditions P lies between Pi and P 2 , this definition must be constructed in quali- 
tative terms without the use of geometrical concepts Leibniz attempts this 
construction with the help of the concepts of simplicity and of ‘utmost 
definiteness’ However imperfect Leibniz’ result, the attempt to specify the 
topology of space and time by means of definitions is highly important We 
quote the whole passage in translation “In each of both orders — in that of 
time as that of space — we can speak of a propinquity or remoteness of the 
elements according to whether fewer or more connecting lmks are required to 
discern their mutual order (Secundum utrumque ordinem (tempons vel 
spatn) propiora sibi aut remotiora censentur, prout ad ordinem inter ipsa 
mtelligendi plura paucioraque correquiruntur ) Two points, then, are nearer to 
one another when the points between them and the structure ansmg out of 
them with the utmost definiteness present something relatively simpler. Such 
a structure (of utmost definiteness) which unites the points between the two 
pomts (mterpositum maxime determmatum) is the simplest, i e the shortest 
and also the most uniform, path from one to the other, m this case, therefore, 
the straight line is the shortest one between two neighbouring points ” 12 
This passage is somewhat difficult to understand If, for example, I want 
to determine the time order of two events E x and E 2 which do not follow 
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each other closely enough to permit a direct judgment, I msert a third event 
E between them If E x is earlier than E and E is earlier than E 2 , I can infer 
that £i is earlier than E 2 For the purpose of determining the order of E x 
and E 2i we require a connecting link The time interval will be longer or 
shorter depending on whether more or less elements are needed between E x 
and E 2 In order to avoid appealing to the concept of a connecting link, 
Leibniz speaks of ‘the simplest structure of utmost definiteness 5 determined 
by two points, and this structure m fact contains a connecting link The 
concept of the simplest structure is to be regarded as defining the relation 
between The shortcoming of this definition consists, of course, m the 
vagueness of the terms ‘simple’ and ‘utmost definiteness’ 

It is noteworthy, furthermore, that in the construction of this theory 
of space and time Leibniz starts with the order of time, and considers the 
order of space only after he has given a determination of simultaneity, a 
procedure which turned out to be fruitful for later axiomatization of the 
theory of space and time 13 

Having constructed his own rigorous theory of space and time, Leibniz 
was confronted with the natural philosophy of Newton Newton begins 
with very precisely formulated empirical statements, but adds a mystical 
philosophical superstructure Leibniz had to oppose a theory which regards 
space and time as autonomous entities existing independently of things, nor 
could he help but consider his own theory superior, feeling as one who had 
emancipated himself from the primitive notions of everyday life and who was 
obliged to assume the role of expositor In the detailed fifth letter to Clarke, 
Leibniz tries to convince his opponent by describing the ongin of the idea of 
space “I will here show, how Men come to form to themselves the Notion 
of Space They consider that many things (choses) exist at once, and they 
observe in them a certain Order of Co-Existence, according to which the 
relation of one thing to another (rapport des uns et des autres) is more or 
less simple This Order, is their Situation or Distance (situation ou distance) 
When it happens that one of those Co-Existent things changes its Relation 
to a Multitude of others, which do not change their Relation among them- 
selves, and that another thing, newly come, acquires the same Relation to 
the others, as the former had, we then say, it is come into the Place (place) 
of the former, And this Change, we call a Motion in That Body, wherein is 
the immediate Cause of the Change 5,14 Leibniz correctly remarks that he 
does not define ‘place’ but ‘same place 5 (la meme Place ), 15 and he recognizes 
that this procedure is admissible We may supplement the foregoing quotation 
by remarking that a change in the relation of one thing A to other things, 
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C y Ey F f Gy is ascertainable by observation, for instance, by observing the 
increasing bnghtness of a thing F which had previously been in A\ shadow 
If the former state recurs in such a way that another thing B now has that 
relation to the things, C f E t F, G, , which A formerly had, so that B now 
casts a shadow on F, we say that B has taken the place of A From small 
differences m the position of B , we can discover that B is now the cause of 
the shadow, and not A Place of A is a concept which characterizes a certain 
state of things A f C, E t F f G , 

Leibniz continues “And That which comprehends all those Places , is 
called Space (ce qui comprend toutes ces places, est appell6 Espace) Which 
shows, that in order to have an Idea of Place , and consequently of Space , it 
is sufficient to consider these Relations , and the Rules of their Changes, 
without needing to fancy any absolute Reality out of the Things (aucune 
rdalite absolue hors des choses) whose Situation we consider 5,16 If we 
hypostatize space, we go beyond what is meant by the concept of place, 
place, too is nothing that exists as such, but is rather a state of things 
Strangely enough, we are inclined to hypostatize only a spatial place, 
although there exist other instances of the same logical relation where no one 
ventures a hypostatization Leibniz cites genealogy as an example of the 
latter 17 In a genealogical order, every individual has a ‘place’, and exactly 
as in a spatial order the place of an individual indicates nothing but certain 
relations he bears to other individuals In this context, nobody thinks of 
‘place 5 as something absolute, as having any meaning apart from the relations 
between individuals Although here, too, we can conceive of ‘that which 
comprehends all those places 5 , nobody interprets it as an independently 
existing entity The genealogical order schematizes the structure of ancestral 
relations between individuals, and is not something else existing in addition to 
this structure 18 This example is very striking, indeed, and provides an 
excellent elucidation of the problem of space The parallelism extends even 
further than Leibniz may have realized According to the investigations by 
K Lewin, 19 we may regard the genealogical order as the space-time order of 
biological evolution, in exactly the same sense as we have to regard the causal 
order as the space-time order of physics Here, as in many other areas, — I 
will mention only the analysis situs and the geometric characteristic - 
Leibniz 5 ideas have undergone an unforeseen extension and elaboration m 
our days, for only now is it possible to understand them fully 

I should like to make just a brief remark concerning the superiority of 
Leibniz 5 theory of space and time over Kant’s 20 Leibniz speaks of the ‘ideality 
of space and time 5 only in connection with more rigorous formulations 
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And he makes it clear enough that space and time constitute a framework in 
which things are ordered, but that they themselves are not things Kant held 
essentially the same view but his terminology lends itself to dangerous mis- 
interpretation In spite of their ideality, space and time are no less anchored 
in the nature of thmgs than any other conceptual schema of science Although 
genealogy constitutes a conceptual order, it nevertheless describes an actual 
state of individuals One must, however, avoid the familiar epistemological 
mistake of taking ‘description’ to mean ‘copy of reality’ Space and time have 
a similar function, although they are conceptual schemata, they descnbe 
actually existing states of things Recent axiomatizations have shown that 
the empirical content of the description can be formulated much more 
ngorously Leibniz, of course, did not yet see the possibility of such an 
extended construction m which space and time represent nothing but the 
empincally given order of causal sequences in the world Yet his space-time 
theory leads directly to this result, whereas Kant’s theory does not Due to 
his doctrine of the dual nature of space and time, their transcendental ideality 
and empirical reality, Kant dealt quite inadequately with the objective 
character of space and time 21 

The answer which Clarke gives to Leibniz’ presentation of the problem 
of space manifests such narrow-mindedness that it cannot contribute signifi- 
cantly to a clarification of the question Convinced of his superiority, Clarke 
declares, with the complacency of a person not inhibited by any capacity 
for further enlightenment, that the relevant passages in Leibniz’ letter “do 
not contain serious Arguments ” 22 Furthermore, he attempts to point out 
contradictions in Leibniz’ views, he thinks it is a contradiction to say that 
an order of situations is a quantity 23 Leibniz had previously explamed that 
the serial order, the existence of preceding and succeeding elements, provides 
the conditions of measurability 24 Clarke evidently holds the view that 
quantity is an absolute concept How little Clarke understands Leibniz’ train 
of thought is borne out in an earlier letter Clarke argues that were the earth 
and sun and moon placed where the remotest fixed stars now are, while pre- 
serving their relative positions, then, according to Leibniz’ view, not only 
would they retain the same effects upon each other, but they would also 
occupy their present places since Leibniz considers place to be a mutual 
relation, which would be a manifest contradiction 25 Clarke does not see 
that a contradiction anses only for the absolutist, not for the relativist If 
there existed no other bodies in the world than the earth, the sun, and the 
moon, these bodies would indeed retain their places because then the shift to 
another position would be completely fictitious But if, in addition, the fixed 
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stars existed, then, on Leibniz’ view, the earth, the sun, and the moon would 
change their places since their positions relative to the fixed stars would have 
changed, and their places are determined not only by their mutual relations, 
but also by their relations to all other bodies 26 Leibniz still defends kin- 
ematic relativity brilliantly Clarke had objected that the fact of motion 
cannot be dependent upon observation, a ship is moving even though this 
motion is not observable to a person inside the cabins 27 Leibniz gives the 
conclusive answer “Motion does not indeed depend upon being Observed , 
but it does depend upon being possible to be Observed There is no Motion 
when there is no Change that can be Observed And when there is no Change 
that can be Observed, there is no Change at all 5,28 

The principle of the identity of mdiscermbles, as much as we are inclined 
to grant it, raises great difficulties for Leibniz’ relativistic viewpoint as soon 
as motion is no longer considered kinematically, but dynamically Although 
Clarke’s philosophic interpretation of space and time is quite inferior , 29 he 
avails himself of one argument concerning the problem of motion which 
Leibniz cannot refute decisively Newton had suggested that centrifugal force 
could be used as a criterion for distinguishing absolute motion from relative 
motion When Clarke presents Newton’s argument , 30 Leibniz must admit that 
the charactenzation of a motion as absolute is at least possible dynamically, 
the principle of the identity of mdiscermbles to the contrary notwithstand- 
ing “However, I grant there is a difference between an absolute true motion 
of a Body , and a mere relative Change in its Situation with respect to another 
Body For when the immediate Cause of the Change is in the Body, That 
Body is truly in Motion, and then the Situation of other Bodies, with respect 
to it, will be changed consequently, though the Cause of that Change be not 
m Them” 31 Leibniz might argue that the centrifugal force of the earth’s 
rotation, noticeable, for instance, m the flattening at the poles, shows that 
the driving forces of the rotation inhere in the earth and not in the fixed 
stars, therefore, the rotation of the earth must, m this case, be called “an 
absolute true motion”, whereas the rotation of the fixed stars is “a mere 
relative change of situation” Such an admission constitutes a serious break 
in Leibniz’ theory of motion because the distinction between absolute and 
relative motion is equivalent to an acceptance of Newton’s view Leibniz 
lacks Mach’s argument which alone can defend the relativity of dynamic 
motion From here on, Leibniz’ argumentation becomes inadequate, Clarke 
had declared 32 “The reality of Space is not a Supposition , but improved by 
the fore-going Arguments, to which no Answer has been given ” Of course, 
Clarke does not realize which of his arguments is decisive because none of the 
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arguments to which he refers mention centrifugal force, so far his arguments 
have consisted merely of inadmissible absolutists contentions It would seem 
that at this point Clarke’s invisible mentor, Newton himself, has intervened, 
for only now does Clarke mention the problem concerning rotation. From 
here on, Leibniz’ reasoning exposes itself to attack He does not think that 
his admission of a distinction between true and relative motion adversely 
affects his conception of space This view is probably to be understood m 
the following way For Leibniz, space is not the cause of centrifugal forces, 
rather, these forces are located in the bodies themselves If one speaks of true 
motion, one no longer regards motion as a process in space because such a 
process is always relative, but as a dynamic process which is not spatial 

Leibniz therefore needs two different concepts of motion, one applying 
to a process in space, the other to a process in the interior of things This 
conception is hardly defensible because it implies that motion as an internal 
process enables us to distinguish kinematically equivalent motions Unfortu- 
nately, Leibmz passes over these difficulties very rapidly Immediately after 
the quoted passage about true motion he wntes “Thus I have left nothing 
unanswered, of what has been alledged for the absolute reality of Space” 33 
One must concede that Clarke is right in not being content with this expla- 
nation, in his answering letter, he reverts to the subject of centrifugal force 34 
He concludes that, according to Leibniz’ point of view, the rotating sun 
would lose its centrifugal force if all matter around it were destroyed This 
conclusion is actually correct, and modem physics admits it Unfortunately, 
we do not know what Leibniz would have answered because at this point 
the correspondence was interrupted by his death If we were to carry through 
Leibniz’ view consistently, we would have to say that it would be possible for 
centrifugal forces to occur on a sun not surrounded by matter and therefore 
on a sun not surrounded by fixed stars, but in such a case, we should not 
regard centnfugal force as a criterion of rotation because the motion of an 
isolated body is a meaningless fiction For an isolated body, the concept of 
motion as a process in space loses its meaning, but we can draw no con- 
clusions concerning its dynamic state 35 It is, of course, futile to pursue 
Leibmz’ viewpoint further than he himself did We must regret that the 
problem of rotation is not treated more extensively in this correspondence 
because Leibniz might have been forced to give a more rigorous analysis 
which might have saved him from the mconsistency of accepting dynamic 
absolute motion Under the circumstances, we must be content with Leibmz’ 
consistent defense of the relativistic interpretation of space as a schema of 
order, even though he did not develop a relativistic theory of motion 36 
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IV 

The correspondence with Clarke could not lead to a solution of the problem 
of motion because the intellectual level of the disputing opponents was too 
uneven Leibniz had to answer the theologian Clarke with theological argu- 
ments that were supposed to settle the question about the nature of space on 
the basis of the dignity and perfection of God On the other hand, Leibniz, 
too, was so accustomed to theological arguments, it was so natural for him 
to frame epistemological considerations in theological terms, that a great deal 
of the discussion becomes unfruitful for us We may expect a greater reward, 
therefore, when Leibniz faces an opponent who is his peer and to whom he 
can communicate his ideas in a more sophisticated fashion For this reason, 
his correspondence with Huyghens is one of the most important documents 
for the evaluation of his theory of motion 

Even though the theory of motion which Leibniz formulates in his corre- 
spondence with Huyghens is more profound than that which he developed m 
his letters to Clarke, one must not regard the more profound theory as the 
later one Chronologically, this correspondence preceded that with Clarke 
by about twenty years, and Leibniz based his answers to Clarke upon the 
previously developed theory of motion Apparently, the belief that he could 
expect a complete understanding of his ideas from his former mathematics 
teacher encouraged Leibniz to be more open in his communications with 
Huyghens, whereas Clarke’s hostile attitude compelled him to pass over 
unsolved problems, and, instead, to present the epistemological foundations 
of his conception in a more detailed manner The above considerations 
explam the method used in our presentation of Leibniz’ theory of motion, 
which begins with the chronologically later source and then turns to the 
chronologically earlier one 

Discussions among like-minded scholars who are working in the same 
field are usually briefer in their expositions than are presentations intended 
for a wider audience What has to be explained to the student or opponent by 
means of prolix and detailed illustrations and psychological devices can be 
conveyed to a co-researcher in a single remark Concentration on the same 
subject-matter creates a common atmosphere in which only the barest means 
of expression are needed for the shanng of knowledge This circumstance 
may make it difficult for later readers to understand a correspondence be- 
tween experts, however, advances in science may enable those who come later 
to see a problem in the same light as, or perhaps even m a bnghter light than, 
its discoverers did Thus, we who have been granted the privilege of an 
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acquaintance with Einstein’s solution of the problem of motion can appreciate 
the great significance of the correspondence between Leibniz and Huyghens 
Incidentally, the discussion of the problem of motion constitutes the smallest 
part of this correspondence The interesting passages on the problem of 
motion, in which the two great mathematicians inform each other bnefly 
about their respective views, are to be found only in the last year of the 
correspondence, 37 and these passages are scattered among long expositions 
of the integral calculus (in which Leibniz tried to explain the advantages of 
his calculus to his teacher who at first hesitated to accept it), discussions of 
Newton’s and Huyghen’s optics, of atoms, and of many other matters 

The lucid style of this correspondence reveals at once a most fortunate 
meeting of minds The two correspondents are not engaged in a controversy 
over world views, on the contrary, they agree in their fundamental approach 
to the problem Both Leibniz and Huyghens are opponents of Newton’s philos- 
ophy They are repelled by the supernaturalistic tendencies of this physicist 
who leans upon Henry More and who always turns into the mystic and 
dogmatist as soon as he leaves the boundaries of his special field Both know 
that the crude conception of a substantial space which Newton shares with 
the epistemologically untutored layman cannot be correct However much 
they respect Newton’s physical discoveries, they reject the philosophical 
consequences he draws from these discoveries Huyghens even conjectured 
that Newton would revise his interpretation of motion in the next edition of 
th ePnncipia, so secure did he feel in his rejection of Newton’s absolutism 
The discussion of motion begins when Huyghens asks Leibniz about his 
concept of real motion In his answer, Leibniz does not enter into an analysis 
of the concept of space, as he does in the letters to Clarke, but forthwith 
explains his conception of motion This conception exhibits the same duality 
that we noted above Motion as a process in space is relative, but there must 
exist a subject of motion m which the impelling force occurs, and this subject 
is m true motion Leibniz thinks that if there were no such subject, the im- 
pelling force would not be real Nevertheless, he does not regard this con- 
ception as a violation of relativity because the geometrically observed pro- 
cesses do not furnish any means of determining the subject of the motion 
“If a and b approach each other, I admit that all phenomena will be the same, 
no matter to which of them one ascnbes motion or rest, and even if there 
were 1000 bodies, I agree that the phenomena will not give us (nor even the 
angels) an unfailing criterion for determining the subject or the degree of the 
motion (pour determiner le sujet du mouvement ou de son degr6), and that 
each of them could just as well be conceived as being at rest ” 38 
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Leibniz gets into difficulties with this conception He must assert “that 
actually each body has a certain degree of motion, or, if you wish, of force, 
notwithstanding the equivalence of the assumption” 39 Although he admits 
that the true force cannot be ascertained, it is supposed to exist Since this 
contradicts his principle of the identity of mdiscemibles, he must look for a 
method of determining the true force He believes that he can escape his 
difficulties by finding a non-geometrical method of ascertaining the true 
force He is faced with a problem in dynamics, and his concept of true 
motion compels him to assert that dynamics contains a non-geometncal 
metaphysical principle, and that ‘motion’ has a metaphysical, as well as 
a spatial significance Because the subject of the motion can be distinguished, 
Leibniz concludes “that there exists m nature somethmg that geometry 
cannot determine And this is not the least of the reasons of which I avail 
myself in order to prove that besides extension and its changes (variations) 
which are something purely geometrical, one has to recogmze somethmg 
more important, namely, force” 40 Here we have m much purer form than m 
the answer to Clarke a formulation of the metaphysical concept of motion 
Motion m the metaphysical sense is not ‘change of place’, but occurrence of 
forces 

In this passage, modern and obsolete ideas are strangely mixed Leibniz 
realizes that it is impossible to recognize true motion by direct observation 
Nor does dynamics supply direct evidence for the occurrence of a force since 
one can invent a dynamic hypothesis for each of the equivalent interpretations 
of motion A given interpretation will be preferred only because of its sim- 
plicity (‘la simplicity de l’hypothese’) Thus, the Copermcan system is pre- 
ferred to the Ptolemaic system because of its simplicity, it is merely the most 
adequate system for explaining the phenomena (ad exphcanda phaenomena 
aptissima) 41 Yet Leibniz believes that the simplest explanation is to be 
regarded as the true one 42 (qu’on peut temr la plus simple, tout consid6r6, 
pour la veritable), and thus his investigation of the logical equivalence of the 
dynamic explanations leads him to reaffirm the metaphysical distinctness of 
one of the motions It is his metaphysical system which influences him at 
this point, his Monadology is closely connected with his absolutists concept 
of force, and in this way his total system becomes the obstacle which pre- 
vents him from making a consistent analysis of this particular problem 

Leibniz presents, for the first time, one argument which certainly does 
constitute a senous objection against Newton’s theory of motion, and which 
has exerted great historical influence This argument demonstrates the in- 
consistency inherent in Newton’s special treatment of uniform rectilinear 
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motion If space is conceived as something real, and if it is possible through 
dynamic catena to ascertain a motion with respect to space, then it must 
also be possible to characterize one of the uniform motions as a state of rest 
The dynamic relativity of uniform translation is just as inconsistent within 
the framework of Newton’s absolutistic theory of motion as is the postulation 
of a metaphysical state of motion within Leibniz’ relativistic theory It would 
seem that Newton himself was not aware of this inconsistency, at least, I 
know of no passage which would lead one to believe he was 

Leibniz, who was much more perceptive about epistemological issues, 
must have felt uneasy about the discrepancy in his theory of motion By admit- 
ting ‘true forces’, Leibmz had singled out one of the kinematically equivalent 
motions, and he was therefore mduced to attempt, once again, to extend 
kinematic relativity to dynamic motion by means of a number of assumptions 
about the subject of motion Newton had claimed that circular motion was a 
counter-instance to dynamic relativity Leibmz, however, declared that “in 
this respect circular motion has no prerogative” and that “all assumptions are 
equivalent” 43 One would expect Leibmz at this point to present a solution 
along the lines of Mach’s argument Mach contended that the origin of the 
centrifugal force need not be restricted to the earth as the subject of motion, 
but may be ascribed, just as well, to the fixed stars, thus the distribution of 
the forces upon the masses may be adjusted to the selected kinematic descrip- 
tion of the motion Unfortunately, Leibniz merely hinted at another ex- 
planation based on certain peculiar views about the nature of a body, we 
shall probably never know what he meant by this remark 


v 

In comparison with Leibniz, Christian Huyghens - or Hugens de Zuhchem, 
as he signed his name in the French version under these letters - reveals 
himself as the more consistent relativist Although he admits that he had 
previously accepted the special role of circular motion in Newton’s sense, 
he says that he has abandoned this view in the meantime He is firmly con- 
vinced that there is no real motion, but only relative motion, nor does he let 
himself be “diverted by Newton’s reasoning and experiments in his Principles 
of Philosophy which I know are erroneous” (sans m’arrester au raisonnement 
et experiences de Mr Newton dans ses Pnncipes de Philosophie, que je scay 
estre dans l’erreur) 44 He also rejects Leibmz’ concept of true motion, “I 
cannot agree with you that a number of bodies which are m motion relative 
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to each other have each a certain degree of true motion or force” (de mouve- 
ment ou de force veritable) 45 Evidently he perceived the weakness of 
Leibniz’ conception, and from this hint alone, which focuses on the major 
error m Leibniz’ theory, we may conclude that Huyghens had a more dis- 
criminating conception of dynamic motion Yet these letters do not convey 
anything about the content of Huyghens’ theory, he merely says that he has 
found “two or three years ago the more correct view 46 concerning circular 
motion The last letter Huyghens wrote to Leibniz, four months later, does 
not refer to the problem of motion, then his death interrupted the corre- 
spondence forever 

Thus, this correspondence concludes with the assurance by both math- 
ematicians that they possess a solution to the problem of circular motion 
which does justice to the relativistic point of view even in its dynamic aspects 
Although in Leibniz’ case we must be content merely with his assurance 
without having any grounds for believing that he had in fact found a solution, 
we are m a more fortunate position as far as Huyghens is concerned Among 
his posthumous writings, which were carefully preserved m Leiden, several 
manuscripts have recently been discovered by J Korteweg, and these have 
now been published by J A Schouten 47 After more than two centuries, we 
have finally received the answer to the most important question left open m 
the correspondence with Leibniz These manuscripts reveal that Huyghens 
was the first relativist to attempt to solve the problem of the dynamics of 
circular motion, though his solution is not correct 

There are four separate sheets on which Huyghens made notes concernmg 
the problem of circular motion The first and earliest shows Huyghens still 
holdmg Newton’s view that the velocity of rotation must be calculated by 
means of centrifugal force The second sheet, which Korteweg dates 1692 on 
the basis of a remark m one of Huyghens’ letters to Leibniz, attests to the 
decisive change m Huyghens’ interpretation of circular motion, and, together 
with the third sheet dating from the same year, indicates Huyghens’ solution 
of the problem The fourth sheet, which must be dated later, contains a 
summary of this solution 

Huyghens’ solution is based on a discovery m kinematics change in 
mutual distance is not the only cntenon of relative motion If we look at a 
rotating disk, two diametrically opposed points always move in opposite 
directions, 1 e they move relative to each other without any change of dis- 
tance between them 48 In this case, a change of distance is prevented by the 
ngid connection between the points Therefore, Huyghens concludes that one 
cannot infer from the constancy of the distance between two bodies that 
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they are at rest relative to each other, such an inference is justifiable only if, 
in addition, there is no physical connection between the bodies It is true that 
free bodies, but only such bodies, will change their distances when they are in 
relative motion If two spheres connected by a stnng are pushed in opposite 
directions, perpendicular to the connecting line, they will start moving relative 
to each other, because of the connecting string, this relative motion will not 
be accompanied by a change in their mutual distance but will be confined to 
rotation. The customary definition of ‘rest’ must therefore be changed “one 
must know that bodies are at rest relative to each other only if they retain 
their position relative to each other while being free to move separately, and 
being neither tied nor held together (ll faut done scavoir que Ton connoit que 
des corps sont en repos entre eux,lorsqu’estant libres a se mouvoir sdparement 
et point liez m detenus ensemble, lls gardent leur position entre eux)” 49 The 
condition that the bodies be disconnected is the novel feature m Huyghens’ 
definition 

On the basis of this definition, Huyghens arrives at an interpretation of 
circular motion as relative motion, as the motion of the parts of a circle 
relative to each other, not as an absolute motion with respect to space It is 
only because this relative motion is not accompanied by a change of dis- 
tance that its relative character has been overlooked Hence dynamic relativity 
has been established From the occurrence of a centrifugal force, the occur- 
rence of a rotation can be mferred, but this dynamic effect again confirms 
only a relative motion, that of the individual particles to each other “For a 
long time I thought that one had a entenon for true motion in centrifugal 
force. Actually, with respect to all other phenomena, it makes no difference 
whether a disk or a wheel rotates where I am standing, or whether I circle 
the stationary disk But if a stone is put on the penmeter, it will be thrown 
outward when the disk is rotatmg, and therefore I used to think that the 
circle does not rotate relative to any other body (nulla ad aliud relatione) 
Nevertheless, this phenomenon only shows that the parts of the wheel are 
dnven m opposite directions relative to each other (motu relativo ad se) 
through the pressure exerted upon the penmeter Circular motion is thus a 
relative motion of the parts which are dnven m opposite directions, but 
held together by a stnng or connection (ut motus circulans sit relativus 
partium in partes contrarias concitatarum sed cohibitus propter vmculum aut 
connexum)” 50 

This solution of the problem of rotation is as new as it is interesting It 
represents a consistent interpretation of dynamic relativity, of the idea that 
even from the occurrence of forces, only a relative motion of bodies can be 
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inferred This solution abandons Leibniz’ concept of true motion, and 
Huyghens carefully emphasizes that circular motion does not help us to 
ascertain which of the rotating parts have received the first impact, l e 
which of them are the subjects and are in true motion m Leibniz’ sense One 
might perhaps consider this solution the first theory of relativity — even 
though it cannot be maintained in view of the modern theory 

Today we would say that the relative motion of the parts of the circle 
can be ‘transformed away’, that there is a stationary system of co-ordinates 
in which it vamshes, namely, the system which rotates along with the parts 
In this respect, rotational relative motion differs from other motions, trans- 
lational relative motions, for example, are accompanied in every stationary 
co-ordmate system by differences in the velocities of the individual bodies 
With regard to dynamic relativity, the following requirement must be made 
if a dynamic effect due to the motion of a body is observable from a co- 
ordmate system, the body must also be in motion relative to this co-ordmate 
system This condition is realized by motions which ‘cannot be transformed 
away’, where the force occurs in every co-ordmate system (i e the force is 
a tensor), m the instance of circular motion, however, we should expect the 
centrifugal force to vanish in the accompanying rotating system Yet actually 
this is not the case, a body moving with a rotatmg disk is subject to the pull 
of the disk, and the centrifugal force cannot be interpreted as an effect of the 
relative motion of the parts of the disk since this effect also occurs in that 
system in which the relative motion is equal to zero 

Although we must reject Huyghens 5 solution as incorrect, its historical 
merit re mams undiminished It mamfests consistency in interpreting the pro- 
blem of motion never achieved before Huyghens and only attained by Mach 
and Einstein after him This solution is the answer of a persistently searching 
mind who was guided by his insight into the nature of motion and who, thus 
motivated, took up the fight against the impressive system of Newton Both 
Leibniz and Huyghens are sustained m their approach to the problem of 
motion by a conviction which constantly draws their theories m a single 
direction, just as a magnetic field draws the needle of a compass If, m this 
pursuit, Leibniz was more rigorously trained m epistemology and therefore 
better able to give a logical analysis of the problem, Huyghens was better 
grounded in applied mathematics and, bemg less hindered by an epistemology 
of his own, was more consistent in his solution of the problem of rotation 
Huyghens must have had a very vivid feeling of superiority towards Newton’s 
theory, and the final words from Newton’s introduction to the Pnncipia , 
which we quoted m the beginning of this paper, probably appeared tragic 
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even to the contemporary of the great dogmatist of absolutism On one of 
the separate sheets where true motion is called a ‘false idea' and a ‘chimera’, 
we find the following note in the margin “Mr Newton dit qu’il a escnt tout 
son traite pour connoitre le vray mouvement” 51 Although Huyghens knew 
that the goal which Newton had set for his work was unattainable, he could 
not prevent the recognition accorded to the Pnncipia It is incumbent upon 
us, however, who have witnessed the final abandonment of Newton’s theory 
of motion, to bestow our belated recognition on the two unfortunate relativists 
of the classical period of absolutism 


NOTES 


1 See Ernst Cassirer, Substance and Function and Einstein's Theory of Relativity , 
(Chicago-London, 1923), p 41 Of 

2 In this context, compare my presentation in [1922f], p 328f I gave a detailed 
analysis of the Mach-Newton controversy m [1922c] See also Schlick, ‘Die philoso- 
phische Bedeutung des Relativitatsprinzips’, Ztschr f Philos Kntik 159, 129 (1915) 

3 He writes (Die Mechanik in ihrer Entwicklung , Brockhaus, 8th ed , Leipzig, 1921, 
p 431) “There is no need to spend any time on Leibniz, the inventor of the best of all 
possible worlds and of the pre-established harmony, these inventions have found the 
treatment they deserve in Voltaire's apparently funny, actually very serious novel 
Candide As is well known, he was just as much a theologian as he was a philosopher 
and scientist” [My translation M R ] 

4 See for instance Einstein, ‘Grundlage der allgememen Relatmtatstheorie’, Section 
2, Annal d Physik 49 (1916) [English translation by W Perrett and G B Jeffrey as 
Chap 7 in The Principle of Relativity by Einstein, Lorentz, Minkowski and Weyl 
(Methuen, London, 1923, Dover reprint, New York n d ) - Ed ] 

5 These definitions are quoted and translated [into German] in H Scholz, ‘Zur 
Analysis des Relatmtatsbegnffes’, Kantstudien , p 388 (1922) The same work provides 
a fairly detailed exposition of Newton’s conception of relative motion, correctly ident- 
ify mg it with changes in mutual distances 

6 Sir Isaac Newton's Mathematical Principles , translated into English by Andrew 
Motte m 1729, ed by Flonan Cajon, (Berkeley, 1947), p 12 

7 See Cassirer, Erkenntnisproblem in der Philosophic und Wissenschaft der neueren 
ZeitvcA II, p 471 (Berlin, 1911-20) 

3 [The following quotations are taken from Leibniz r Selections , ed by P P Wiener, 
New York, 1951, rather than from sources used in the original German paper -MR] 

9 Leibniz does not notice, of course that even this condition does not necessarily lead 
to a unique definition of simultaneity, such considerations could only originate m the 
context of Emstem’s theory of time A detailed investigation of this problem is pre- 
sented in my book [1924h] The theory of time contained in this book may be regarded 
as a continuation of Leibniz* ideas, although at the time of writing I was not aware of 
this connection since I did not then know the relevant passages by Leibniz 
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10 Wiener, op cit , pp 201-2 

11 Wiener, op cit , p 202 

12 Ibid , p 202 [I inserted ‘of utmost definiteness 7 because Wiener does not translate 
‘maxime determmatum’ -MR] 

13 In my book [1924h] the topology of space is constructed m a similar way, in this 
axiomatization, the concept spatially nearer than is reduced to the concept temporally 
earlier than by means of a special kind of causal sequence first signals 

14 Samuel Clarke, A Collection of Papers , Which passed between the late Learned 
Mr Leibnitz and Dr Clarke , in the Years 1715 and 1716 , (London, 1717), pp 195-7 
[In this edition, the original French correspondence is printed on the left-hand pages, 
Clarke’s own English translation on the right-hand pages of the book I have substituted 
this edition for the Cassirer edition used in the German essay -MR] 

15 Ibid , p 202 

16 Ibid , p 197-9 

17 Ibid , p 201 

18 Leibniz carries the parallelism between spatial order and genealogical order a step 
further so that he can also apply the concept of motion within the genealogical order 
“And if to this one should add the Fiction of a Metempsychosis , and bring m the same 
Human Souls again, the Persons in those Lines might change Place” (Clarke, op cit , 
p 201) Metempsychosis functions as an analogy to motion m space and time, one 
individual replaces another one, assuming that relation to the whole which the first 
individual had before him Yet strictly speaking, this extension destroys the parallelism 
The genealogical net has a time dimension, and is to be compared not solely to space, 
but to a space-time manifold of two dimensions, such as that used m diagrams of the 
Lorentz transformation In this case there is no motion, there are only world lines 
Every time line of the net which proceeds from grandfather to father to son, etc , 
represents a motion, namely, the transition from one generation to the next Each 
generation corresponds to space at a certain time 

19 Kurt Lewin, Der Begnff der Genese in Physik , Biologie und Entwicklungsgeschichte , 
(Berlin, 1922) 

10 A detailed comparison between Leibniz’ theory and Kant’s is to be found m Cassirer, 
Leibniz' System, Marburg, 1902, p 27 If Cassirer makes use of the evaluation of Leibmz 
given by Kant in 'Metaphysische Anfangsgrunde der Naturwissenschaft 7 Cassirer is intent 
on pomting out the close relationship between the two doctrines, whereas it seems to 
me that m the light of the relativistic solution of the problem, Leibniz’ theory must be 
ranked above that of Kant’s 

21 For a characterization of reality by means of conceptual systems, see my presenta- 
tion in [I920f] p 85f However, the charactenzation of the invariant content of the 
metric given in this book needs correction, and is superseded by my [1924h] 

22 Clarke, op cit , p 299 

23 Ibid, pp, 309,347 

24 Ibid , p 215 

25 Ibid, p 75 

26 Cassirer has already pointed out this petitio pnncipu of Clarke’s on p 141 of his 
edition of Leibniz ' Werke 

27 Clarke, op cit, p 133 
Ibid , pp 211-13 
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29 The opinion that Clarke was not too successful in defending his position is widely 
accepted, even by those philosophers who have moved away from Kantianism See, for 
example, Hans Vaihmger, The Philosophy of 'As If , London, 1924, p 229f However, 
Vaihinger’s attempt to reconcile the contrasting viewpoints of the opponents by using 
his notion of fictions (p 230) is not tenable in the light of modern physics 

30 Clarke, op cit , p 133 

31 Ibid,? 213 

32 Ibid, p 135 

33 Clarke, op cit , p 213 

34 Ibid , p 295 

35 Cassirer presents a different interpretation mhis edition of Leibniz 1 Werke, see p 219, 
footnote 158 

36 It has been pointed out a number of times, in discussions of the theory of relativity, 
that the distinction between true and spatial motion is also made by Kant in ‘Meta- 
physische Anfangsgrunde der Naturwissenschaft’ Kant calls circular motion ‘true motion’ 
and distinguishes it from ‘apparent motion’, but he does not charactenze it as absolute 
motion m contrast to relative motion This conception of Kant’s was anticipated by 
Leibniz One advantage of Kant’s interpretation - which, incidentally, like our own elab- 
oration of Leibniz’ ideas treats the problem of an isolated body by reference to a rotation 
recognizable through Coriolis forces - seems to me to be that he does not regard the dis- 
tinction between true and apparent motion as an objection to Newton The vehemence 
with which Leibniz opposed Newton is due, apart from the historical situation which 
made him Newton’s rival in the controversy over the invention of the mtegral calculus, 
rather to their different conceptions of space than to their disagreement about motion 
Leibniz’ theory of space is superior to Newton’s, and, as we have tried to show, also to 
Kant’s, but he emphasized the differences between his theory of motion and Newton’s 
more strongly than is warranted in view of his inability to demonstrate dynamic relativity 

37 Recognizing the importance of this discussion E Cassirer has included these passages 
of the correspondence m his Leibniz edition 

38 [I am translating the original text from Leibmzens mathematische Schnften , ed by 
C I Gerhardt, Berlin, 1850, vol II, p 184 - M R ] 

39 Gerhardt, op cit, p 184 

40 Ibid , p 184 

41 From the ‘Promemona’ which Leibniz presented to the Vatican in Rome See 
Gerhardt, op cit , vol VI, p 146 n 

42 One is inclined to agree with Leibniz’ assertion since today, more than at any other 
time, simplicity is accepted as a criterion of truth But just in this case the argument is 
not correct I must refer the reader to my book [1924h] (§ 2) 

43 Gerhardt, op cit , vol II, p 199 

44 Ibid 177 

45 Ibid, p 192 

46 Ibid 

47 Jahresbencht d deutschen Mathematiker-VereinigungXXIX, 136-44 (Leipzig, 1920) 

48 In mathematical language the difference of their velocity vectors is not equal to zero 

49 Op cit , p 139 

50 Ibid, p 142 

51 ‘Mr Newton says that he has written his whole treatise only in order to find the true 
motion ’ Ibid , p 141 
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While, from the very first, the theory of relativity emerged m quite a com- 
plete form as regards its physical aspects, its philosophical foundations were 
uncovered only gradually To be sure, Einstein’s work characteristically rests 
upon a totally lucid insight into basic philosophical concepts, but the creator 
of this great theory possessed this insight more as intuitive knowledge than 
m the form of a conceptually complete epistemology Above all, his attention 
is directed so mtently upon the physical development of the theory that 
dwelling at length upon the philosophical foundations would only obstruct 
his progress His all-too-brief philosophical comments have caused some 
opponents to accuse him of a lack of philosophical understanding and 
to attempt to restrict his achievements to a merely mathematical signifi- 
cance — a misunderstandmg that can only appear laughable to anyone well 
acquainted with Einstein’s physical theory, particularly with his mode of 
thinking Is it possible to regard as a philosophical layman a physicist who so 
successfully returns to epistemological problems in resolving physical diffi- 
culties 7 Surely it would be more fitting to endeavour to establish through 
modest philosophical work what Einstein has actually achieved by way of 
philosophical knowledge, while leaving to him the right to contmue expand- 
ing his new physics untroubled by its philosophical consequences It has 
frequently occurred during the course of the history of philosophy that the 
natural sciences have produced many more philosophical ideas than the 
philosophy of the scholars We thank the exact sciences for the conquest of 
scholasticism, - such men as Copernicus, Kepler, and Galileo, without whom 
others, such as Descartes and Leibniz — themselves half-mathematicians — 
would not have been able to lay the foundations of their epistemology Will 
we perhaps witness m our own day another turning point, whereby mathe- 
matics and physics will again recognize the way of knowledge better than the 
judges appointed for that purpose 7 

Thus we should not try to judge — it is first of all necessary to compre- 
hend What is the philosophical significance of Einstein’s discoveries 7 We will 
be able to answer this question only if we allow the same exactitude that is 
the hallmark of the mathematician to predominate m our philosophical 
methodology Better to limit ourselves to one special problem than to 
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discourse about the whole in propositions of empty generality let us, for the 
time being, bend our attention only to the meaning of Einstein’s first innova- 
tion, the relativization of time 


i 

We will straight away correct an error of which the great majority of popular 
presentations of the theory of relativity must be accused We commonly read 
such statements as, “What appears to one observer as simultaneous appears to 
another observer who is moving in relation to him as not simultaneous ” 
Indeed, the writers of these articles work diligently to present the relativity of 
time as a relativity of the observer , in the apparent belief that the differences 
in question are comparable to the vanation m the spatial perspectives of two 
remotely situated observers and ongmate in the subjectivity of sense percep- 
tion But this shows a misunderstandmg of the logical character of the 
Einsteiman theory of time, which pertains only to the logical conditions of 
knowledge, not to the psychological It does not query the perceptions of the 
observer, but rather the knower’s schema for ordering his knowledge It dis- 
closes presuppositions of knowledge, not of knowing as a psychological 
act 

For if we just take a good look at the sense perceptions of an observer, we 
see that they are unable to give any report regarding simultaneity at different 
locations, as it is treated in Einstein’s theory The observer is bound to his 
location m space, he merely receives reports, signals from distant points, and 
all that he can perceive immediately is the simultaneity of their arrival at his 
position This position is, to be sure, not a precise mathematical pomt, but 
we may regard it as practically infinitesimal m comparison to the distances 
that light traverses in a very few seconds, and which are the subject of relati- 
vity theory The arrival of a signal at the observer is to be regarded as a coinci- 
dence, or point event, we shall take over the concept of simultaneity at the 
same position unaltered from classical physics The logical problem that arises 
over and above sense perception is this how is the observer able to come to 
a temporal ordering of spatially distant events? 

“By means of physical measurements”, is the first answer to come back 
The observer measures the spatial distance and divides it by the velocity of 
the signal, thus getting the time taken to traverse the path If, for instance, 
a light ray from Sinus arnves at the earth simultaneously with a light ray 
from the sun, we can calculate from the distance of these stars and the speed 
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of light the time at which each of the light rays departed, and then we have 
the comparative times on the sun and on Sirius 

This is certainly correct But we need to know the speed of light How are 
we to measure it 9 

There is basically only one method for measuring the velocity of a signal, 
which can be roughly schematized in the following way Imagine that clocks 
are set up at two distant points A signal leaves the first point at, say, 12 00 
o’clock It arrives at the second point at 12 05, thus the signal took five 
minutes to traverse the path, which we shall measure, and its velocity is 
established by means of division This is the only possible method for measur- 
ing the velocity 

But is this really true 9 Was the velocity of light not measured m a com- 
pletely different fashion by Fizeau 9 He sent a light ray to a distant point, 
from which it was reflected and returned Thus he needed to measure only 
the time of departure, without regard to the time of its arrival at the mirror 
But he got only the sum of the times for the journey there and the journey 
back He was not able to measure precisely what interests us the velocity in 
a single direction Our previous assertion, then, is true 

We must note that our measurement of velocity leads to a difficulty In 
order to measure the velocity, we require two clocks, at different locations 
In order for the difference in time that we read off from them to be mean- 
ingful, the clocks obviously must be compared , i e , we must establish 
whether the clocks simultaneously point to the same numbers Yet our whole 
measurement of velocity has been mstituted solely for the purpose of achiev- 
ing a means of establishing simultaneity at distant positions We find our- 
selves caught in a circle in order to establish simultaneity of distant events 
we must know a velocity, and in order to measure this velocity we must be 
able to judge the simultaneity of distant events 

Einstein has shown the way out of this logical circle we cannot know the 
simultaneity of distant events at all, but can only define it Simultaneity is 
arbitrary , we can lay down whatever definitions we wish concerning it, with- 
out giving rise to an error For if we subsequently make measurements, we 
will invariably reach the result of the same simultaneity that we inserted by 
definition in the first place, this process can never lead to a contradiction 
The question will be raised whether this is really Einstein’s theory Does 
the special theory of relativity not contain a stipulation according to which 
clocks are to be set, arranging them in such a way that the velocity of light 
is the same for the journey m each direction 9 Certainly — but it would be a 
mistake to suppose that this stipulation claims to be truer than any other 
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It merely leads to simple numerical relations, but these, too, are valid only 
if certain objective conditions are realized, namely the absence of a gravita- 
tional field And in such a case the simplicity of this particular definition is 
lost Furthermore, even if this definition is simpler, a more complicated 
definition of time is also admissible in gravitation-free space, for it too would 
lead to an unambiguous quantitative description of all natural events, and this 
achievement is sufficient to satisfy the demand for truth Only m the general 
theory'of relativity did Einstein succeed in implementing complete arbitrari- 
ness in the choice of time [definitions] Accordmg to this theory, all ways of 
defining time are equally legitimate Thus Einstein’s general theory offers the 
first real solution to the epistemological problem of simultaneity 1 

All this demonstrates that Einstein was, in fact, treating the logical prob- 
lem of time order, not the psychological problem The question of defining 
time exists for every observer in the same way, and the individual observer 
actually has all the possibilities for temporal definition at his disposal We 
simply get a better illustration if two separate definitions of time are assigned 
to two different observers Yet the observer ‘at rest’ can define time just as 
well as the observer ‘in motion’, although, to be sure, the velocity of light 
will not be constant for his system, but will be different for the two direc- 
tions along a single path For we have here not a difference m standpoints but 
a difference in the logical presuppositions of measurement, which must be 
arbitrarily established before any measurements can be made at all 


ii 

Only when we possess this conception are we able to tackle the epistemo- 
locical questions entailed by the relativistic theory of time The problem 
must first be presented with logical clarity before we can answer the further 
question is Einstein’s solution admissible 9 

It is occasionally admitted that it is impossible to measure simultaneity, 
but in reply the objection is raised that no conclusions concerning real 
relations are to be drawn from this fact There are many cases in which 
physicists come up against the bounds of measurement, but are they there- 
for to conclude that the quantities to be measured do not exist at all 9 It is 
utterly impossible, for instance, to determine the precise number of mole- 
cules m a cubic centimeter of air, and we may state with the greatest 
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assurance that we will never succeed in actually counting every single 
molecule But may we conclude that this number does not exist 9 Quite the 
contrary, we must maintain that there always is a whole number that pre- 
cisely characterizes this quantity Einstein’s error — for his opponent — 
consists in confusmg the impossibility of measuring with objective inde- 
terminacy 

Those who raise this objection fail to note a vital distinction Sometimes 
there is an impossibility of measurement because of the limitations of our 
technical instruments, m these instances, I shall speak of technical impossi- 
bility But m addition, there is impossibihty-in-pnnciple on logical grounds 
Even if we possessed a perfect and complete experimental technology we 
would not be able to circumvent this lmpossibikty-in-principle It is, for 
mstance, impossible m principle ever to discover whether the meter housed in 
Pans is really a meter Not even the very greatest refinement of our geodetic 
mstruments can shed any light on this matter - simply because it is im- 
possible to establish absolutely what a meter is That is why we call the 
measuring rod in Paris the definition of the meter, we arbitrarily declare it to 
be a unit, and the question of whether it really is this unit loses all meaning 
The situation is just the same with simultaneity, which involves, not technical 
limitations, but a logical impossibility Setting out to measure simultaneity 
without first laying down mstructions for determining it is just as senseless 
as trymg to measure a distance in meters without first stipulating that a 
certain rod shall be the unit The comparison with the measurement of the 
number of molecules is false, for this number is defined precisely, and it is 
merely a technical impossibility that we encounter The number that cannot 
be measured for technical reasons can at least be approximated with increas- 
ing precision — but this process fails m the case of logical impossibility We 
cannot even approximate the simultaneity of distant events in the absence of 
any definition of simultaneity Furthermore, the technical impossibility 
remains even after the stipulation is made Even Emstemian simultaneity 
can only approximately be determined in practice 

The objection, then, is untenable The relativity of time asserts the exist- 
ence of an arbitrary element m the logical foundations of our process of 
measurement and has nothing to do with technical limitations It asserts that 
the nature of simultaneity is not given in objective events, but instead is 
introduced into descriptions of nature through the form of our thinking It 
asserts that we must first lay down a definition before we can apply the 
arrangement of natural events into the four coordinates of space and time 
There is no argument against this part of Emstem’s theory 
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III 

But another objection arises at this point Granted, the simultaneity of 
distant events is in principle not measureable, granted, even, that it must be 
handled by means of a definition is this definition therefore arbitrary? Is 
it not, rather, tied to certain restrictions that originate m the nature of our 
thinking ? That there are mental presuppositions in natural science is, indeed, 
a recogmzed fact But are these preconditions not in turn subject to re- 
strictions of a particular kind that stem from the fact that we, as essentially 
rational, must grasp intuitively the object of our knowledge 29 

This objection is invariably raised by those who intellectually acknowledge 
the Einsteinian theory of time but are unable to comprehend it intuitively 
“I can’t imagine all that” is a retort often heard, precisely on the part of 
thorough thinkers There appears to be a mental compulsion to retain the 
absolute meaning of simultaneity, which we shall now examine 

Let us take two events I knock on the wall, and you knock on the wall 
over there Did these two events occur simultaneously 9 No, I heard clearly 
that you knocked later than I did Einstein asserts that we could call these 
two events simultaneous 9 Impossible 1 Here intuition fails, here my thinking 
is subject to other restrictions 

But what, then, am I asserting when I say that two events are not simul- 
taneous 9 I probably wish only to say that my perceptions of the events 
contam a quality that I call ‘not simultaneous’ But we proceed from the 
perception to the events only by means of a chain of inference If I observe 
the psychological compulsion more precisely, I find that it exists only with 
respect to the perception , m speaking of an intuitive non-simultaneity of 
events, I am quite illegitimately transferring this compulsion to things 
Let us now implement the arbitrary definition of time, calling the two 
events simultaneous What peculiar consequences this has’ At the moment 
at which I knocked -say, at 1 25 — a sound wave also departed which 
reached the place where you knocked earlier than your knocking began 
Earlier 9 Yes, earlier, for a clock set up at your position would have registered 
my sound wave sooner than your knocking Nonetheless, the moment at 
which you knocked registers on your clock at 1 25, for this is our arbitrary 
stipulation Thus the sound wave left my position at 1 25 and arrived at 
yours at 1 23 T But then it must have run backwards through time -a 
paradox indeed 1 

But what does that matter 9 The sound wave reached you just as you 
were lighting your cigarette That also occurred at 1 23, so the two events 
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still belong together The the sound wave returned to me, having been re- 
flected from your wall It reached me just as my hand was about to leave 
the wall at 25 minutes and 1/10 second after one o’clock The moment of 
its arrival, then, also registers as 25 minutes and 1/10 second after one o’clock 
The return journey of the wave thus took two minutes and 1/10 second - a 
very slow sound 1 Measured at my position, the time of the journey there and 
back taken together equals 1/10 second, yet the time for the return journey 
alone is two minutes and 1/10 second Nonetheless, the calculation is correct, 
for the time for the journey there was negative, minus two minutes, and the 
resulting sum is 1/10 second 

Thus the measured velocities are very peculiar But no matter how dis- 
turbing we feel this to be, we note that it does not in any way alter our 
perception You perceived that the sound wave arrived at the very moment 
when you were lighting your cigarette - and this fact is preserved m this 
peculiar time order What I perceived — the return of the sound wave to my 
position as my hand was still touching the wall — is also preserved The 
psychological compulsion that led me to recognize the coincidence is not 
disturbed m the least And note our definition of time pertains only to the 
interpretation of our perceptions, not to the perceptions themselves What 
is immediately given is not itself called into doubt, modification is made only 
in the ordering of what is given m relation to the physical world 

For this very reason, an a priori ability cannot teach us anything concern- 
ing the justification of our definition of time What we actually experience is 
not disturbed by our altered ordering of phenomena The arbitrary element m 
the choice of simultaneity is just great enough so that it never leads to a false 
assertion respecting what is actually observed Therefore our definition of 
time is also never false, and never mconsistent with the psychological force of 
perception 


IV 

Nevertheless, is it not unbelievable that the velocity of sound becomes 
negative in one direction 9 For is that not impossible 9 Can a signal run back- 
wards through time 7 It is very tempting to rule out this possibility a priori 
Rule it out 9 — But it happens 1 For we have here the very sound wave that 
runs backwards through time 1 What is real is also possible — that we may 
surely assert. 

But — comes the reply - that this sound wave runs backwards through 
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time stems only from the awkward definition of simultaneity Had we 
defined it m the ordinary way the negative velocity would never have oc- 
curred It only appears to be a backwards running wave, m reality it runs 
forward in time 

Appearance and reality 7 — Let us set these concepts aside for the time 
being Still, it must be admitted that negative velocity stems solely from the 
awkward definition of time In this instance it is avoidable, and it is quite 
proper to give preference to the more natural definition of time But is 
negative time always avoidable 9 

That is a different question altogether Is it always possible to give a 
univocal definition of simultaneity such that any signal or moving body will 
register a positive time difference on the clocks that it passes 9 — This is not 
a question to be answered hastily For if we answer it in the affirmative, we 
are asserting something essential about nature an assertion about the order 
of causal sequences in the universe 

This question has been investigated by the present author m a more 
comprehensive recent work [1924h] It can only be resolved through an 
axiomatic system of time which discloses the presuppositions upon which 
an affirmative answer to it is based Whether or not these presuppositions are 
fulfilled m nature is a separate question We might note that they are fulfilled 
in the special theory of relativity, and the Emstemian definition of time, 
which establishes the speed of light as constant, is at the same time to be 
determined in such a way that it satisfies the demand of causality for the 
positive temporal duration of all causal sequences These presuppositions are 
usually also fulfilled m the general theory of relativity, but it remains an open 
mathematical question whether they are fulfilled for all theoretically admiss- 
able gravitational fields 

But one point is in any case certain whether or not the question is to be 
answered affirmatively does not depend upon our mental capacity And no 
matter how staunchly our intuitive faculties resist the notion of the possi- 
bility of a situation in which the temporal order does not uniformly conform 
to the requirements of causality, the answer to this question depends upon 
the facts , not upon ourselves Axiomatic formulation has made a clear dis- 
cernment of these facts possible They pertain to the type of order of causal 
sequences in the world and are to be assessed independently of any definition 
of simultaneity 

Thus analysis of the problem of simultaneity leads to a surprising separ- 
ation between arbitrariness and necessity The definition of simultaneity, held 
by the absolute theory of time to be necessary, turns out to be arbitrary. On 
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the other hand, carrying through a temporal order corresponding to caus- 
ality does not he at our discretion, whether or not it is possible depends 
upon empirical facts Here again the absolute theory of time holds the oppo- 
site belief, l e , that it is always possible to fulfill the requirement of causality 
respecting the temporal order of cause and effect But this theory fails 
to take account of the axiomatic presuppositions contained in this claim, 
only experience can tell whether these occur 


v 

One last question remains to be answered Let it be granted that we are not 
logically compelled to impose causality upon the temporal order, that it 
cannot be imposed But if it can be, does it not entail a certain definition 
of simultaneity 9 Can we perhaps find here a means of avoiding the relativity 
of simultaneity 9 We stipulate — in cases where it is possible — that simul- 
taneity must be so defined that all signals possess a positive temporal 
duration This is a justifiable demand, implementation of which gives the 
concept of time a very special meaning Is simultaneity not thereby um- 
vocally laid down, in a manner free from any arbitrary elements 9 

This question, too, is to be answered only with the help of an axiomatic 
system, and here the response is that it could be the case that the relativity 
of simultaneity would thereby disappear But that agam depends upon the 
validity of certain axioms which mdicate the characteristics of a causal 
sequence, and, as before, it is experience that must judge these axioms Let 
us formulate the axiom in question I send a signal from A to B and, directly 
afterwards, a signal from B to A, there will elapse, at A, some time between 
the departure of the first signal and the arrival of the responding signal Is it 
possible to reduce this time indefinitely through a proper choice of signals 9 
Note that the answer to this question is in no way dependent upon any 
definition of simultaneity at distant points or any metric of time, but in- 
volves instead a topological axiom of time The umvocality of simultaneity 
is determined by whether the answer is affirmative or negative 

But experience has already rendered a decision concerning this question 
It teaches us that the time at A for a given B cannot be made indefinitely 
small The fastest signals are light signals, and even these require a certain 
amount of time for a round trip And there are no faster signals, for experi- 
ments with electrons have demonstrated that the kinetic energy of moving 
substances increases with respect to velocity at a rate exceeding the fourth 
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power and would become infinitely great for the speed of light This speed 
sets an objective limit to all actual transfer This is, of course, not apparent 
a prion, but the reverse also cannot be asserted a priori Experience decides 
m favor of the former possibility But with this assertion the possibility 
of a univocal determination of simultaneity vanishes It can, instead, be 
defined within a certain interval, while the causal requirement that all signals 
have a positive temporal duration remains nonetheless fulfilled Then, to be 
sure, the sort of definitions of time (which we exemplified m Section III) will 
be out of the question, and for an area as small as a room the arbitrary 
interval will be reduced to an indiscernibly short time That is why, for small 
areas, there is virtually no difference between absolute and relative time This 
difference becomes noticeable only when we are dealing with astronomical 
dimensions or with very rapidly moving systems, such as electrons 


VI 

We have shown that the relativity of simultaneity is epistemologically 
necessary, that it is not ruled out by any sort of psychological constraint, and 
that it is also not nullified by the demand for causality Let us now investi- 
gate one last question what is the relation between Emsteinian time and the 
time of daily life 9 Can the ordering of phenomena set up by the theory of 
relativity be called time at all 9 

The concepts of daily life are not formulated so precisely that they may be 
compared directly to scientific concepts A variety of meanings are inter- 
twined m the concept of ‘time’ Sometimes we are thinking of the psycho- 
logical experience We feel time gomg by, sometimes slower, sometimes 
faster, we sense it in our consciousness as a linear sequence But beyond this 
we also invariably order the events in the external world in accordance with 
such a sequence, and the very existence of the clock signifies the replacement 
of the subjective temporal sequence by an objective mechanism the course 
of which serves as the standard of the order and measure of time And in 
setting up clocks, we invariably follow the fundamental pnnciple of con- 
structing the definition of time in such a way that the cause never occurs 
later m time than the effect This leads for practical purposes to a quite 
definite determination of simultaneity, for (as we discussed in Section V) 
the interval remaining open is far too small for us to actually notice Thus 
the objective time order of daily life came into being, and it is quite suf- 
ficiently unambiguous 
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But at the same time the idea arose that this order of time in the only 
one possible All primitive thinking claims to be the only admissible way of 
thinking - a stage that is overcome only by scientific education Thus it is 
only now that we notice which peculiarity of the causal sequence made 
possible the implementation of such a simple temporal order It is the fact 
that the velocity of light is so high, this causes the time of the light signal 
ABA, measured at A, to be extremely short and the admissible mterval of 
simultaneity to be correspondingly small If the limiting velocity were sub- 
stantially less, being, say, of the order of magnitude of the velocity of sound, 
the arbitrary element in the choice of a definition of simultaneity permitted 
by the demand for causahty would long since have been noticed For even 
in daily life, the setting of clocks plays a major role, think, for instance, of 
the way in which the clocks in every railway station are set every morning 
in accordance with signals Were the limiting velocity smaller, a railway 
engineer would long ago have discovered the theory of relativity without 
having to wait for Einstein, and by now people would long since have ceased 
to assert that the relativity of time is inconceivable, for they would fre- 
quently have experienced it in practice 

And for this reason we shall also set aside the distinction between appear- 
ance and reality It has no place here, it is as meaningless to assert that one 
definition of time is really the right one, while the other is merely apparent, 
as it is to claim that the real linear measurement is established by the metric 
system, while other units lead only to apparent linear measurements The 
schema into which we fit phenomena in order to describe them quantitatively 
is neither real nor apparent It is a conceptual system, and only in the deter- 
mination of whether it is applicable and whether it is unambiguous does any 
characteristic of reality find expression The discovery of the presuppositions 
underlying the applicability is the task of philosophy - but the significance 
of this task does not he m a glib defense of the notions of daily life For these 
notions will m the end have to arrange themselves in accordance with what is 
first recognized by the intellect with broader horizons, m the future, the re- 
lativity of simultaneity will no more be inconceivable than the sphencal shape 
of the world, which we have never actually seen, is to us today 


NOTES 


1 The general theory of relativity makes physical assertions going beyond the 
epistemological relativity of time, Cf my comments in ‘La signification philosophique 
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de la theorie de la relatmte’, [1922c], where I also discuss a definition of simultaneity 
not carried out through signals A very thorough investigation of this question is to 
be found in my [ 1924h] , Sections 2-3 and 21-8 

2 This indeed is the conception of the Kantian philosophy, a thorough critique of 
which is to be found in my [1920f] I have also given a presentation of other philo- 
sophical conceptions of the theory of relativity in [1922f] 



From Sitzungsbenchte der mathematisch-naturwissenschaftliche Abtedung der 
Bayerischen Akademie der Wissenschaften zu Munchen (Nov 1925), pp 133-175 


47 THE CAUSAL STRUCTURE OF THE WORLD AND 
THE DIFFERENCE BETWEEN PAST AND FUTURE 

[1925d] 

[Introduced by C Caratheodory to the session of 7 November 1925 of the 
Bavarian Academy of Sciences] 


1 DETERMINISM AND THE PROBLEM OF THE ‘NOW’ 

It has become the custom to regard the hypothesis of causality in physics as 
so self-evident a necessity that no one even thinks of subjecting it to cntical 
scrutiny The extent to which this hypothesis represents extrapolation beyond 
the factual situation known by experience is seldom noticed, the usual defense 
of this standpoint is exhausted by the assumption that no exact natural sci- 
ences would be possible without it We propose to demonstrate in the follow- 
ing essay that a quantitative description of natural phenomena is possible 
without the hypothesis of strict causality a descnption that accomplishes 
everything that is achievable by physics and that furthermore possesses the 
capacity to solve the problem of the difference between past and future, a 
problem to which the stnct causal hypothesis has no solution 

Before proceeding with this investigation, we must lay down a distinction 
that m itself reveals the problematic nature of the causal hypothesis The first 
form of the causal hypothesis is present in physical laws , i e , assertions of the 
form, ‘If A, then B ’ Let us call this the implicative form of the hypothesis 
The second form, on the other hand, goes further and makes an assertion 
about the course of the universe as a whole, it asserts, that is, that this course 
is unalterably determined, that the past and the future are completely deter- 
mined by any smgle cross-section of the four-dimensional universe Let us call 
this assertion, also known as determinism, the deterministic form of the causal 
hypothesis Obviously, the second assertion goes much further than the first, 
and for natural science to have made the step from the implicative form, which 
is at least plausible, to the claim that the course of the entire umverse is con- 
trolled seems extraordinarily bold It is generally justified by drawing a con- 
nection between the two forms, but no notice is taken of the fact that a 
second assumption is added to the implicative form of the causal hypothesis 
in the process, an assumption that, moreover, makes a highly dubious assertion 
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in the light of the contents of experience The auxiliary hypothesis will be 
revealed upon closer examination of the transition from the implicative to the 
deterministic form 

While the implicative form asserts that the cause A always has the effect#, 
it nevertheless makes this assertion only with regard to the case in which the 
cause A is really strictly present But this very condition is recognized as 
never fulfilled, so that for every application of the implicative form a second 
hypothesis is required, relating to the remainder of the factors that are present 
in addition to A This auxiliary hypothesis is usually formulated as the assump- 
tion that the remaining factors have only a quantitatively small influence But 
this is not quite accurate The assumption really runs as follows the remain- 
ing factors exert their influence in accordance with the laws ? of the probability 
calculus Relatively large deviations may occur from time to time, but over a 
number of recurrmg cases the deviations correspond to a statistical law This 
is the assumption that the deviations conform to a continuous probability 
function, as I have demonstrated elsewhere 1 This principle of probability 
comes mto play whenever the causal hypothesis in its implicative form is 
applied to reality It is not in any way deducible from the implicative form, 
constituting instead an independent assumption without which the implicative 
form would have no value, without it, the implicative form could in no case 
be applied to reality Physical knowledge, then, rests upon two principles the 
principle of causal connection and the principle of probable distribution 

How do we get from these considerations to the deterministic form 9 In 
order to establish the connection, let us formulate the deterministic form of 
the causal hypothesis for a universe filled with a continuous field of matter 
In such a universe we would have no need to speak of individual phenomena, 
for we could give a complete descnption of the world by indicating the field 
distnbution 

The deterministic hypothesis would then run as follows If, for a cross- 
section of the four-dimensional universe (t = constant), the field distribution 
and also the first and second derivatives of the field quantities with respect to 
time are given, then the past and the future are fully determined We can 
envisage the field distribution m such a way that, for instance, the Emsteiman 
tensor T lk is strictly given as a function of selected spatial coordinates 

Comparison of this assertion with the contents of expenence reveals the 
very difference that we already indicated On the one hand, the state of the 
field is never given with total rigor, on the other hand, the earlier and later 
states calculated from it are invariably established only with probability On 
the basis of expenence, then, the deterministic hypothesis can be denved 
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only by means of a transition to a limit that transforms the approximate field 
distribution mto a stnct distribution and probability into certamty Uncntical 
advocates of determinism generally overlook the difficulties connected with 
this transition to a limit 

Let us suppose, for instance, that the distribution of matter within the 
terrestial sphere is given by its density a as a function of the coordinates In 
astronomy the stipulation cr = constant is adequate In geology, a will vary in 
accordance with the strata Physics goes much further, wantmg to establish 
the position of every smgle molecule, l e , to establish a density function to 
show much more minute spatial vanations than geological density Each of 
these levels of precision gives a prediction of events, l e , of future conditions 
of density, the certamty of the result calculated increases with increasing pre- 
cision The deterministic hypothesis assumes that there exists a function 
(perhaps through dividing the scalar a in a tensor T lk ) that determines the 
result with certainty 

Let it be granted that the degree of probability can approach 1 without 
limit — the deterministic hypothesis nonetheless contains the assumption that 
the series of field functions, ordered with increasing certamty, has a limit 
Given the contents of experience, we can only make the assertion that for 
any field function there exists a more precise one possessing a higher degree 
of probability To maintain the existence of a final function m this senes pos- 
sessing the probability 1 goes far beyond this assertion This is the extrapol- 
ation that is contained in the deterministic hypothesis 

Of course, the extrapolation cannot simply be declared false without 
furthei investigation, but it can be asserted that everything that is exphcable 
with it can also be explained without it For it is only the fact of a precision 
capable of approaching 1 , and never the existence of the limiting function 
itself, that is used for all verifiable physical propositions Therefore the deter- 
ministic hypothesis is completely empty for physics, and while it cannot be 
directly refuted, there is also nothing to be said in its favor For this reason 
we will omit this hypothesis in what follows and show that the causal structure 
of the universe can be comprehended with the help of the concept of probable 
determination alone 

The deterministic hypothesis has been regarded as having the merit of 
eliminating the concept of probability from the explanation of natural 
phenomena From this point of view, the principle of probability is nothing 
but a helpful expedient that we use so long as we are ignorant of the exact 
determinants of an event, once we have a complete and precise knowledge of 
all the factors involved, this expedient becomes superfluous But this argument 
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for the deterministic hypothesis overlooks the fact that the concept of prob- 
ability is eliminated only at the limit, it is still necessary for every proposition 
that, from a practical standpoint, can actually be put forward m the natural 
sciences For even if the limiting function exists, it is never known m the 
strictest sense Yet the fact remams that, for imprecise descriptions of natural 
events, the probability laws, at least, are valid, and this verifiable fact can 
only be explained if the probability laws do not represent the expedient of an 
imperfect state of knowledge but, rather, a characteristic of natural phenom- 
ena If, then, the concept of probability were eliminated, the probability laws 
would have to be demonstrated to be a consequence of causal laws, but surely 
no such proof is possible 

Thus the deterministic hypothesis does not in the least succeed in making 
the concept of probability superfluous Hence there can be no objection to 
pursuing the opposite course, abandoning determinism and setting up the 
concept of probability as the basic concept of knowledge For, after all, the 
hypothesis of strict causality is only intended to express the idea that every 
deviation from stnct lawful regulanty must in turn be subject to a causal 
explanation, and this very idea can be retained even without the hypothesis 
of a limit We accept, then, the validity of the implicative hypothesis, and not 
only in the form, ‘If A , then B follows, 1 but also in the reverse form, ‘If B , 
then A has occurred previously 1 But we add to this assumption another 
assumption about probability relating to the factors not accounted for in A 
and B , the import of which is that these factors find expression according to 
the rules of the probability calculus Both assumptions should apply at every 
level of precision, and we reject the claim that the second assumption ulti- 
mately becomes superfluous In place of the unified hypothesis of determin- 
ism, then, we rest content with two assumptions that stand on a par the 
assumption of a causal connection between the determining factors in natural 
events and the assumption of a probability distribution to account for the influ- 
ence of the remaining factors Surely we are conforming to the demand for a 
description of nature of the greatest possible accuracy m preferring this duality 
to a unified assumption so little capable of justification as is determinism 
And yet it is not even necessary to place the two assumptions separately 
side by side The division of phenomena into a causal part and a probability 
part is of purely formal significance and can be replaced by the single assump- 
tion that a connection of a probabilistic nature exists between cause and effect 
Whether A would with certainty bring about B if no further factors were 
present is a matter of indifference, as this case never occurs, we will rest con- 
tent with the single assumption, ‘If A exists, it determines a Bm accordance 
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with the laws of probability 5 The degree of probability can be increased 
arbitrarily close to 1 through the most precise possible determinations of the 
participating factors 2 — here the idea is expressed that for every deviation in 
the effect another cause can be found — yet the connection between cause 
and effect retains, for every attainable level, the character of a probability 
Thus we envisage a umverse in which all dependencies are of the same nature 
as the relation between the appearance of one side of a die and the throw of 
the die, every step m the course of events is a throw of the die, and it is only 
the high probability of certain sequences that has misled us into readmg absol- 
ute certainty into them With this conception, then, we have also reached a 
umfied assumption concermng the character of natural events, but we have 
omitted the causal assumption rather than the probability assumption A um- 
verse of this nature possesses, in every one of its elements, only a probability 
relation 

It is the demand for a minimum number of presuppositions that forces us 
to reject strict causality Yet we will discover, in the course of developing the 
theory of probability relation, that at the same time we gam one definite 
advantage over determimsm which constitutes a strong justification a clarifi- 
cation of the concepts of past and future 

That time order can be established on the basis of certain features of a 
causal structure has recently been made clear through the investigations of 
K Lewm, 3 R Carnap, 4 and the present author 5 The meaning of ‘earlier’ and 
dater’ can be defined through causal series, font is only because phenomena 
can be connected to one another by means of causal series that they possess a 
temporal relation The characteristics of causal series necessary for this order 
can be formulated as axioms, among which the axiom excluding any closed 
causal senes going in a single direction plays an important role Thus it is 
possible to establish a topology of time m which the basic concepts ‘earlier 5 , 
later 5 , and ‘simultaneous’ are defined But what this topology has not been 
able to resolve up to the present, is the problem of the ‘now 5 

What does ‘now 5 mean 7 Plato lived earlier than I, Napoleon VII will live 
later But which of these three hves now** I undoubtedly have a distmct feel- 
ing that I am living now But does this assertion have an objective meaning 
over and beyond my subjective experience 7 Its meaning might be given 
exhaustively by a descnption of my psychological condition But is it not 
possible, after all, to give it an objective meaning 7 

To begin with, we will attempt to find this objective meaning in an assertion 
concerning relations of simultaneity According to this reading, the prop- 
osition, ‘I am living now’, is identical to propositions of the form, ‘I am living 
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simultaneously with Mr A’ or ‘I am living simultaneously with such and such 
a phenomenon ’ If this is correct, there is no special ‘now’, rather, the mean- 
ing of this word can be reduced to the concepts ‘earlier*, ‘later*, and ‘simul- 
taneous’ But is the meaning of ‘now* thereby exhausted 9 

If the now can be reduced to simultaneity, the meamng of the question, 
‘What is happening now 9 ’ would consist in the following This question itself 
presents an event F having a position in the course of the universe, what is 
being asked is, what is simultaneous with F 9 Yet while it is correct, this 
answer is not exhaustive For it does not he within my power to select the 
position of this F, which automatically takes its place at the time point ‘now’ 
If the objection is made that I do indeed have the localization of F in my con- 
trol inasmuch as I can wait before asking the question, the following reply 
must be given certainly, I cannot choose just any point m time, but only 
future ones But the point m time at which these eligible points are divided 
from the ineligible ones is the ‘now’ For we simply cannot escape by means 
of such attempts the compulsion whereby the ‘now’-point is absolutely dis- 
tinguished for us as the expenence of the boundary between the past and the 
future 

The problem, then, may also be formulated as the question of the differ- 
ence between past and future For determinism, no such distinction exists If 
the future is already completely determined for any given temporal cross- 
section, it makes no difference whether it has already taken place or has yet 
to take place The actual occurrence brings with it nothing new that which 
will happen one hundred years from now is gven in just the same sense as the 
events of the past war, and I could make observations m basically the same 
way about the wars of Napoleon VII as about the Battle of Verdun With 
respect to the ‘now,’ there is no difference between Plato and me, I might just 
as well say that Plato is living now and I belong in the future I could, to be 
sure, then assert that Plato lived earlier than I did, for determinism, too, recog- 
nizes an ‘earlier* and a ‘later’ But there is no ‘now’, no distinctive point in 
time, and the feeling that my existence is real, whereas Plato’s life merely 
casts its shadow into reality, must be a mistake But these considerations con- 
tradict our entire attitude toward our existence, we regard the future in a com- 
pletely different manner from the past, and unless we are prepared to conceive 
of every single one of our actions, every thought attendant upon the shaping 
of our daily hves, as one immense error, determinism must be mistaken 

This is not to say that determinism is false, but we must be quite clear as 
to the contrast at hand If determinism is correct, then we cannot m any way 
justify undertaking an action for tomorrow but not for yesterday No doubt 
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it is true that it is not even possible for us to give up our intention to act 
tomorrow and our belief m freedom — we surely cannot The pomt is that, 
given determinism, our behavior would be senseless, for then tomorrow would 
be already past m the same sense that yesterday is It is only determinism that 
compels us to draw this conclusion, if we reject it, we can avoid this claim 
winch is so contradictory to our basic vital instincts To be sure, we cannot 
permit a feeling of this kind to be decisive if our understanding speaks con- 
vincingly to the contrary Rather, we must first analyze our understandmg to 
establish whether its judgment is necessary - and, as it turns out, it is not 

For once we espouse the theory of probability relations, we are able to 
draw precisely that distinction between the past and the future that corre- 
sponds to our instinctive feelmg If events are not totally determined, it can- 
not be claimed that the future is already established It is always possible that 
the opposite of what has been calculated will occur The past, on the other 
hand, is definite, and the present is that threshold over which the universe 
steps in going from an indefinite state to a definite one In the state of the 
universe, then, there is one distinctive cross section that we designate as the 
present, the ‘now’ has an objective meaning There would be a ‘now’ even if 
there were no more hving persons, ‘the present state of the planetary systems’ 
is as definite a designation as ‘the state of the planetary system at the time of 
the birth of Christ’ 

A distinctive cross-section of this kind does not exist in the four-dimensional 
model of the world, as used, for instance, m the theory of relativity But that 
is only because this model omits an essential feature Any assertions about 
the universe, about past or future events, must be connected by means of 
chains of inference to certain perceived events, and the connecting points 
must all lie m a single cross-section, namely, the cross-section of the present 
To take an actual case if I wish to know m what year Charlemagne was bom, 
I must open a history book, the perception of the number is the present per- 
ception that constitutes the beginning of a chain of inference to the prop- 
osition that it signifies the year of the birth of Charlemagne (This inferential 
chain includes, for instance, the assumption that the book is a sufficiently 
reliable work of history ) If I wish to calculate the time of an echpse of the 
sun, my starting points must be, as before, printed numbers in a book that I 
am reading ‘now’, or else present observations of the sun and the moon Num- 
bers that I do not look up, but remember instead, must be known ‘now’ Here 
the expenence of remembering is comparable to perception and again leads 
only by means of a cham of inference (e g , by checks on the certainty of 
what is remembered) to the fact asserted For any given state of the umverse, 
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Fig 1 The course of the universe represented as a sequence of structures, the cross- 
section of the present being indicated 

then, there is a cross-section such that all propositions, both about the past 
and about the future, must be connected to it 

We have characterized this cross-section as being such that all assertions 
about the universe must be connected to it, but we have not thereby defined 
it subjectively For we are compelled to select it not by our own constitution 
but precisely by the state of the umverse For every given state of the universe 
there is a umque and distinctive cross-section Figure la is an accurate rep- 
resentation of the world-picture of the theory of relativity, and the course of 
the world consists in its transition from the state depicted in Figure la to that 
in Figure lb, and so on 6 The entire course cannot be shown in a single pic- 
ture, but only in a sequence of pictures such as those m Figure 1 We are 
merely simplifying - which for many purposes is, of course, admissible — 
when we leave out the cross-section and all the arrowpomts and replace the 
sequence by a single picture 

Although we speak of a distinctive cross-section, we are not thereby assert- 
ing the existence of any absolute simultaneity Rather, we must correct our 
assertion so that it conforms to relativity theory the direction of the dis- 
tinctive cross-section is arbitrary within the space of a certain interval This 
description remains admissible if we define the present by means of the sub- 
jective experience ‘now’ The experiences of a smgle person appear in the 
causal schema as a cross-section of such limited breadth that it maybe regarded 
as practically a point Every section of simultaneous events that is admissible 
in relativity theory then becomes, through this point -event, an admissible 
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now-section Thus the now-section can be defined by means of a point, which 
also accords with the definition of the now-section by the reversal of the 
direction of the arrows, shown in Figure 1 The causal cone ds 2 = 0 extending 
forwards and backwards from a point-event P itself divides the universe in 
such a way that all causal Imes which coincide in P can be fitted out with 
arrow points, as m Figure 1 Only the points in the intermediate range (in 
Minkowski’s sense) are not ordered in this process, and this range is filled by 
the admissible now-section through P When, m what follows, we refer to a 
distinctive cross-section, we mean, more precisely, any given one of the dis- 
tinctive cross-sections, and Figure 1 is to be interpreted accordingly 

Past and future are distinguished from one another by the manner m which 
they are determined by the distinctive cross-section We will now demonstrate 
this by employing the theory of probability relations , clarifying m the process 
the sense in which the past may be called ‘objectively determined’ and the 
future ‘objectively undetermined’ However, we abandon the assumption that 
the universe is filled by a continuous field and think instead of individual 
events (the connecting points m Figure 1) which are jomed to one another by 
inference chains This conception enables us to base the system of relations in 
the universe upon the topological characteristics of a net structure The 
extension of the theory to cover continuous fields is bound up with difficult- 
ies that, for the time being, cannot be overcome 


II TOPOLOGY OF PROBABILITY IMPLICATION 

The relation that replaces a stnct causal connection between events is called 
probability implication We observe that when an event A occurs, the event B 
also occurs with a certain regulanty B need not always occur, but the instances 
of the occurrence and non-occurrence of B are regulated m accordance with 
the laws set forth m the probability calculus The laws in question include not 
only the regulanty of the frequency relation of occurrence and non-occurrence, 
but also the regulanty of the deviations from this relation, l e , the laws of 
distnbution We say 

A “0- B 

which is put into words, as “ A implies B with probability” or “ A determines 
B ” This says nothing as to the degree of probability, which can he anywhere 
between 0 and 1 (inclusive) Thus the relation A -3-B applies not only m 
those instances in which we would say, in common parlance, that B is “made 
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probable” by A, but also in those which B is “made improbable” by A The 
symbol ‘-9-’ for probability implication is derived from the symbol 9, for 
strict [streng] (logical) implication, by the addition of the cross stroke Strict 
implication then emerges from probability implication as a limiting case, 
occurring when the probability = 1 

Two objections will be raised against the introduction of probability impli- 
cation First, how is it possible to assert the regularity of the frequency 
between A and B for all cases, given that it has only been observed for a finite 
number of cases? We answer that we will not here investigate this question, 
which presents the problem of induction, but will presuppose it to be both 
possible and meaningful to draw a probability inference about all observations 
upon the ground of a finite number of observations This presupposition is 
made not only by our probability theory but also by every scientific investi- 
gation of nature, and we will therefore simply assume fhat it is justified 
Second, the question will be raised what meaning it can have to ascribe a 
probability to the occurrence of the individual event B if this number does 
not signify anything for the individual case, but only for arbitrarily long series 
of repetitions Again we reply that we will simply assume this assertion to be 
meaningful — and this assumption, likewise, applies not only to our theory but 
is also invariably made in science and m daily life Criticism of this assumption 
— which must take due note of the fact that the problem is basically no dif- 
ferent for the individual case than for any finite number of cases to be pre- 
dicted — is a very important part of epistemology, but we will not concern 
ourselves with it here. 

For present purposes, then, we regard probability implication as a basic 
concept, just as implication may be introduced in logic as a basic concept that 
cannot be denved from any other concept A -9- B means, “If A occurs, then, 
with probability, B occurs ” Or “If A occurs, with probability, then B occurs, 
with probability” But this means that we take “ B occurs, with probability” 
as a basic concept that cannot be further analyzed The relation of probability 
implication cannot be placed between just any events, but only between cer- 
tain events, experience teaches us exactly which ones these are A -9- B , then, 
is a factual proposition 

The most striking characteristic of probability implication, as opposed to 
implication, consists m the fact that A ~^B is always given with A -9-i?, 
where B (in words not-2?) is the absence of the event B From the standpoint 
of probability calculus this is self-evident if p is the measure of probability 
governing B } then 1 — p is the corresponding value for § Along with the 
regularity of the occurrence of B, a corresponding regulanty is given for the 
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absence of 5, 1 e , for the occurrence of 5 This basic characteristic can be 
symbolized as follows 

< A^B ) 3 04-3 5), (1) 

where 3 signifies strict imphcation 

It is important to distinguish the assertion, 

A -3 5 

from the assertion A -3 5 The former says the assertion .4 -3-5 is false, 
which means that no regular relation exists between the occurrences of A and 
5 of the kind represented by the laws of probability From statement (1) we 
immediately derive 

(A —35) 3 (A -35) 

There are certain cases m which 5-3,4 is valid, in addition to A -3 5 In 
these cases the probability implication is convertible Only experience can 
teach us whether or not convertibility is possible agam, it is a factual assertion 
The measure of probability is generally different for the two directions 

To take some examples The using of the barometer implies with prob- 
ability that the weather will be good Conversely If the weather is good, it 
follows with probability that the barometer has risen On the other hand If I 
meet Mr X on Y street, it follows with probability that Mr X is going to Z 
But the converse is not vahd If Mr X is going to Z, it does not follow, even 
with probability, that I will meet him on Y street 

Following is a compendium of laws of probability imphcation which claims 
neither to be exhaustive nor to represent a table of independent axioms We 
may, however, consider that it encompasses the most important laws We will 
avail ourselves of Russell’s notation for mathematical logic, except for replac- 
ing Russell’s negation sign with the more visible over-stroke 
The notation is to be interpreted as follows 


a 3 b 

a implies b 

a -3- b 

a implies b with probability 

a • b 

a and b 

a V b 

a or b or both (inclusive *or’) 

a 

not-fl (negation) 
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Laws of Probability Implication 


1 * 

2 * 

3 * 

4 * 

5 * 

6 * 

7 * 

8 * 

9 * 

10 * 


( a -9- b ) 9 (a “9- 6) Equivocality 

(a-9-b.c) 9 (a— 9- b) . (a -9-c) Dissolution of final "and’ 

(ayb-B-c) 9 (a~>-c).(b-^-c).(a.b-^-c) 

Dissolution of the initial 
‘or’ 

(a -9- b V c) 9 (a “9- b) V (a -3* c) Dissolution of the final ‘or’ 
(a -9- b) 9 (a . c -9- 5) Initial factor 


(i a -9- b ) . (4 -9- c) 9 (a -9- b . c) 
(a -9- c) ( b ~9- c) 9 (ay b -9- c) 
(a-9-b)V 9 (<2-9b Vc) 

(fl “9- b) « (b -9- c) 9 (<z -9- <?) 

(# -9- b) . (b 9 c) 9 (a -9- c) 


Final multiplication 
Initial addition 
Final addition 
Transitivity 

Transitivity for the partial 
limiting case 


The laws of probability implication are exactly analogous to those of 
implication But it is important to note that implication occurs alongside 
probability implication in these laws, we cannot, for instance, take a prop- 
osition that is correct for implication and replace the symbol ‘9* by ‘-9’ 
throughout, but must instead do this only in particular places Probability 
implication, then, is based upon implication, and strict implication cannot be 
rendered superfluous by probability implication Conversely, even though 
implication is a limiting case of probability implication, we cannot demand 
that all laws remain correct if ‘-9’ is replaced by ‘9’ throughout This substi- 
tution, too, can be made only in certam places If, for instance m 1 * the initial 
is replaced by ‘9’, the second ‘-9-* may not be so replaced For the 
measure of the second probability implication becomes equal to 0 when that 
of the first becomes equal to 1 (The meaning of certain of these laws will 
first become clear through their application below ) 

Using probability implication, we will now endeavour to formulate 
assertions about the causal structure of the universe These will be topological 
propositions, as probability implication and the laws for it which have been 
state so far have not yet made any use of the measure of probability We 
imagine certain events as given m the cross-section of the present and infer 
from them the existence of other events with the help of natural laws All the 
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natural laws are of the form a — b How we happen to have knowledge of 
these individual laws and how, m particular, it is possible to establish such 
laws between temporally successive events when only simultaneous events are 
given — all this we shall leave aside for the present We will, then, simply take 
the laws as given, and attempt to show that the method of inference differs 
topologically according to whether we are inferring the existence of past or 
future events 

We shall use the following procedure in order to disclose the structural dif- 
ference of the direction of time We make the initial assumption that we know 
from some other source whether the inference in question concerns past or 
future events and are thereby able to characterize the mode of inference 
Conversely the distinctive feature of the mode of inference may be used to 
define the direction of time 

The simplest ordering of events is the undivided chain 



Fig 2 The undivided chain 

Here the following inferences are valid 

A^BB-^-CA^C (2) 

C -B- B B -3- A C -3- A 

No direction is distinguished here The undivided chain, then, offers po 
indication of the direction of time, which can first be gamed with the emerg- 
ence of connecting points In this way we are led to base the temporal order 
upon the characteristics of a net structure 

The simplest basic form of a net structure as given m Figure 1 is a fork 
We will first consider a fork with the point directed toward the future We 
shall call it a pointed fork or, alternatively, a conjunctive pointed fork , in 
order to distinguish it from the disjunctive pointed fork that is to be dis- 
cussed later on 

The following mferences are valid for the pointed fork 
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C 



Fig 3 The pointed fork 

A.B -3- C C A .B 

A —3 C C 4 -<4 B (3) 

B -3 C C -3 B B -3 A 

The characteristic feature here is the initial ‘and 5 in the first proposition on 
the left As in strict implication, it cannot be dissolved, l e , only A and B 
taken together can determine C This is what characterizes an inference con- 
cerning the future A -3 C, then, is valid 

For example One billiard ball is shot from A and one from B, and C rep- 
resents their collision The probability of the occurrence of C is given only 
when both events A and B occur, and it can only be calculated from the two 
separate probabilities for the arrival of the balls at place C If nothing is known 
about the start of the billiard ball at B, re there is no probability for the 
event of this ball occurring at the place C, then there is no probability relation 
between the departure of the billiard ball at A and the event C 

The proposition A .B3-C is convertible from it we may infer C3- 
A ,B The last ‘and’ can be cancelled out, in accordance with 2*, giving us 
C3-A and C3-B With these we are able to construct the rule for the 
direction of time 

The law of direction If probability implication is valid in only one direction, 
then the antecedent is the temporally later event 

In symbols this runs 

(C-3A).(A~3-C) 3 ( A<C) (4) 

where A < C means “A is earlier than C ” 

Because the probability implication between C and A is vahd in only one 
direction, no implication can be established between A and B m any direction, 
for A -3- B would, by 9*, imply A 3~C and C^3B, and, likewise, B -3- A 
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would presuppose B C and C -B A The pointed fork, then, is intransitive 

The pointed fork is completely determined by (3) If any three events are 
given, and if the relations (3) are known to hold between them, then these 
three events must constitute a pointed fork Which of them represents the 
point directed toward the future can be seen from the non-symmetrical occur- 
rence of these events shown in the relations (3) If , in (3), A is exchanged 
with B , the identical system of propositions results But if C is exchanged 
with A or B , different propositions result Thus the intransitive fork has a 
topologically distinguished angle 

We shall give the name saddle fork to the fork having its point directed 
toward the past, and here, too, we shall eventually distinguish a disjunctive 
saddle fork from the conjunctive saddle fork now under discussion, for which 
the following relations are valid 



Fig 4 The saddle fork 


AvB-BC C-BA.B 

A —B C C -BA A —BB (5) 

B-BC C-BB BB-A 

What is characteristic here is the initial ‘or’ in the first proposition on the 

left By 3*, it can be cancelled out and thus leads, in contrast to the pointed 
fork, to A -^Candi? -BC By 9*, then, A -B-B and also 5 -3- >1, thus the 
saddle fork is transitive 

For example Let A and B once again stand for shooting one billiard ball 
each, but now C will stand for a cause common to them, perhaps the signal at 
which both balls are released If I only observe A, I may directly conclude 
with probability that the signal has been given Even if B fails to take place at 
all, we may draw a probability inference from A to C, the discharge mechan- 
ism might have failed to operate for B The addition of the observation of B 
to the observation of A simply has the effect of increasing the probability of 
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C And if I observe A while knowing nothing as to the occurrence of B, I may 
infer B from A via the common cause C 

We recognize here the decisive difference between past and future The 
pomted fork and the saddle fork are symmetrical with respect to the cross- 
section of the present, if the mode of inference into the past were the same as 
the mode of inference into the future, then relations (3) and (5) would have 
to be identical But, in fact, they differ in a very essential point inference 
into the future requires an antecedent ‘and’, while mference into the past 
requires only an antecedent ‘or’ Nothing short of the totality of all causes is 
required for inferences into the future, but inference about the past can be 
made on the basis of a partial action [Teilwirkung] 



It is, then, precisely through the intransitive fork that the direction of time 
is distinguished, just as we formulated it in the rule of direction, it can not be 
distinguished by means of the transitive fork For because of its very transi- 
tivity, this fork has no topologically distinguished angle If, in (5), we exchange 
A with 5, or B with C, or C with A, we obtain either the propositions (5) or 
else such propositions as can be inferred from them according to the stated ' 
laws of probability implication It is therefore impossible to deduce from (5) 
which angle is temporally earlier, and it is impossible to infer at all that any 
one angle must lie m the past If we imagine three causal chains starting from 
an event D and extending towards the future (Figure 5), eventually leading 
to the events, A, B, and C, then it is precisely the relations (5) that will pertain 
between these as well The undivided chain (Figure 2) also leads to these same 
relations, for the relations (2) are identical with (5) And for this reason we 
cannot infer from the existence of the relations in (5) that a saddle fork is 
present. The temporal direction of such events, which are related through (5), 



47 THE CAUSAL STRUCTURE OF THE WORLD (1 925) 97 


can only be determined by their relation to pointed forks in the network of 
the structure 

The significance of the saddle fork , on the other hand , consists just precisely 
in its transitivity, which makes possible the establishment of a probability 
implication between events which are not bound together by means of a con- 
tinuously ascending or continuously descending causal chain Probability 
implication between events belonging to the same cross-section of the present 
can therefore only be established via past events, not future events, for only 
the fork directed toward the oast is transitive It is only the common cause, 
not the common effect , that produces a probability relation between simul- 
taneous events 

The practical significance of the saddle fork for experimental physics is 
extraordinarily great The vast majonty of all inferences, even those concern- 
ing future events, are drawn by way of the saddle fork We have an instance 
of a saddle fork whenever, for example, the temperature in an electric oven is 
controlled by the strength of the heater current We observe a deflection of 
the indicator, from which we infer the strength of the electric current as its 
cause, and, in turn, the second effect of the current, the production of heat 
It is this principle upon which all instruments of measurement rest The 
observed partial effect A stemming from the cause Cis selected m such a way 
that the relation A -9- C possesses a high degree of probability, C bemg 
thereby securely established If, in turn, B is observed, the relation CS-B 
may be established experimentally In most cases B is not observed directly, 
but only a partial effect D , stemming from B , which gives a high probability 
to the inference D^B-B The pattern of inference corresponds to Figure 6, in 
which the chains possessing a high probability are indicated by the heavy lines 
If, for instance, we wish to calibrate the temperature of an electnc oven, we 
would assign the following meaning to the symbols m Figure 6 



Fig 6 An inference to events in another chain using the saddle fork 
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A deflection of the indicator on the ammeter 
C current strength 
B temperature 

D numbers given on a thermometer 

An analogous inferential procedure in a completely different sphere is seen 
in the use of circumstantial evidence in jurisprudence In a case where com- 
plicity m a murder is proven by means of circumstantial evidence, the symbols 
m Figure 6 might stand for 

A X’s fingerprints, discovered at the scene of the cnme 
C presence of X at the scene of the crime 
B murder 

D signs of the murder 

In this inference, C-^B-B is assigned a high probability, while B — B-C is 
assigned a low one That is, the participation of X cannot be inferred simply 
from the signs of the murder, but may indeed be mferred once the fingerprints 
are also taken into account 

The transitivity of the saddle fork also supplies the answer to a question 
that we touched upon earlier The cross-section of the present is all that is ever 
given, and hence all that we ever observe are probability inferences between 
simultaneous events How is it possible to establish assertions of the form 
C -9- A if C is the cau$e of A 1 Here, again, the saddle fork helps us out , saddle 
forks giving a high degree of probability to one branch are those most com- 
monly used Yet it is, in fact, important to be clear as to the fact that the 
totality of the past is a network construction jomed together entirely by 
probability implications between simultaneous events 

The property of transitivity belonging to the saddle fork frequently makes 
it possible to reach a conclusion about the past with far greater certainty than 
an inference about the future Figure 7 illustrates a linking together which is 
symmetrical with respect to the past and the future m which the chain AB is 
supposed to be particularly uncertain, and in both directions As a result, the 
prediction of B is uncertain from position A and likewise the retrodiction of 
A from B However, there exists the possibility of making a more certain 
determination of A as a past event by starting from another event C and fol- 
lowing the route CDEFA But there exists no correspondmg possibility of 
making a more cert am determmation of B as a future event by starting from 
F and taking the route FEDCB , for since DCB is a pointed fork, no mferences 
can be drawn via C Hence the prior determmation of events is very much 
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C 



F 

Fig 7 Sequence of a particularly uncertain chain 

affected by one uncertain chain, while the retrospective determination m the 
corresponding case may be quite certain 

Yet it is not the higher degree of probability that is the distinctive feature 
of inference into the past Indeed, there are instances m which such inferences 
become uncertain It is, rather, the mode of inference that distinguishes retro- 
spective inference from predictive inference Let us look at one more structure 
in order to make this quite clear The double fork in Figure 8 is symmetrical 
with respect to its connections for past and future, but its probability relations 
prove to be asymmetrical 



Fig 8 A double fork 


They are as follows 
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A . B —3“ C . D 

CM D -B- A.B (6) 

^4 . B is the totality of the cause, C D the totality of the effect Inferences 
from the whole to the part are valid in both directions as a result of a basic 
feature of implication which we can write as a . b 13 a It is expressed m the 
laws of probability implication in 2*, i e , by means of the dissolution of the 
final ‘or’, which is valid for both equations (6) On the other hand, we may 
infer the whole from the part m retrospective inference - this is the signifi- 
cance of the antecedent ‘or’ m the second equation — but not in predictive 
inference, where the antecedent contains an ‘and’ 

Given this knowledge, it is possible to determine a concept which we dis- 
cussed at the outset We said there that the future was objectively indetermi- 
nate, in contrast to the past, which is objectively determinate Now, what 
does objective determmateness mean 7 It is tempting to give the following 
definition a state is objectively determinate if the probability with which it 
can be subjectively determined can approach 1 without limit This definition 
has the immediate disadvantage of using the degree of determmability m 
order to define objectivity, but it becomes completely untenable once we 
abandon the assumption that there exists a limiting function describing a 
umversal cross-section with absolute certainty For the probability 1 then 
corresponds to no defined state of the universe at all, the limiting case has 
degenerated and cannot be used to define ‘objective’ 

However, there is another way in which we can determine the concept 
‘objectively determinate’ We will call the past objectively determinate because 
it may be inferred simply from a partial effect For an inference from the part 
to the whole presupposes that the whole has already been independently 
established In the concept ‘objectively determinate’, we are pursuing the idea 
that we can no longer alter the state m question, and this is the very character- 
istic that finds special expression m retrospective mference, which represents 
evidence rather than causation Even partial effects may be adduced as evi- 
dence , but a partial cause can never bring about an event Thus an assertion 
about the future can only be made after it has been established that all the 
partial causes are present Retrospective inference, on the other hand, does 
not require all the partial effects It is characteristic of past events that they 
can be recorded What was the temperature m this room the day before yester- 
day 7 We would confront great difficulties were we to attempt to infer this 
today from the remaining effects But if there is a recording thermometer m 
the room, it is easy to find the answer, the causal chain connected with this 
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instrument can be used m a retrospective inference possessing a high probabhty 
for which the other effects are not required No analogous arrangement is 
possible for the future, however We cannot record the future, le , a single 
partial chain is not sufficient for its determination 7 

The future, then, must be regarded as ‘objectively indeterminate’ For if 
the limiting function does not exist, the totality of all partial causes is not a 
defined quantity It cannot be claimed that it is simply a lack of technical 
means that presses the definiteness of the future state of the umverse beyond 
the bounds of certainty Indeterminacy is, rather, an objective characteristic 
of the causal structure 

Thus the difference between ‘objectively determinate’ and ‘objectively 
indeterminate’ may be reduced to a topological difference in probability 
implication The difference between the two terms ‘or’ and ‘and’ is decisive 
not only for the difference between the past and the future, but also for the 
charactenzation of the objectively determinate, as opposed to the indetermi- 
nate It may at first seem strange to determine a concept m this way, but 
once we have freed ourselves of the notion of characterizing what is objectively 
determined by the degree of determinacy, this new method appears far more 
auspicious For it employs a qualitative rather than a quantitative difference 
as the mark of objectivity After all, the determination must give expression 
to the fact that the past is beyond all causal influence, and this is a qualitative 
difference that cannot be embodied in a degree of probability 

We could also attempt to formulate the idea that causal influences can 
only be propagated in a temporally forward direction m the following way If 
A is the cause of C and a slight alteration [Anderung] is induced m A , a slight 


c 



Fig 9 Pointed forks displaying the unique direction of causal influence 
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alteration will also appear in C But if C is altered slightly, no change will arise 
in A However, the formulation employing arbitranly introduced alterations 
is open to objection, as it is completely impossible to introduce arbitrary 
changes from the standpoint of determinism This defect can be avoided by 
using probability implication A change in C means simply that a second 
causal chain, not stemming from A, arrives at tins point, so that a pointed 
fork (Figure 9) is formed, that this auxiliary chain emanating from B has no 
influence upon A is expressed in the absence of a probability implication 
between B and A If, on the other hand, the auxiliary chain coming from B' 
connects with A (Figure 9), then C-^-A and A -3- B ' will entail C -3- B\ 
accordmg to 9*, l e , the effect of B' is to be observed m C The concept of 
probability implication thus permits an unexceptional formulation of the fact 
that causality is propagated only in a temporally forward direction, and never 
backwards 


III THE RELATION BETWEEN PREDICTIVE PROBABILITY 
AND RETROSPECTIVE PROBABILITY 

In the above, we have assumed that a probability exists for the direction 
‘temporally forwards' as well as for the direction ‘temporally backwards’ We 
wish to reveal the presupposition contained in these assumptions and to 
demonstrate how retrospective probability can be calculated from predictive 
probability For this purpose we must introduce a new kind of relation into 
the structural schema, a connection with possible causal chains 

1 The Disjunctive Pointed Fork 

Let B be an effect that occurs with every appearance of the cause A x as well 
as with every appearance of the cause A 2 , and suppose that B does not result 
through the combination of the two causes, but occurs only when one, and 
only one, of the two chains A X B or A 2 B is present This distinguishes this 
case from the conjunctive pointed fork of the preceding section We shall 
draw in an arc of an angle in the Figure to indicate the disjunctive property 
We introduce a special notation for the disjunctive property We may not 
say that the combination A\A 2 is incompatible with the occurrence of B, for 
A 2 (or Ai, as the case may be) could have another effect Q x (as it implies B 
only with probability), whereas A x produces precisely B It is only when no 
further effect Q x from A x or A 2 is present that B is incompatible with the 
combination A iA 2l for since we assume that a causal chain never comes to an 
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B 



end, both chain A \B and chain A 2 B must be present, which by hypothesis is 
incompatible withi? Therefore we wnte 


B —B-A i A A 2 


j' A 2 [0] 

I B Pl(Q l )^-A l [p] 

| B.Pl(Q;)^-A 2 [q] 


^ a 2 

Here Pl(.Q,) signifies the logical product of all possible Q,, which is to say 


PKQi) = Qi-Qi QnDf 


( 8 ) 


The letter or number m the square brackets ‘[ ]’ signifies the measure of 
probability for the relevant implication It is essential for the definition that 
this amount is equal to 0 in the first line The expression standing to the left 
in (7), which is defined by the right-hand side, is to be read, “ B alone deter- 
mines Ax or A 2 ” The symbol ‘A’ signifies the ‘exclusive or’, but it is import- 
ant to note that we have not defined this symbol, but only the expression 
‘2? -B-Ax A A 2 , and that this expression still contains the meaning ‘ B alone’ 
We can now set down the relations for the disjunctive pointed fork 


A 2 \ A 2 -S' B B -S' A\ A 2 B - j B-A\/\A 2 (9) 

From (7), 2*, 3*, 5*, and 9*, it follows that 


Ax -S- B A 2 -B- B B -S- Ax B 
Ax -S' A 2 A 2 — S- Ax 


( 10 ) 


The ‘or’ m the antecedent of the first expression in (9) is immediately con- 
spicuous, for this expression involves an inference into the future This ‘or’ 
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can occur only because the expression B A A 2 !S valid, 1 e , because we 

have an instance of disjunction We note, also, the sequence A x - J B-A 2 and 
A 2 -^A 1} which states a quantitative relation between events related not 
through a common cause but through an effect This is, to be sure, not a 
common effect but an identical effect — more specifically, a possible identical 
effect In order to demonstrate the correctness of our conclusions (and thereby 
also that of our laws of probability implication), let us analyze this case m 
greater detail 

Are all the assertions in (9) and (10) correct 9 The first assertion in (9) and 
the last two assertions m (10), m particular, appear dubious Yet some prob- 
ability implications must hold here Those below follow from the meaning of 
the problem 


A\ A 2 B 

[«] 

(11) 

A i . A 2 B 

M 

(12) 

B A x .T 2 

[u'l 

(13) 

B -B- A i . A 2 

[»'] 

(14) 


The first two equations represent the definition of the problem, the last two 
the assumption of the two corresponding retrospective probabilities But one 
more equation must hold 

A \ . A 2 -3* B [s] (15) 

For should A\ andA 2 be present, we can interpret B as the point of a con - 
junctive pomted fork, the chams of which possess the probability u and l—v 
(or 1 — u and v), which gives us 

s - u( 1 — v) + v(\ ~u) - u + v — luv (16) 

We wish to demonstrate that the relations (9) and (10) follow in their 
entirety from the five equations (1 1 )— (1 5), m doing so, we will not appeal to 
our laws of probability implication — by means of which this could be immedi- 
ately proven — but will instead employ calculation We will follow through all 
the possible combmations of the three events A 1} A 2 , and B with respect to 
their occurrence and non-occurrence For the sake of simplicity we shall 
assume that besides A x and A 2 no further causes are possible for B, this 
assumption places no restnctions on our assertions, but merely decreases the 
number of unknowns and equations The following table lists the possible 
combmations with their frequencies, which we must imagine to have been 
observed by means of experiments 
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A 1 . A 2 • B 


A 1 . A 2 . B 

n 2 

A 1 . A 2 . B 

n 3 

A X .A 2 .B 

n A 

A \ • A 2 . B 

*5 

A 1 . A 2 B 

*6 


Because of the aforementioned simplifying assumption, the combination 
A i . A 2 . B does not exist, the combination A 1# A 2 . B may be ignored, as it is 
not included in any of the relations (9) and (10) Now the following question 
anses are the observed frequencies n x n 6 unchanged m their relation if 
the enumeration is extended over a larger number of events 9 

The following five equations are given through the five relations (1 1 )— (1 5) 


n 1 

n x + n 2 
ni 

n 3 4* h 4 
Wi 

n x + n 3 + n s 
ri3 

n x + n 3 + n s 
n 5 

n s + n 6 


u 

v 

t 

u 


(18) 

(19) 

( 20 ) 
( 21 ) 
( 22 ) 


These five equations are mdependent of one another Equations (18), (19), 
and (22) simply represent the connection between n x and n 2 , n 3 and n 4 , and 
n s and n 6 , and are mdependent of one another as well as of (20) and (21) 
These latter two are also independent of each other 

Equations (1 8)-(22), then, establish the relations between the six unknowns 
rii n 6 , these relations must therefore remain constant if the relations 
(1 1)— (1 5) are valid But in that case every other probability relation between 
the magnitudes [degrees of probability] of A X ,A 2 > and B must be valid, for 
each of these relations is established through the enumeration of the fre- 
quencies ri\ n 6 For instance, the probability of^! -B-A 2 becomes 
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n 5 +H6 

n x + n 2 4- n 5 + n e 


( 23 ) 


which must remain constant if the relations between n 6 remain con- 
stant We have hereby proved that the relations (9) and (10) follow from 
(1 1)-(15) without using in the proof the laws of probability implication 8 

Let us now discuss the case m which A x as well as A 2 can have no effect 
other than B viz, A x -B- 2?[1], A 2 ~^B[\] In this case, A X .A 2 B is 
impossible and n 5 =0 However, (20) and (21) become mutually dependent, 
as u + v' = 1 There are, then, four equations for five unknowns, and, once 
again, only the relations between n Xi n 2 ,n 2 ,n^, and n 6 are determined 

We can now trace the consequences of the relations (9) and (10) A x -3- 
A 2 and A 2 -3- A x signify that the two events ,4 x and A 2 occur with a regular 
frequency Were we to survey all the events in the um verse, we would discover 
that the frequency of A i and A 2 displays a constant relation Not only a com- 
mon cause, but also a possible identical effect establishes a probability and 
frequency relation between events 

This result follows from the existence of predictive and retrospective prob- 
ability If only retrospective probability existed, regular frequency would be 
found only between BA j, and BA 2 , that is, we could only enumerate the cases 
m which A ! or A 2 are accompanied by B 


2 The Disjunctive Saddle Fork 

Here the same relations hold as with the disjunctive pointed fork, thus the 
disjunctive fork gives no indication of direction 

B x vB 2 ^=*~A A~ j B-B x ,B 2 A - = B-B X A B 2 (24) 



Fig 11 The disjunctive saddle fork 

The expression A - = B-B X A B 2 is defined here just as it is in (7), except 
that in this case we are to understand by Q t the further possible causes of B x 
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or Bi The relations are the same as m the conjunctive saddle fork, thus the 
addition of the disjunctive relation does not signify any change 

The conclusion regarding the frequency of events, corresponding to the 
previous one, is A common cause establishes a frequency relation between 
events even when only one of the events can at any one time be the effect of 
the said cause Taken together, these propositions may be formulated as 
follows 

Distribution Law for Events in the Universe Events that are traceable to an 
identical or to a common cause or that are capable of producing an identical 
effect display a regular and reciprocal frequency in their occurrence in the 
universe 

3 The Conjunctive Pointed Fork 

We shall now turn, for a few cases, to a quantitative calculation of the retro- 
spective probability on the basis of the predictive probability Let us begin 
with the conjunctive pointed fork In Figure 12, the predictive probabilities 
are shown as p x and q ti the corresponding retrospective probabilities will be 
shown as p[ and q[ For the measure of probability in A -3- B , which was pre- 
viously shown after the proposition m square brackets, we shall introduce the 
notation W (A -9- B) * 


c 



[* W is used here and throughout because it is the first letter of the German word 
‘Wahrschemlichkeit’ (probability) From the standpoint of perspicuity, P should be used 
in its place in English, but as P already has a different use in various formulas, this could 
only create ambiguity Therefore the notation is left just as Reichenbach set it down 
The same comment applies below to the use of V for ‘(Kausal) Verkettung’ rather than C 
for ‘causal chain’ - EHS] 
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Then, given that A t and B t are independent events, we have 

W 04 1 » B\ -3C) = r x = Pi.q\ (25) 

The quantities p x and q x do not indicate here, for instance, the probabilities 
W ( A x -3 C) and W (B x -3- C), for, according to (3), these implications do 
not exist They simply signify, instead, the probability of the occurrence in C 
of the partial effect stemming from A x (or B Xi as the case may be) Thus we 
obtain the probability r x only from its product 

In order to draw inferences about the retrospective probability from the 
predictive probability, we must make use of A x and B x (i > 1), the other poss- 
ible causes of C Specifically, we must make some assumption about the total- 
ity of possible causes of C, for instance, one of the following two assumptions 

ASSUMPTION H Any two events AiB k can together produce C 
In this case, 

W(A X . B k -3C) = p x • q k (26) 


ASSUMPTION J For every A t , a certain B x must be added m order for C to 
be produced 
In this case, 


W(A X .B X ^C) = p x -q x 

i k 

W(A x .B k -=^C) =0 


(27) 


We will now try to establish the degree of probability for 

W(C-^A x ) = p\ W(C -3/?,) = q\ W(C -3-A x . B x ) - rj 

For this calculation we shall employ Bayes’ rule, 9 which runs If X x X n 
are all possible causes of T, and if 


then 


W(X x -3 Y) = z x W(X x ) = a, 
Xl ) = z\ = 


(28) 


W{X x ) is the so-called * a prion probability’ for X l9 1 e , the relative prob- 
abihty of the X x m relation to one another with respect to their occurrence in 
the universe These degrees of probability may all be identical, m which 
case 16 







(29) 
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However, without the ot l9 the problem is not fully defined and p[ not cal- 
culable The a, are clearly the relative probabilities of our distribution law , 
and we shall therefore call them distribution probabilities , as the use of the 
term ‘ a priori ’ in this context can be misleading It is solely because of the 
existence of these probabilities that retrospective probability can be calculated 
on the basis of predictive probability In school-book examples of Bayes’ rule, 
the a, are generally established by tracing the X t back to a common cause X 
which produces the X t disjunctively However, this demonstration is unnecess- 
ary If a retrospective probability exists, the a, must exist, and this proof is 
sufficient for our purposes 

With Bayes’ formula, equation (28) brings us back to our problem Let 
W(A t ) = a j and W(B t ) = ft Let the number of possible causes A x be m and 
those of B x be n We may conceive of every combination A t B k as a single event 
possessing the a prion probability 0 L^ k and producting the effect C with the 
probability p x q h Then, by (28), if we make assumption H 


n 


<*iPi • 

> 1 

<X\Pl 

Pi ~ m n 

m 

2 s cc,p t p k q k 


m 


1 Sftjp, 

f 1 

d ~ 

li 


^ ft#i 

_ aiPi0i<7i 

/ / 

^1 m n 

= Pi Q i 

s s Oi, Pl p k q k 



On the other hand, assumption J gives us (assuming m = ri) 


Pi = Qi = r\ 


OLlPlPlVl 

m 

^ ®iPi@iPi 


(31) 


Thus, given assumption H, the retrospective probability r\ is calculated 
from the individual retrospective probabilities p\ and q\ just as the corre- 
sponding predictive probability r 1 is calculated from the individual predictive 
probabilities p\ and q i Given assumption J, on the other hand, the calculation 
changes for the retrospective probability, specifically, all three retrospective 
probabilities become the same Whether assumption H or assumption J corre- 
sponds to reality depends, of course, upon the particular conditions of the 
problem, most cases will probably turn out to exemplify a combination of 
both In such cases, r\ will turn out to have a correspondmg intermediate value 
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4 The Conjunctive Saddle Fork 

Here, too, we must employ another assumption if we are to calculate the 
retrospective probability from the predictive probability, as follows 

ASSUMPTION K B x and B 2 necessarily have a common cause 



Fig 13 A saddle fork with other possible causes indicated m accordance 
with assumption K 

Let A i A m in Figure 13 be the possible common causes, and let their 
distnbution probability be W(A t ) = We will then mtroduce the following 
additional stipulations 


W(A t -3-B,) = p, 
W(A,^-B 2 ) = q, 
W(A l ~hB 1 B 2 ) = r, 


Wfflt ~^A t ) = p[ 
W(B 2 -3- A ,) = q\ 
W(.B!B 2 -=hA t ) = K 


This gives us 


Pi 


a,P, 

m 

2 UfePfe 


m 

p't q[ 


(32) 


m 1 

a, S— 
i a fe 


In discussmg these formulas, let us take the simple case in which the are 
all of identical magnitude Then the formulas in (32) can be reduced to 


Pi = 


m 

fPk 


Pi = 


4, 

m 


r, = 


pWi 


(33) 


*PWk 
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The quantities p [ , q [ , and r[ are, as probabilities, all < 1 , as is easily seen 
But, in addition 


i ^ t > 

r, > P, • <7, 


(34) 


because 



If the saddle fork were turned upwards, so as to become a pointed fork, 
we would obtain r[ = p [ , q [ , given that p[, q[, and r' now stand for the corre- 
sponding predictive probabilities 11 We now have reached the following prop- 
osition Retrospective inference from two events to one produces a higher 
probability than the corresponding predictive inference with the same prob- 
abilities The distinctive characteristic of retrospective inference is also 
expressed metrically as a proposition about evidence , as opposed to effect , 
each individual effect permits the drawing of a retrospective inference to the 
cause with a certain probability, and any additional effect serves simply as a 
confirmation , but not as a necessary condition , of this inference 

To be sure, this confirmation can also be of a negative nature, if the second 
effect happens to ‘make 5 the supposed cause ‘improbable’ In order to examine 
this case, let us compare r[ with the individual probability p[ Then 


= pI -/ / = 


^ PkQk 


m 

<7, 2P* 

m 

2 PkQk 


(35) 


According to whether /= 1 , r\ = p\ Thus 

m m 

K = P[ if <7, 

1 1 
m m 

A = <7,' if Pi | Z 

i i 


(36) 


If, for instance, all q k are of equal value, then r\ ~ p[, 1 e , addition of the 
event B 2 neither increases nor decreases the probability of A t as calculated 
solely on the basis of B x In this case, all causes^ are equiprobable causes of 
B 2 If q x is the highest of all q ki then r[ > p[, if it is the lowest, then r\ <p[ 
The probability increases or decreases, then, according to whether B 2 ‘makes’ 
the cause A x probable or improbable Condition (36) states that this ‘making 
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probable’ occurs when q l exceeds a certain intermediate value derived from 
q k with the assistance of p k 

In the formulas (32) and (33), we should further note that it is possible to 
express the compound retrospective probability r Xi consisting of the retro- 
spective probabilities p[ and q\ of the individual events and the distributive 
probabilities a n without including the predictive probabilities p, and q x This 
is a peculianty that does not hold for every case, it depends here upon 
assumption K Let us now take a look at another case which also possesses 
this feature and yet is based upon a different assumption 


Bt b 2 



Fig 14 A saddle fork with other possible separate causes indicated 

Let us assume that events B x and B 2 need no longer be explained by a 
single cause A 0 and admit instead for each the separate causes A\ and A\ 
(Figure 14) But what we are attempting to establish is precisely the prob- 
ability of the existence of the common cause A 0 . In order to simplify the 
problem, let us add yet another assumption, as follows 

ASSUMPTION L If A 0 is present, then all A\ A™ and A\ A 2 are 
excluded Here 

A 0 3 A\.A k 2 

In reality, an assumption of this nature, like all the previous ones, will not 
hold with absolute certainty, le , the implication appearing in assumption L 
is only a probability implication of a very high degree But m actual cases we 
will often be permitted to treat this high degree of probability as certamty 
For instance, assumption L may apply to the many instances of proof by 
mean of circumstantial evidence in which it is a matter of tracing the various 
clues, each of which, taken alone, admits of mdependent causes, to a common 
cause For purposes of calculation we will make the additional assumption 
that the a, are all equal, otherwise the result will not be perspicuous Usmg 
the same notation as above, we get 
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P 0 = 


P 0 

m 


Qo - 


Q o 

n 


>*0 = 


PoQo 


Po#o 


m n 

p 0 q 0 + E 


1 1 
Po9o 


m n n m 

2 £ PAh -P o S q k -q 0 S p k + 2p 0 q 0 


Po<7o 


1 - Po - <7o + (1 - poXl ~ <?o) + Po<7o 


(37) 


Here too, then, can only be expressed through retrospective probability, 
and, at that, only the retrospective probabilities po and q 0 are included, while 
the other retrospective probabilities cancel out Once again, of course, r 0 < 1, 
but also r 0 >po< 7 o,for the denominator in (37) is < 1 This result appears when 
we observe that 0 < po < 1 and 0 < q' Q < 1 If we stipulate that p' Q = 1 — 5 , 
and q'o = 1 — r?, then the denominator will equal £17 + Po^o < (Po + 6) x 
(<?o + 1 ?) — 1 Again, calculation shows the retrospective probability to be 
higher than the corresponding predictive probability 

Let us inquire more closely into the case in which r' Q > p' 0 We must also 
stipulate that 


1 -Po-<7o + 2po4o 


From which it follows that 


q’o > 2 1 (3*) 

Accordingly, if po > then r 0 > q Q We establish, then, that the second event 
B 2 mcreases the probability of A 0 , calculated from B u if it implies only A 0 
with a probability higher than \ 5 * * * * * * 12 


5 The Conjunctive Double Fork 

Finally, let us examine the case in which there is a double connection Two 

independent causes Ai and B 1 have two common effects C and D We shall 
attempt to reduce this case to those we have already discussed 

The proof can be earned out in two different ways, which we shall 

schematize as follows 

a) C^A l B 1 [r\] b)CD-^A 1 [si] 

DS-Arfi [i?i] CD -S- B i [SH 

CDSA 1 B 1 [wi] CD S AyB\ [wi] 
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Fig 15 A double fork with predictive probabilities indicated 


In method a), the first two lines stand for a retrospective inference in the 
conjunctive pointed fork, A x Bi is then conceived of as a single event, and in 
the third line a retrospective inference is carried out in the saddle fork In 
method b), the first two lines stand for a retrospective inference in the saddle 
fork, then CD is conceived of as a single event, and m the third line a retro- 
spective mference is carried out for the pointed fork Both methods of proof 
must lead to the same goal But we must make assumptions of the sort made 
for the relevant single forks if the conclusion is to be defined We shall make 
assumption K for the saddle fork and assumptions J and H, in succession, for 
the pomted fork In order to keep the calculation relatively perspicuous, we 
will once again stipulate that the distributive probabilities a t are of identical 
value 

Let us choose method a) With assumption J we get, according to (31) 


= r\ = wiD^A^) = R[ 

2p,< 7, 

Then, with assumption K, according to (33) 

► _ fjRi _ P}AiP_ iQi 

Wl m m 

Zr.R, 2 


m 

zp,Q, 


(39) 


On the other hand, the predictive probability w, for AiB\ -B- CD becomes 


wi = PtfiPiQi 

Let us define the values p\,q[,P'i, Q[ as 

<7, 


(40) 


„> P. 

Pi m 

%Pk 


«. = n 


Q\ 

ZP k 

i K 


- & 




(41) 
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which we may not, however, interpret in this case as retrospective probabilities 
corresponding to the unpnmed quantities, as assumption J has, m accordance 
with (31), the effect of making these retrospective probabilities equal to r\ or 
R[, as the case may be We may then rewrite (39) as 


pWiP[Q\ 


(42) 


Now let us again use method a), but with assumption H rather than assump- 
tion J Then, according to (30), we get 


w(C-^-A,B k ) = r' lk = 


P,<?fc 

m n 

S 


= PiQk 


wiD-^AM = R' lk = - P n ‘ gte - = P[Q! k (43) 

in which we may now mterpret p\, q[,P[ and Q[ as retrospective probabilities 
corresponding to the unprimed quantities, for this is admissible according to 
assumption H With assumption K and (33), we obtain the further result 

> PiQiPiQi PiQiPiQx caa\ 

Wl = m W-;; , 7 = sn ( 44 ) 

V'ZPiQkPxQk 2 2p,4kP,Qk 

Thus we get a result that differs from (42) (or (39), as the case may be) m 
that the double sum appears in the denominator 

When method b) is used, assumption J cannot be earned out, for m the 
very first step different expressions appear for s' and S ' — which, according to 
assumption J, must be the same If, on the other hand, we use assumption H, 
we once agam end up with (44) 

We are now in a position to study the result With respect to its chains, the 
double fork is symmetneal for past and future, but there is nonetheless a 
charactenstic difference in the type of probability pertaining to each The 
predictive probability comes out, according to (40), as Mq = Qi, for 

the retrospective possibility, however, this expression must also be divided by 
a summation expression This applies equally to assumption J according to 
(39) and assumption H according to (44) This lack of symmetry becomes 
particularly clear with assumption H, according to which it is admissible to 
interpret p u q\,P[, and Q[ as individual retrospective probabilities For if we 
conceived of the double fork as heading in the temporally opposite direction 
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— that is to say, of C and D as earlier and A i and B x as later events — and of 
the primed individual probabilities as predictive and the unpnmed individual 
probabilities as retrospective probabilities — we would obtain the following 
result 13 

WiCD-^-AiBi) = wi = p\q\P\Q\ (45) 

W(A l B 1 ^CD) = w, = m P n qiPl ^ (46) 

zzpWkP.Q'k 

The measure of the probability implication between the events A X B X on the one 
hand and the events CD on the other would, that is, be different, although the 
probabilities between the individual events maintain their numerical value If we 
imagine that it is not known m which temporal direction the double fork is to 
be conceived as pointing, but that at the same time the individual probabilities 
in both directions are known — that is, P\q\P\Q\ and p \ , q\ , P[ and Q\ - and 
also the collective probabilities w x and wi , then the temporal direction of the 
fork can be determined by examining whether these values fulfil the relations 
(40) and (44) or the relations (45) and (46) A complete exammation also 
requires knowledge of the probabilities with an index other than 1 , which can, 
indeed, be determmed in just the same way as the others, but even without these 
values it is possible to decide whether w x is correctly represented by (40) or wi 
by (45) Thus the temporal direction can be determmed by measuring prob- 
ability implications, i e , basically by the enumeration of statistical regularities 

On the other hand, no assertion is made as to whether the retrospective 
inference produces the greater or the smaller probability According to (44) - 
that is, to assumption H - 

m n 

wi | w lf if L £ P l q k P,Q h = 1 (47) 

1 1 

With assumption J, (39) gives us 

m 

Wi | Wu if z PidiP.Q, | 1 (48) 

1 

There is no general comment to be made concerning these two relations, as 
p u q t> P t , and Q t represent unbound probabilities We see here once again that 
it is not the degree of determinability, but the manner of determinability that 
distinguishes past and future Under some conditions inference into the future 
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may prove more certain than inference into the past, compared with respect 
to an identical causal chain 

On the other hand, (44) gives us 

wi > p\q\P[Q'u (49) 

for, according to (41) 

n m n m n 

Y Y PiQkPiQk < YYY YPiGkPrQ’s 

11 111 ! 

m n m n 

= Y Pi Yv'hY p r YQs = 1 

1 1 1 1 

Therefore w[ as determined by (44) is higher than wi as determined by (45), 
and we can say If we compare a causal cham V x (as m Figure 1 5) with another 
chain V 2 which is a symmetrical mirror image of the first, mirrored at the 
cross-section through the present, we find that a higher degree of probability 
attaches to the retrospective mference in V x than to the predictive inference 
in V 2 It is only in this respect that the difference m the manner of mference 
also signifies a difference in the degree of determinability 

Thus the same result is confirmed for the double fork that was already 
shown to hold for the saddle fork, as compared to the pointed fork In com- 
paring these forks, we must take account of one other difference The retro- 
spective mference of the saddle fork is an inference from two events to one, it 
must be compared reflexively with the predictive inference (25) of the pointed 
fork, which gives m (33) and (37) the result that we formulated m (34) Here 
again, then, greater certainty pertains to the retrospective mference In con- 
trast, the retrospective inference of the pointed fork is an mference from one 
event to two events, it must be compared reflexively with the predictive 
inference of the saddle fork In the latter, r x = p x .q x if we compare this 
with (31) and (30) by contrasting, in the latter formulas, the formations con- 
taining the primed values with the formation p x .q Xi we find a greater cer- 
tainty for the retrospective mference attaching only to assumption J, while 
for assumption H the probabilities prove equal This case, then, constitutes an 
exception to our rule 

The results established in Section III can be summarized in the following 
propositions 

1 The existence of predictive and retrospective probabihty presupposes a 
law of distribution for events in the universe 
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2 The measure of retrospective probability cannot be calculated from that 
for predictive probability without auxiliary assumptions, which may vary for 
the different kinds of cases, and the presence of which must be estabhshed 
empirically 

3 It cannot be asserted that m a given structure of the universe the past 
can always be determined with greater certainty than the future But in the 
cases discussed (with one exception), the distinctive topological feature of 
retrospective inference enables us to calculate the past from given individual 
retrospective probabilities with greater certainty than would be possible if 
these same individual probabilities were predictive probabilities and could be 
combined so as to form a reflexively symmetrical inference into the future 


NOTES 

1 [1915b] and [1916a], also [1920c] and [1920d] The continuous function is not 
always the Gaussian function, which applies only to certain cases 

2 Whether the probability can in every instance actually approach 1 without limit or 
whether, instead, limits appear in certain places before 1 is reached is a matter open to 
dispute These limits might also turn out to be, m fact, unattainable, so that the prop- 
osition that for every level of precision achieved a higher level exists would remam true 
Justifiable as such an assumption - which would be confirmed if quantum theory aban- 
doned aU attempts at causal explanation and contented itself with the probability jumps 
of electrons - may appear, we shall not discuss it here, and everything that follows is 
also compatible with a probability capable of approaching 1 without limit 

3 Zschr f Phys 13,62 (1923) 

4 Kantstudien 30, 331 (1925) 

5 [1924h], [1921d] The ‘Axiomatik der speziellen Relatmtatstheone [Axiomatic 
System of the Special Theory of Relativity] by C Caxatheodory {Berl Akad Ber , 
1924, p 12) is closely related to my proposed axiomatic system 

6 Note that, m Figure lb, that portion corresponding to the future m Figure la is 
drawn somewhat differently, for the purpose of indicating that the future has turned out 
somewhat differently from what was calculated in la 

7 That is why there is a science of history only for the past The chronicle, i e the 
registration of events, is the characteristic mark of history 

8 This proof can also be carried out if (13) and (14) are replaced by the relations B 

A t and B -D-A 2 or also if (11) and (12) are replaced by the relations A x -3-B and 
A 2 ~^B 

9 Cf any textbook on probability calculus, e g , Lehrbuch der Wahrscheinhchkeitrech- 
nungby Czuber, 1908, p 175 

10 £? z[ = 1, as can be seen from (28) and (29), therefore the z\ are called ‘bound prob- 
abilities’ The z t , on the other hand, are ‘unbound probabilities’, that is z x = 1 

1 1 If the are not of identical magnitude then (34) need not be fulfilled But m such a 
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case, p\q\ would also cease to signify predictive probability in the pointed fork, as the a 
pnon probability of A x enters in as well, and p\ and q[ would then not be independent 
probabilities - Note, too, that we are not here comparing the retrospective probability 
with the predictive probability of the same case - not, that is, r\ with r t - but with the 
predictive probability of a corresponding case in which p\ and q\ signify predictive prob- 
abilities (namely, probabilities of partial effects m the sense indicated in the comments 
following (25)) That is, we are comparing r[ with p\q\ 

12 If we had not stipulated that the a x are equal, this slot would not be filled specifically 
by 1/2, but ratjier by some construct consisting of the a t 

13 Here the probabilities with an index other than 1 refer to implications between A x 
and B x on the one hand and events Cj and D x on the other, which we have not previously 
considered These probabilities, then, are not comparable to those in the preceding 
formulas In contrast, all probabilities with the index 1 apply to the same implications as 
before, and in the same direction between the events, the only difference is that we now 
take the events to be reversed with respect to temporal direction, so that the primed 
values now pertain to the direction ‘temporally forwards’ 
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Part (a) The General Theory of Physical Knowledge 

1 THE VALUE OF PHYSIC AL KNOWLEDGE 

If we ask a physicist why he does physics, he will be hard put to it to give a 
really pertinent answer He may attempt to justify his work by pointing 
out its value for science m general or its value for mankind, or perhaps he 
will appeal to the fact that history has shown us an ever-progressmg 

Translated from ‘Ziele und Wege der Physikahschen Erkenntrus’, Handbuch der Physik, 
vol 4 Allgemeine Grundlagen der Physik © 1962 Spnnger-Verlag, Berlin-Heidelberg- 
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development of the human mind, to which each of us is obligated to contri- 
bute his own little bit of brain power But if he takes an honest look at him- 
self, he will find that all these pretty-sounding goals are nothing but a well 
constructed mask, a sort of Sunday frock that he dons whenever he must 
appear in public In fact, the process that turns an individual into a physicist 
is both more complicated and more crude Talent, environment, often, too, 
material pressures, stumbling by chance into a stimulating circle of fellow 
physicists, a lucky creative inspiration that brings him recognition in the 
field, enabling him to establish himself as a physicist — m short, people are 
drawn mto physics, as into other professions, by their experiences, without 
much relation to an idealistic concern for the development of mankind And 
precisely those physicists who have had to struggle with material want, mak- 
ing their way laboriously m science despite the attractions of a more practical 
occupation, will be least able to claim that they have derived their strength 
from a concern for the welfare of mankind They really are unable to say why 
it is that they do physics, must do physics - why they keep returning to the 
laboratory or go on searching for mathematical theories They just do it, that 
is, m the end, the only reason they can offer with some credibility 

For all that, this honest explanation of the reason for working m physics 
seems to me a better justification of its value than the ideally constructed 
one Physics may or may not be useful or valuable for humanity — the most 
important point to be made is that it is a need, that it grows m men just as 
does the urge to live or to play or to build a society with other people It is 
the desire to know to which it is ultimately to be traced and which can 
become so strong that this most sublimated form of curiosity dommates a 
person’s life, enablmg him to overcome all material or economic hindrances 
It is the yen to “discover what makes nature tick”, as a great physicist once 
explained to me To be sure, this wish can display itself in various forms It 
dnves one person to more and more experiments, to the gathering of facts; 
it dnves another to the construction of theones and to concentratmg upon 
the explanation of a single fact, comprehension of which appears more 
important to him than the gathermg of new material It compels one person 
to be careful and precise, to select ideas critically, it stimulates another to 
more fluent thinking and to imaginative creation The one comes near to 
fulfillment in the mental exercise of planning and designing, the other finds 
satisfaction only in secure results But the force behind all these activities 
is always a focus upon knowing, the desire to learn something of the secrets 
of nature None can say from whence this desire comes, it is itself one of the 
ultimate facts in which the physicist must believe 
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This fact alone constitutes a reply to the question as to the ultimate value 
of physical science All theories about the value of science for civilized cul- 
ture, when asked about the value of civilization, are eventually faced with the 
necessity of appealing to some fact of this land We want to do such and such 
a thing this is the fact from which every value theory must begin To be sure, 
we draw distinctions, setting aside certain desires as inessential But the very 
deepest desires force themselves upon us with such a degree of self-evidence 
that we have no choice but to regard this obvious self-evidence as an ex- 
pression of the highest value 

If we were to accept a general value for civilization as the basis of the 
value of physical science, we would be obliged to derive the goal of physics 
from this general value, the goal being the realization of this value Goal and 
value are in general so related, the evaluation prescribing the goal For 
mstance, if we were to make technical utility the basis, for the value of 
physics, the goal of physical research would have to consist m the discovery 
of technically useful effects, anything else would be permissible, at best, 
from the standpoint of the possibility of future utility But it is quite ap- 
parent that technology can never represent the philosophical justification of 
physics, for the achievements of technology, too, only serve to satisfy human 
needs, and precisely those that, unlike the thirst for knowledge, do not seem 
essential in any profound sense Surely technological value can be no more 
than a byproduct of physical research, not to be despised with the arrogance 
of the theoretician, yet not to be permitted to determine the goal of research 
To take another example, if we were to see the value of physics in the estab- 
lishment of a world-view, then the goal of physics would have to be regarded 
as the acquisition of knowledge of a kind susceptible of philosophical inter- 
pretation, e g , of cosmological hypotheses But even this would give a one- 
sided determination of the goal, conceiving the essence of physics far too 
narrowly We are spared such restnctive determinations of a goal — and even 
the most tolerant determinations of this land will impose limitations, judged 
from the breadth of the drive to gam a knowledge of nature — if we refuse to 
formulate a supreme value If we view the fact of the will to know as the 
ultimate ground of value, we can regard as the goal nothing other than to do 
everything that serves this will 

The contents of this goal may be gathered from the science m question 
and its historical development, which shows us the goals along with the facts 
of scientific knowledge An inductive determination of this sort must appear 
far more fruitful, far closer to reality, than deduction from general prin- 
ciples To be sure, physics has not always been conscious of its own goals, 
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and at least of all the individual physicist himself, whose work may have 
made these goals clear m the first place It is one of the most curious features 
of the human mind that it is able to pursue the right course without clearly 
discerning its end, that, indeed, the man who follows his course with easy 
confidence rather than reflecting upon it attains his destination better and 
sooner than the excessively introspective thinker An observation regarding 
the goals of science exceeds the boundaries of science itself It belongs 
instead to philosophy, and it cannot be said that philosophical insight is a 
necessary condition of research in the individual sciences It is, rather, a 
later stage, presupposing a certain degree of maturity in the individual 
sciences Hence the relation between physics and philosophy is asymmetrical 
philosophy can learn a great deal from physics, but physics very much less 
from philosophy In spite of this, the physicist cannot avoid occasionally 
waxmg philosophical and asking after the goals of physics This question 
confronts him when, pausing in his work, he reflects upon his own activity, 
when he scans the general outlines of the course followed by his science, 
and he will soon notice that these philosophical questions are able to estab- 
lish themselves with the same persistence as questions regarding the secrets 
of nature The question as to the course and the end of human knowledge 
is, as a question of a higher logical order, rooted in human nature in much 
the same way as questions concerning the course and the structure of nature, 
and the physicist who refused to recognize the philosophically oriented 
question as justified would be removing the rational underpinnings from 
his own activity The only form of philosophy that must be rejected is 
that which attempts to prescribe for the physicist the results or methods 
of his science But a philosophy that draws its facts from science, that 
is able to shed light upon the mysteries of scientific research and clarify 
for the investigator by means of his own accomplishments the ends and the 
methods of his work, can only serve as a welcome ally along the path to 
knowledge 

These introductory remarks are intended both to illuminate the valuation 
of scientific activity and to indicate the direction to be taken by the in- 
vestigation that follows It does not aim to be a critique of physical research, 
scouting out or inserting values from some biased standpoint It wishes to do 
justice to the wealth of scientific activities while at the same time revealing 
the general outlooks lying behind them that can be logically derived from the 
particular contents Within the framework of an encyclopedic handbook of 
physics, such a picture can only be sketched in its rough features, omitting 
details of justification Yet it is to be hoped that this framework can show 
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that investigation in the philosophy of natural science should be earned out 
m the closest conjunction with physical science itself 


2 DEMARCATION BETWEEN PHYSICS AND THE OTHER 
NATURAL SCIENCES 

We have described the aim of physics as the knowledge of nature, yet we 
know that there are other sciences that pursue the same goals Thus there 
arises the task of drawing a line of demarcation between physics and the 
other natural sciences 

The demarcation can be earned out in one of two ways The first separates 
two sciences according to the difference between their objects , the second 
according to the difference m their methods Let us take a look at the first 
approach Inanimate nature is differentiated from animate, and the former 
assigned to physics, the latter to biology The division thus gamed is m some 
ways pertinent, above all, it corresponds to the historical development of 
both sciences, the distinctive character of which has grown precisely out of 
their concentration upon certain subject matters It appears, nonetheless, 
that this kind of delineation cannot be strictly carried out if logical stand- 
points are put before historical For animate nature also displays phenomena 
governed by physical laws, organisms, including man, follow the laws of 
gravity, the law of energy, laws of electrical conductivity, and so forth In 
setting up these laws, physics always claims that they apply equally to organ- 
isms They leave the testing to the biologists simply because these laws are 
often cloaked by complex phenomena — think, for instance, of the flow of 
electric current in the body of an animal — and their clarification presupposes 
a precise knowledge of the organism Conversely, the materials of inanimate 
nature play a role in biology, consider, for instance, the process whereby 
animals receive nounshment, in which even inorganic materials such as salts 
are of great importance Thus we cannot draw the distinction between 
physics and biology by means of a line of demarcation running through the 
whole of nature 

For this reason we select the second means of demarcation, which em- 
ploys the difference in methods Such a division has the advantage of remain- 
ing valid even when the subject matters of the two sciences partially overlap 
or even coincide For purposes of clarification, let us consider the subdivision 
of physics into mechanics, thermodynamics, statistics [statistical physics - 
Ed ] , and so on Thermodynamics and molecular statistics treat identical 
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subject matter throughout, but using different methods 1 The former begins 
with a few basic concepts, such as energy, entropy, and phase, combines them 
mto a few very simple laws, and deduces from these a large number of pheno- 
mena Statistics, on the other hand, does not initially recognize the basic 
concepts of thermodynamics, it employs only mechanical concepts, and by 
applying them to a large number of similar particles in a state of motion, m 
conjunction with the axioms of probability theory, it eventually reaches 
complex concepts, such as the probability of a constellation class, which it 
then coordinates with the thermodynamic concepts Thus it offers expla- 
nations of the same subject matter, but with a higher degree of precision 
For statistics, thermodynamics seems to offer a mere approximation, yet an 
admissible one, and in view of this limitation on precision the two disciplines 
can never contradict one another In a certain sense, mdeed, statistics has 
rendered thermodynamics unnecessary, for everything asserted by thermo- 
dynamics can basically also be accounted for statistically However, matters 
are quite different from a practical viewpoint There are many occasions on 
which statistics is of no use, precisely because it operates with such exacti- 
tude, whereas general thermodynamic methods can be implemented without 
difficulty For instance, it seems hopeless to try to comprehend the occur- 
rences in a steam engine by statistical methods, which give out when con- 
fronted with the complexity of the phenomena of currents in a steam 
cylinder But thermodynamic methods can be successfully applied to the 
steam engine and deliver just exactly what we want to know A method is 
sometimes too fine an instrument for a particular subject matter and is 
therefore unsuitable for revealing the gross features in the structure of that 
subject 

The situation is similar with respect to the difference between physics and 
biology Both can treat the same subject matter, and the division of labor 
that assigns living organisms to the one and inanimate objects to the other is 
not of a fundamental nature It is comparable to a division of labor that 
assigns the steam engine to thermodynamics and rarefied gases to statistics 
The difference lies far more in the method, finding its clearest expression in 
the fact that biology employs concepts as elementary concepts that appear 
extraordinarily complex to physics Concepts such as life, organism, organ, 
nourishment, reproduction, and development are accepted by biology as 
elementary concepts, in the same way that thermodynamics speaks of a 
quantity of heat or an aggregate state, and it attempts to elucidate by means 
of these concepts phenomena of a complexity impervious to the precise 
instrument of physics The concept of life stands in the foreground, occupying 
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much the same position as the concept of energy in thermodynamics, biology 
clarifies the concept of life by pursuing its implications through the whole of 
the field, just as thermodynamics is forced ultimately to defme energy as 
that entity the consequences of which possess such and such properties Thus 
biology gams a characterization of the phenomenon of life by means of 
methods that physics would regard as macroscopic or phenomenological 
Any development extendmg beyond the method of biology would have to 
consist m providing the concept of life with a content in some other way 
Life would have to be shown to be, say, a characteristic of protein con- 
structed in a particular way or a stationary condition of certain chemical 
reactions But up to now such attempts have failed And here we come to the 
great difference between biology and physics on the one hand and thermo- 
dynamics and statistics on the other It has been shown that thermodynamics 
is merely a macroscopic form of statistics, thermal energy can be completely 
explained as the mechanical energy of all the molecules taken together But 
that biology is a macroscopic form of physics - a sort of physics of protein - 
that the concept of life can be reduced to physical concepts, has not been 
demonstrated The question whether biology will ever become a part of 
physics in the way that thermodynamics has become a part of mechanics 
must be put aside for the time bemg The concept of life in itself may still 
contain problems which have nothing to do with physics Vitalism perhaps is 
correct m asserting that a living being is not merely a particularly complicated 
physical apparatus, like a machine, but something fundamentally different, 
the comprehension of which calls for new, non-physical assumptions It seems 
idle to make predictions concerning the course of research In any case, the 
theory of evolution, important as it has become through combining the 
various biological disciplines together into a single great science — it achieved 
in biology something similar to what is to be observed m the combinmg of 
optics, the theory of electricity, and mechanics into general physics — has not 
been able to solve the problem of life itself and has not realized the hopes 
pinned upon it m this respect It is important to emphasize that this problem 
has not been resolved The representative of a specialized subject has a 
tendency to see m his own science the exclusive form of all knowledge, and 
hence it is that the physicist likes to believe that biology will one day be 
absorbed mto physics This possibility certainly cannot be rejected out of 
hand, but whether or not it will come about will depend upon the way in 
which the problem of life comes to be solved Should it turn out that certam 
physical laws are absolutely inapplicable to life processes, the absorption of 
biology mto physics will never take place, and physics will instead have to 
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refrain from touching upon areas in nature to which it would not apply 2 
We find, then, that the question of whether two sciences will coalesce 
cannot be answered until a train of scientific development has reached its 
end The answer is itself a scientific result and cannot be deduced from 
general scientific principles The combining of mechanics and the theory 
of heat was such a physical result, not predictable a priori The answer to 
this question will determine the extent to which the difference in methods 
is related to a difference m epistemological objects It is undoubtedly true 
that the methodological difference between biology and physics has grown 
out of the characteristics of the material with which these sciences are pre- 
occupied But for the time being, as long as the problem of vitalism is un- 
resolved, we can establish only the difference in methods as a certain result 
In any case it is possible that, as with thermodynamics and statistics, it does 
not correspond to a fundamental difference in the subject matter But if it 
does, there will be at the most only a few areas where physics is inapplicable 
to animate nature, in general it has been clearly established that the laws of 
physics apply m biology also These are the reasons that cause us to choose 
the second means of demarcation, in demarcation according to method we 
have a solution that is independent of the future development of science 
But we cannot carry out here a comparative characterization of the 
methods Such an investigation would require a very precise analysis of con- 
ceptual formation within both sciences, and this belongs in the field of 
comparative studies of science, once again the object of intense research For 
instance, Kurt Levan has earned out a comparative investigation of the 
concept of genesis m physics, biology and the history of evolution (m his 
Begnff der Genese in Physik , Biologie und Entwicklungsgeschichte ) 3 demon- 
strating that peculiar logical differences exist between the structure of the 
world-lines in these two sciences, 1 e , m the identity series of individuals 
He has further mdicated that the companng of two sciences is extraordinarily 
difficult due to the fact that all sciences undergo an historical development 
and are only commensurable at stages of equivalent historical matunty 
Studies of another kind have been made by E Becher 4 , Paul Oppenheim 5 , 
and even earlier by Heinrich Rickert 6 Yet we must content ourselves here 
with giving a very general characterization of the methodological difference, 
adequate for laying down a line of demarcation for practical purposes 
We find just such a distinguishing mark, adequate in practice, in the fact 
that physics employs mathematical concepts in great numbers Indeed, it is 
its mathematical character that constitutes the peculiarity of the physical 
knowledge of nature, it is the quantitative mastery of natural events with the 
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help of equations Physics has long been seen as the mathematical science 
among the natural sciences, the model of a strict natural science, and there- 
fore we can briefly descnbe physics as an exact science In establishing 
laws, physics makes quite different demands regarding precision from those 
made by biology This has even led to the physicist holding a degree of 
precision such that he demands it to be the first requirement of all knowledge 
of nature, and he is inclined to accuse biology of inexactitude But here he is 
forgetting that this degree of precision is possible only for physics For the 
time being, at least, biology cannot entertain the notion of emulating the 
strictness of physics Endeavouring to attam the degree of precision found m 
physics would only serve to blur its problems, it would be like an engineer 
wanting to take account of the phenomena of oscillation in gases m order to 
make calculations about steam-engines This is just why we cannot consider 
precision to be a special mark of the method of physics Physics is able to be 
precise only because it excludes the problem of life from its arena for the 
time being It seeks out m every phenomenon that which can be mastered by 
mathematical methods, paying for its precision by renouncing those problems 
that resist this method Therefore, precision is a true mark of the physical 
method 

To be sure, there are some exact laws m biology, and even mathematical 
concepts occasionally find application For mstance, the Mendelian law of 
heredity is quite certainly established, and even a law such as the principle 
that every individual has two parents, applicable to the higher classes of 
animals, may be called exact Yet is it only a question of a few integral laws 
which, while having been discovered, cannot be established with the same 
precision It is significant that the exact biological laws contain only whole 
numbers, they are really only an expression of qualitative knowledge that 
has been developed to the point of strict classification Thus the above- 
mentioned law of reproduction is explained in biology by saymg that a 
foreign nucleus must penetrate the female egg in order for fertilization to 
take place, but this is a quahtative piece of mformation, comparable, say, to 
the physical proposition that there are two forms of electricity The whole 
conceptual apparatus of biology is tailored with far less precision than that 
of physics Above all, it lacks the concept of a mathematical function, which 
makes changes m one quantity dependent in a regular fashion upon changes 
in another quantity Related to this is the fact that geometry plays no signi- 
ficant role m biology The few geometric-mechanical considerations that are 
used, for instance, in the anatomy of bone structure are not comparable to 
the extensive application of geometric considerations in physics For this 
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reason even the concepts of space and time have quite a different significance 
in physics than m biology Biology needs scarcely more than a workaday 
knowledge of these concepts Physics, on the other hand, has come to view 
all processes as laws concernmg spatio-temporal changes The presentation of 
world-events within the framework of a spatio-temporal coordmate system is 
specifically physical, and possesses no analogue m biology 

When we speak of the precision of physical method, then, we mean pre- 
cision in a broad sense a thorough-going application of the mental apparatus 
of mathematics, not the mere detection of some statistical relations We may 
therefore refer to the exact knowledge of nature as the goal of physics and 
designate physics as an exact natural science 

It will perhaps be objected that this difference is merely temporary, that 
biology lags behind physics in terms of historical development and may 
ultimately be able to attain a similar degree of precision This possibility 
certainly cannot be ruled out, but if biology were ever to arrive at this con- 
dition -if, for mstance, it became able to represent a living being as the 
solution of various differential equations concerning albuminous matter — it 
would no longer be different from physics Should this occur, that coales- 
cense of biology and physics would have been completed But the question 
is precisely whether this can ever succeed, whether or not living creatures by 
nature contain some element that prevents such formulations As long as this 
question remains undecided, we will regard only physics as an exact science 
The demarcation of physics as against biology is the most important 
distinction that we have to carry out Differentiating it from the other 
sciences appears much easier Most important, the problem of physics and 
chemistry appears finally to have been resolved today it is possible to say 
that chemistry is a part of physics, just as much as thermodynamics or the 
theory of electricity Here we find already completed that development as 
to which we can only express conjectures concerning biology The great 
achievement of Bohr’s theoretical model of the atom has been its ability to 
interpret chemical laws as physical Even if this cannot be earned out yet 
with complete satisfaction, its success up to the present leaves no doubt 
that, basically, the reduction of chemistry to physics has been achieved 
Today, the distinction between physics and chemistry exists only for tech- 
nical working purposes, with no fundamental significance 

The situation is similar with the sciences of astronomy, geodesy, and 
geology They, too, are natural sciences, we may not believe that, say, the 
former two, as ‘applied mathematics’, occupy a position midway between 
physics and mathematics Physics, too, is applied mathematics, m the 
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application of mathematics to natural objects we find expressed precisely 
what is characteristic of the exact sciences The characterization as applied 
mathematics is called forth by the fact that these sciences get along with 
relatively simple physical presuppositions and yet lead to very complicated 
mathematical problems, especially of a geometrical nature But since 
astronomy has of late ceased to be a science so overwhelmingly concerned 
with measurement and has inclined once agam more toward physical hypoth- 
eses, and smce the theory of relativity has revealed the physical character of 
geometry as a science of real space, we can no longer doubt that these, too, 
are basically divisions of physics and that only the division of labor justifies 
the existing separation of specialties We may, then, say that there are only 
two natural sciences today, physics and biology, these have absorbed all the 
individual disciplines, and the only question that remains, unanswered is 
whether the development will contmue m the same direction and ultimately 
also combine these two sciences into a single science 


3 PHYSICS AND TECHNOLOGY 

Technology deals with the same object nature How is it to be marked off 
from physics'? 

Technology today makes extensive use of the methods of physics It is 
not only in our time that physics and technology have progressed hand m 
hand, the same phenomenon is to be observed even in ancient times None- 
theless, we may not conclude on this basis that they are parallel sciences 
Technology is not a science at all, but the application of a science to practical 
use The more general concept, under which technology m the narrower 
sense is subsumed, is itself to be designated as technology and placed over 
against the concept of science The technological specialties mclude such 
subjects as mechanical engineering and technical architecture, but also agri- 
culture and medicine, for their ultimate aim, too, is practical application, not 
theoretical research itself, and they bear approximately the same relation 
to biology that mechamcal and electncal engineering bear to physics, they 
are, so to speak, biological technology 

For technology, science is never anything more than a resource — a power- 
ful resource, to be sure, yet never an end Technology can be forced to 
undertake scientific investigations m order to solve its problems of appli- 
cation, but it will always rest content once practical utilization has succeeded, 
and will abandon theoretical research to the scientists On the other hand, 
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technology can learn methods of practical application from science and, 
indeed, makes extensive use of these In many cases technology is indebted 
for its practical achievements to the discoveries that scientists have made 
with purely theoretical aims A famous illustration of this kind is Hertz’ 
discovery of electric waves, which came about as a consequence of Maxwell’s 
theory and later became the basis of the technology of the wireless telegraph 
Conversely, scientific discoveries have arisen out of technical problems, an 
example is the law of the conservation of energy, the discovery of which is 
due to those unfortunate mventors who tried to construct perpetual motion 
machines Nonetheless, technology treats its problems in a fundamentally 
different way from science It circumvents genuinely theoretical problems 
by means of its ‘phenomenological’ methods through these, it seeks to 
ascertain the functional relation of the variables, not by appealing to univer- 
sal laws of nature but by makmg direct measurements of objects, thereby 
obtaining a whole series of ‘material constants’ that it simply accepts as 
given Examples of this procedure are found m the technological theory of 
elasticity and in the acceptance of characteristics of, eg, electron tubes 
In this way technology fmds a function that has been empirically established 
to be quite adequate for purposes of practical application, indeed, it finds 
it more useful than the theoretical formula because it is more precise But 
for the physicist such a phenomenological formula can serve only as a 
starting point In his eyes, it is not a theoretical result, as it is for the tech- 
nologist, but just empirical material which he uses only to test out his 
theories Phenomenological measurements carried out by technology can be 
extremely useful to the physicist m that they relieve him of the necessity of 
making experimental tests Conversely, the theoretical investigations of the 
physicist may prove useful to technology when it is a question of finding a 
new material or a new procedure that frames the empirical constants in a 
more advantageous manner With the help of the theoretical connection 
discovered by physics, the technologist is then able to establish the direction 
his modifications must take what substances he must use, say, to alloy 
steel, or how he should alter the electrode dimensions in a vacuum tube 
He would never reach his goal by means of experimentation alone, but 
requires an anchor for the direction of his alterations To be sure, he does 
not usually employ the physical theory in its quantitative form for such 
purposes, he uses it more as a qualitative guide, adding, at the most, dif- 
ferentiations of degree In making the ultimate choice of the new procedure, 
he will revert to phenomenological methods, taking the various charac- 
teristics one by one and testing them out Thus the very cases where the 
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technologist makes use of physics display his specifically technological 
orientation 

The difference between physics and technology is not a difference be- 
tween types of science but one of a more profound sort, involving the ulti- 
mate valuation that determines the aim of the activity That unconditionally 
given and ineradicable interest that the scientist has m knowledge of nature is 
not the overndmg influence for the technologist He is corlcerned with action, 
not knowledge, with the mastery of nature, not observation A glance at the 
fundamental onentation of typical representatmes of science and technology 
makes this difference immediately evident It can be so extreme that the one 
type completely fails to understand the other, 1 e finds his goals incompre- 
hensible In the average person, to be sure, the two tendencies will be more 
or less combined Thus the engineer will repeatedly experience moments 
when a theoretical interest catches him by surprise at his work, leading him 
into what are technologically totally unfruitful investigations that only 
benefit science And on the other hand, the scientist will from time to time 
see the practical utility emergmg from a new discovery and pursue it even 
though it offers nothing new to the understanding of the phenomenon at 
hand It is never to be expected that the theoretically distinct human type 
will be found m a pure form in individual persons, and it will in general be 
advantageous for the particular work of any one person if he combmes 
vanous tendencies within him With technology in its present state of com- 
plexity, an engineer who does not possess a goodly quantity of theoretical 
interest will not be well suited to the discovery of new technological paths 
Conversely, the physicist sensitive to technology will excel in his experi- 
mental methods 

These remarks apply to the discipline of technical physics, a concept we 
hear mentioned today and which we find already existing in the academic 
curricula It stems from the fact that technology, having had a glimpse of 
new discoveries in the theoretical sciences that beckoned it on to techno- 
logical application, at the same time faces the necessity of improving its 
past methods with the help of theoretical insights Both facts encourage 
a thorough knowledge of physical science, yet they equally encourage the 
establishment of a goal directed toward technology The former demands 
the ‘preparation* of the new discovery for technology, 1 e , its phenomeno- 
logical examination for the purpose of increasmg its achievements The 
latter calls for ‘theoretical instinct’, m order to predict the direction to be 
taken by new experiments Important, then, as technical physics is, and 
develop as it may from sociological necessity — for it requires a new form of 
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union between scientific knowledge and technological goals - it is, after all, 
by nature technological and not scientific This comment is not intended to 
be demeaning Quite the contrary , the achievements of technology will fill 
the physicist m particular with admiration, for he can see in it a completely 
different way of thinking and a different kind of use of the scientific tools 
from that to which he is accustomed Yet clarity of conceptual definition 
demands a strict separation, and we will be unable to pay further regard to 
technical physics m the remainder of this investigation 


4 PHYSICS AND MATHEMATICS 

There is one last problem of demarcation, that of drawing the boundary 
between physics and mathematics Clearly mathematics is not a branch of 
technology, but a science, for it aims at knowledge When we observe the 
close intertwining of these two sciences, the separation of mathematics 
from physics may appear dubious Historically, mathematics has developed 
through tackling problems of geodesy and astronomy, that is, physical 
problems, and again and again the posing of such problems has proven im- 
mensely fruitful for mathematics, we need think only of potential theory 
Conversely, physics has been greatly advanced by means of mathematical 
discoveries, as is demonstrated by the introduction of the infinitesimal 
calculus, among other examples Are we faced here with a mere working 
distinction, is it possible that physics will some day be absorbed as a sub- 
disciplme into mathematics, just as physics itself has absorbed the other 
sciences 9 

In this connection we are likely to think of the development of the 
theory of relativity mto a world geometry, yet it would be quite erroneous 
to interpret this development as signifying a fusion of physics and 
mathematics The general theory of relativity by no means turns physics 
mto mathematics Quite the opposite it brings about the recogmtion of a 
physical problem of geometry This interpretation will be more precisely 
worked out in Section 15 of this essay For the present, we are merely 
investigating the relation between the two sciences in general Further on, 
we will discover m the relativistic solution of the problem of space a con- 
firmation of the strict separation that we are simply asserting here 

Although both mathematics and physics are sciences, the difference 
between them is fundamental, and we must put it down as quite impossible 
that it will ever disappear For mathematics is not a natural science at all 
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It undertakes investigations quite independently of whether they bear any 
relation to reality, it is a purely logical science [Denkwissenschaft] , in which 
the concept of experience plays no role There are no experiments in math- 
ematics, all diagrams and models are merely visualizations, and, unlike obser- 
vations, they are not the factor determining acceptance or rejection of a 
suspected law, but simply serve as aids to logical thinking, helping it to make 
the decision with its own faculties Thus the problem of perception plays no 
role in mathematics, nor does mathematics face a ‘problem of the external 
world’ Mathematics does not impart to us any substantive information about 
things that have reality outside ourselves 

For this reason, mathematics is faced with quite a different problem con- 
cerning unification or fusion the question of whether it will be fused with 
logic Today, after the publication of Russell and Whitehead’s Pnncipia 
Mathematica 1 and after Hilbert’s investigations of axiomatics, we can regard 
this question as decisively answered mathematics has become a part of 
logic — that part, in fact, requiring particularly broad development for use 
in our knowledge of nature Logic, however, is the normative science of 
thought It teaches us what is correct for thinking, but nothing about the 
world of experience 

This is true, with but a single qualification The world of experience, too, 
must make use of the laws of logic, nothing can be admitted as correct m 
this world that contravenes logic To this extent, then, logic teaches the 
formal structure of experience, but it teaches nothing as to the content of 
experience Logic teaches what can and what cannot be, but it does not 
teach us what is Therefore logic, and with it mathematics, is the science of 
possibility , whereas physics is the science of actuality Here lies the profound 
and unbridgeable difference between physics and mathematics — and herein, 
too, the great significance of mathematics for physics 

For here we uncover the reason that mathematics has become the great 
intellectual machine of physics physics needs, for purposes of method, a 
science of formal laws The achievements of mathematics m this respect go 
in two directions On the one hand, it shows physics to what extent the 
observed case is only a special case, it teaches the physicist how to work 
out more general possibilities and consequently to look for extensions of 
his experiments that are free of the limitations of the special case Thus 
physics, by observation, found the law of the conservation of areas to hold 
for forces that decrease according to the square of the distance, but math- 
ematics teaches that this principle holds quite generally for central forces 
As a result, certain problems of the atomic model can now be treated with 



48 METHODS OF PHYSICAL KNOWLEDGE (1 929) 135 


the assistance of the law of areas, although only the more general pre- 
supposition concerning central forces applies to it Take another example, 
although for a more precise proof we must again refer to Section 15 Math- 
ematics teaches us the possibility of non-Euclidean geometries, and physics 
derives from this the consequence that Euclidean space is really to be found 
only under certain restricted conditions while non-Euclidean geometry holds 
everywhere else In this instance, the mathematician shows the general 
possibility, but this is not always the case Usually the physicist himself 
commences the investigation with the assistance of mathematical consid- 
erations Ordinarily, the mathematician is not sufficiently familiar with the 
problem of physics to spot the direction in which the generalization should 
be made with a view to physical success The other direction, taken by 
mathematical work, consists in finding out what is compatible with certam 
given presuppositions This is the true process of constructing physical 
theories An hypothesis is posed what sort of facts are to be deduced from 
it 9 In this way mathematics establishes a logical relation among facts on the 
one hand, it teaches what sort of facts are to be deduced from given facts, 
and on the other, what sort of facts cannot be hypothetically accepted, given 
a certain system of observations Mathematics teaches all this quite inde- 
pendent of the facts, this is precisely its function as a science of possibility 
Nonetheless, it is most efficient for such deliberations that mathematical and 
physical work be united in one person, for it requires a special instinct to 
guess what facts are capable of being brought into a mathematical relation 
Purely mathematical testmg will not be helpful This explains the current 
development of the profession of the theoretical physicist, which illustrates 
once again that professional activity can require the simultaneous occurrence 
of two theoretically separate interests in a smgle person The ultimate aim 
of the theoretical physicist is, to be sure, the ultimate aim of physics, 1 e , 
knowledge of nature The separation of experimental from theoretical physics 
is no more than a working arrangement within physics The combining of 
mathematical and physical work in a smgle person is no proof that the two 
sciences are not logically separate Mathematics is the intellectual tool of 
physics, it teaches what is permissible and what is forbidden, but never what 
is physically correct 

The intimate relation between mathematics and physics may in the end 
be regarded as a proof that these two forms of science are permanently 
separate There is no other science with which physics is so closely inter- 
twined as it is with mathematics, biology, chemistry, and astronomy have 
never had for physics as a whole the universal significance possessed by 
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mathematics Nonetheless, these two sciences have not, up to now, grown 
together For this form of entanglement is possible precisely because math- 
ematics is not a natural science, because it makes no material assertions 
regarding the objects of physics, teaching only the rational relations to which 
our knowledge of nature must conform It is in the interplay between pos- 
sibility and actuality that a knowledge of nature is acquired In discovering 
possible processes, we learn to understand the peculiarities of the actual 
processes, and in excluding impossible processes, we learn to infer others 
from given facts That is why mathematics is the universal instrument of 
physics, and also why the description of physics as the mathematical natural 
science constitutes its most precise characterization 

With this we conclude our observations regarding the demarcation of 
physics from the other sciences The following investigations will concern 
physics only, analyzing more precisely the process of physical research 


5 PERCEPTION 

The characteristic quality of physical knowledge shows up most clearly in its 
delineation from mathematics physics treats of objects that have their 
particular form of existence independently of the knowing person The means 
whereby we come to have knowledge of these object is perception Sense 
organs are our key to the external world, and all physical knowledge begins, 
therefore, with perception 

This point appears as complicated and puzzling m the light of philo- 
sophical scrutiny as it appears simple to naive thought In what follows, we 
will go into the questions related to the problem of perception 8 

If we subject perception, as used m science or in daily life, to a more 
intense scrutiny, we soon notice that it is never ‘pure’ perception We say 
“The ammeter indicates a current of 2 4 amperes” or, more simply, “There 
is a house”, and call this a fact established by perception But a little thought 
shows that this statement asserts far more than perception actually teaches 
It is not m the least true that perception reveals a current of 2 f 4 amperes it 
can at the most be asserted that the pointer on the mstrument stands at the 
number 2 4 If we assert something about the current above and beyond that, 
the assertion contains a theory extending beyond perception It is basically 
the same with the assertion about the house If we had not already often 
had this perceptual image and learned that it can be taken as evidence of the 
presence of the thing we call a house, we could not in any way arnve at the 
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assertion, ‘There is a house ’ This assertion, too, already contains a theory, 
goes beyond what is given in perception And this consideration leads us, in 
turn, to make a second correction in the first example We said the only 
fact we could assert on the basis of perception was that the pointer of the 
instrument stood at 2 4 - but we cannot even regard this as a fact of per- 
ception Here, too, all that we directly possess is a single perceptual image, 
which we can interpret as an image of such things as a pointer, instrument, 
or number 2 4 only because certain experiences have justified us in so doing 
This assertion, too, then, embraces a theory extending beyond perception To 
be sure, it contains a significantly lesser degree of theory than the assertion 
regarding current, being roughly comparable to the assertion about the house, 
l e , it contains no scientific theory, but only the ‘theory of daily life’ This 
certainly is only a difference of degree Thus even the very elementary facts 
of perception that are at the basis of reading the measuring instrument and 
contain no genuinely physical theory are nonetheless not ‘pure’ facts 

We can demonstrate these relations by ranking the facts First -level facts 
are the facts of daily life, to them belong our examples, ‘There is a house’ and 
‘The pointer stands at the number 2 4 ’ Second-level facts are the data given 
by the measuring instruments, for mstance, ‘The ammeter indicates a current 
of 2 4 amperes ’ We can easily progress to higher and higher levels If, for 
mstance, m order to ascertam a certain quantity, we use a complicated 
correction formula that itself is a correction of a datum, obtained from a 
measuring mstrument, that has been interpreted as a second-level fact, we 
then have a third-level fact An example would be the weight of a body as 
mdicated by scales, where the correction is made with respect to a vacuum A 
fact of a still higher level is, e g , the discovery of a spectrum The so-called 
facts of experimental physics are all of a higher level At the most, they 
descend as low as the third or second level, but the first level is scarcely 
mentioned 

Yet we found that not even the facts of the first level are ‘pure’, and there- 
fore we must search for zero-level facts , as we would like to designate pure 
facts These zero-level facts are obviously the immediate perceptual 
expenence themselves, they take the form, e g , ‘Now [there is] blue’, 
‘Now [there is] a bang’, or ‘Now [there is] a triangle* The contents of 
perception described in these sentences are called sensation This word 
usually suggests at the same time the expenence of self, an ego-expenence, 
and we formulate the expression correspondingly, ‘I hear a bang*, etc. How- 
ever, this second formulation goes somewhat further To be sure, it is always 
correct if the first one corresponding to it is correct, but it asserts something 
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different, for it contains the term T, and therefore an assertion about the 
T The mere report of sensation does not contain this, and that is why we 
choose the first formulation, essentially it is the appearance of the term 
‘now’ that cannot be omitted in reporting the experience of a sensation 

One vital mark of perception is that it is not subject to our will I can 
conjure up a mere image of a house by means of my own will, but not the 
perception of a house 9 In the act of perception I am only an observer, 
accepting as given the colour or figure that is seen That we distinguish our 
active from our passive posture is a fundamental fact that we will discuss 
further m Section 6, it is essentially connected with our belief in the exist- 
ence of things independent of ourselves 

Although we omit the term T from our formulation of perceptual ex- 
perience, the aforementioned examples are to be regarded solely as a 
descnption of sensation, not as an assertion about the objective cause of 
sensation The statement ‘Now [there is] a bang’, does not signify that a 
bang is takmg place m the air, for the assertion would also be admissible if 
the auditory nerve were properly stimulated by some other means, e g , by 
means of an electric current It certainly is not false m that case But if, 
by a bang, we mean an occurrence in the air, then the given assertion be- 
comes a first-level fact, as a zero-level fact it applies equally to the case m 
which a vibration takes place in the air and that of electrical stimulation 
of the nerves It is just here that we can see how a process of mference can 
lead from a zero-level to a first-level fact, and how even this step can be 
false The so-called sensory illusions all find their roots here For mstance, 
the same water is judged, upon insertion of the hand, to be cold or warm, 
dependmg upon whether the hand has been dipped in warm or in cold water 
beforehand In this situation, the zero-level fact is the correct assertion 
that the one sensation signifies ‘cold’, the other ‘warm’, what is false is 
only the inferred fact of the first level that these differences of sensation 
correspond to a difference in the objective temperature The zero-level facts 
are completely certain simply because they do no more than report sen- 
sations 

But at the same time we recognize that this certainty is of no use to us, 
for neither in science nor m ordinary life can we get along with nothing 
but zero-level facts, we must always make the transition to higher-level 
facts Since, as a result, we have very little to do with zero-level facts, it 
require some practise to draw these facts out from our complex perceptual 
experience This experience itself usually skips over the chain of inference 
and accepts the first-level facts as completely certain This is what makes 
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sensory illusions so striking Also related to this is the fact that the contents 
of the experience of sensation can actually be altered by means of additional 
knowledge concerning the objective state of affairs For instance, we judge 
the brightness of an illuminated wall differently when we are able to estimate 
its depth Psychologists have very precisely investigated these relations, but 
it is clear that such investigations prove nothing opposed to our epistemolog- 
ical reflections, and serve only to uncover the psychological complexities of 
the process of judgment 

Our deliberations show that knowledge of nature, with the help of per- 
ception, is a process that cannot come mto being solely by means of percep- 
tion Perception is but the key to knowledge of nature, this knowledge itself 
is a path branching out m many directions that begins behind the unlocked 
gate We are led along this path by theoretical thinking This will become 
still clearer when we consider the whole system of scientific thinking with its 
convoluted mental constructions Science can even be described as a meth- 
odical working up of perceptual contents mto theories In the process it 
progresses to facts of ever higher levels, as, for instance, to the assertion that 
matter consists of atoms, or that for every genuinely mechanical motion a 
particular function of the parameter becomes a minimum, compared with 
certain other motions Such assertions are usually called theoretical know- 
ledge and are contrasted with perceptual knowledge But our presentation 
demonstrates clearly that the difference is only one of degree and that it 
would be completely wrong to designate such assertions as ‘fictions’ or ‘mere 
theories’ They are basically gained in the same way as the so-called percep- 
tual facts Not only higher knowledge, but all knowledge of nature, without 
exception, is founded upon the mteraction of perception and reasonmg 


6 THE PROBLEM OF RE ALITY 

Our investigation of perceptual knowledge led to the isolation of zero-level 
facts as experiences of sensation With this separation the division into an 
‘internal world’ and an ‘external world’ is given, and the question arises 
what right we have to infer the existence of things outside ourselves from 
sensations. 

We begin by establishing a point that is independent of any metaphysical 
assumption All physical knowledge is found by means of a mental construc- 
tion that is connected with perceptions, and its experimental test, too, 
consists in the last analysis in the experiencing of certain perceptions Thus 
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it establishes a sequential relation between perceptions, the assertion of 
which can basically be wntten in the following form ‘If a certain perception 
a\ occurs, then a certain perception a 2 will also occur ’ If we write this 
implication 10 with the symbol ‘-9-’, the proposition will then take the form 

a i -3-02 


Generally this form of notation is possible only when the a\ are already made 
up of combmations of temporally successive or simultaneous perceptions, 
this possibility must therefore be included m our notation We must further 
bear in mind that, even with this extension, the individual implication does 
not exhaust the given physical knowledge, rather, a whole series of such 
implications must be enumerated 

When we search m an example for the a[ that belong to a physical pro- 
position 0 , we set out from a Nonetheless, from the epistemological stand- 
point, the relation is just the other way round, for the a[ are all that is given, 
and a has to be constructed out of them For this very reason it must be 
basically possible to exhaust a by means of a series of implications between 
perceptions To begin with we shall disregard the fact that a conclusion is 
involved, in any case, we may establish the more modest claim that the 
cognition a is unambiguously coordinated with a series of such implications 
Coordination will be symbolized by a double arrow We can then symbolize 
the relation as follows 


a*-* 


a[-B-a f 2 ' 

r — ^ t 

&2n - 1 ~^~ a 2n 


(la) 


If we abbreviate the propositional system on the right by using the symbol 
V”, we can also symbolize it as 


a^-^a (lb) 

Here we can think of a as being made up of elements a l9 the things, just as 
a is made up of elements a[ On the left there is an ‘external’ assertion, on 
the right, the a\ contain only perceptions, that is, zero-level facts, so that 
the right-hand side is of an ‘internal’ nature With the help of this relation , 
every proposition concerning objective things can be transcribed into an 
assertion about perceptual experiences 

If, for example, we take as a the statement, ‘Matter is made up of atoms’, 
then the a[ are the perceptual experiences of the chemist when he checks 
out the chemical combining weights, of the physicist when he makes 
radio-active experiments, etc Of course, these perceptual experiences have 
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nothing to do with the atom directly, they are not, as it were, ‘pictures’ 
of the atom Rather, they directly present only measuring instruments, 
spectral lines, luminous streaks of mist, etc , and yet these things, too, are 
not the a' ti but only the first-level objects that correspond to them The 
atom, on the other hand, is a higher-level object relating to the same per- 
ceptions In this example the proposition a is not itself an implication, but 
this fact is immaterial, for it could as well be an implication, such as ‘If an 
electnc current is flowing, a magnetic field is created ’ On the other hand, 
the right-hand side must always contain implications if a proposition stands 
on the left 

There can remain no doubt that this coordmation is universally applicable 
For if a proposition a existed that could not be coordinated m this way with 
a system of propositions a\ then this proposition could assert the existence of 
a state of affairs with no consequences susceptible to experience, but natural 
science makes no such assertions Whether or not philosophical systems have 
always accepted this basic principle can be left an open question, natural 
science, at least, has always employed it, using it at critical moments as the 
very definition of what is to be regarded as a ‘meaningful assertion about 
nature’ Emstein’s development of relativistic thought rests upon this funda- 
mental pnnciple, and more recently, Heisenberg has demonstrated a similar 
pomt of view regarding the determination of the concept of an electron 
(cf Section 24) We will, therefore, accept as confirmed the feasibility of 
coordination (1) 

The significance of these considerations is that, in opening up for dis- 
cussion the interpretation of the double arrow in (1), they make possible a 
sharper formulation of the problem of reality Two conceptions emerge as a 
result 

Positivism interprets relation (1) as equivalence [identity] , replacing, the 
double arrow by the identity symbol =’ 

According to this readmg, the meaning of every ‘external world proposi- 
tion’ a is given exhaustively by a system a of ‘internal world propositions’, 
which nds us of the problem of a special thmg-like [objective] existence 
Natural objects can then be obtained by means of ‘constitution’, by which is 
understood the process of defining a ‘higher-order construct’ [Gebilde] by 
means of propositions about ‘elements’ (which may in turn be ‘lower-order 
constructs’) which are such that every proposition concerning the construct 
is capable of being transformed into a system of propositions about the 
elements Positivism simply defines the term construct by this process of 
coordmation In order to understand this concept, which grew out of 
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mathematical logic, we must note that, e g , the classes or sets in Russell’s 
system of logic are constructs m this sense Nonetheless, they are, of course, 
only special constructs, and many complex constructs can also be defined 
This process of constitution can be applied to the elements a t of a, i e , for 
natural objects, they are defined as constructs from a[ by means of the 
coordmation (1), conceived as an equivalence relation The natural object is, 
then , a \ perceptual construct 9 This conception of the object originated 
principally with Mach 11 More recently it has been substantially sharpened 
by Russell 12 , who believes the concept of a class to be the only one required, 
and by Carnap 13 , who uses the term ‘logical complex’ in place of ‘construct 5 
Realism , on the other hand, does not permit the relation (1) to be treated 
as an identity On this view, the left-hand side has an additional meaning, 
which consists in the assertion of existence The proposition that objects 
exist mdependently of us is held not to be exhausted by a proposition about 
perceptual experiences, but to contain, mstead, an independent and indefin- 
able basic concept, that of existence This idea can be interpreted, in a some- 
what abbreviated form, as the claim that perceptibility [the ability to be 
perceived] is the criterion of existence, but not its definition This inter- 
pretation of the concept of existence is contained in many philosophical 
systems, even though they may largely contradict one another in other 
respects, for instance, the Kantian idea of the ‘thing in itself can be inter- 
preted m this way, but so, too, can Schlick’s realism 14 “ 

It must be admitted that, with the mstruments of science alone, we cannot 
decide between the two conceptions We cannot, for instance, show by means 
of experiments that objects exist in the sense claimed by realism, for the 
ultimate data offered by experiments are themselves only perceptions, and 
the problem of interpretation exists for these perceptions m the same sense 
as for all other perceptions Nor is it possible to prove realism by appealing 
to past experience and showing that, heretofore, the existence of real thmgs 
has been assumed without encountermg contradictions, for the same exper- 
iences can just as easily be interpreted to favor the positivist interpretation. 
The question here is not at all whether the objects of the external world 
really exist , but rather what we really mean when we assert their existence 
Things exist just as much for the positivist as they do for the realist, yet the 
former is of the opmion that the concept of existence is a reducible concept 
that can be traced back to perception and its lawfulness 

If, then, it is an error to present realism as a necessary foundation of 
natural science, it is, m turn, just as mistaken to construct a special concept 
of existence, applicable only in science and different from the workaday 
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concept of existence Positivist reasoning has sometimes been construed 
as giving the ‘more abstract objects’ of science, such as the atom or the 
electric field, a special kind of existence different from the existence of 
the ‘concrete things’ of ordinary life, such as a house or a telescope The 
atom has been called a ‘conceptual construct’ that science has introduced 
simply as an abbreviation of its mode of expression and without ever bemg 
able to prove its existence The error in this conception is quite apparent 
either we interpret the relation (1) as an identity or equivalence, m the 
sense of positivism — and then the house and the telescope are ‘conceptual 
constructs’, ‘logical complexes’, m the same sense as the atom — or, follow- 
ing realism, we interpret the concept of existence as an unanalyzable basic 
concept — but then the atom is just as real as the house and the telescope 
That these two lands of existence are of the same kind is epistemologically 
provable This idea has profound consequences, it shows that natural science 
is justified m assuming the existence of things that are not as accessible to our 
senses as the objects of daily life The philosophical schools that dispute this 
idea err less m their interpretation of scientific inference from perception 
to object than in their conception of the existence of ‘concrete things’, for 
they overlook the fact that these objects presuppose the same process of 
inference 15 

The objection of the realist to positivism rests upon the complication of 
the concept of existence that is caused by the constitution theory of positi- 
vism The positivist can formulate the existence of constructs only by means 
of a peculiar twist in the interpretation of the concept of existence which he 
uses The existence of constructs can be interpreted in two different ways 
Let us take, as an example of the first kind, a wall that is constructed out of 
bricks It is a construct, for every proposition concerning the wall can be 
replaced by propositions concerning the bncks The wall is, of course, not 
the mere ‘sum’ of the bncks, just as its monetary worth is not given simply 
by the sum of the monetary value of the bncks Rather, it bears to the 
bncks the complex relation of propositional coordmation Yet in one respect 
the wall is ‘similar’ to the bricks, its spatio-temporal position is given exhaust- 
ively by that of the bricks To be sure, there are small gaps between the 
bncks, so that they do not solidly fill up the whole of the spatial area 
assigned to the wall Nevertheless, this spatial area is determined by the 
spatial area of the individual bncks, the wall is ‘in the same place 5 as the 
bncks The same thing is true of the temporal duration of its existence Of 
course, the wall can be dismantled in such a way that the wall no longer 
exists, whereas the individual bncks do, conversely, the bncks can be 



144 


PHILOSOPHY OF PHYSICS 


individually replaced and destroyed, so that the wall exists longer than any of 
the bncks Yet it is true to say that as long as a brick is an element of the 
wall, its temporal situation is identical with that of the wall Let us call 
constructs the spatio-temporal position of which is directly determined m 
this sense by the spatio-temporal positions of their elements coincident 
[artgleich] with their elements 

But the existence of objects as constructs from perceptions, as taught by 
positivism, is of quite another sort Perceptions exist for only a few moments, 
like the perceptions from which we infer phenomena lymg m the historical 
past, they may even occupy a completely different temporal position from 
the object that they construct That is why the object, as a perceptual con- 
struct, is not comcident [artgleich] with its elements For instance, if we 
accept as the elements of the construct ‘house’ the perceptions of this par- 
ticular house that I have experienced during my hfetime, we cannot assign to 
this ‘house’ the temporal position of its elements If, perhaps, we wished to 
say that the construct exists so long as at least one element of it exists, then 
the construct — that is, the house — would not exist during the intervals 
between the individual perceptions of the house, and would also not exist 
any more after my death The proposition that the construct ‘house’ exists 
even when I do not see it or when I am no longer living takes on quite a 
different form m positivism It is not formulated as a proposition about the 
temporal position of the constituent elements, but is transposed into pro- 
positions about the material [inhalthche] qualities of the elements and their 
regular [ gesetzhche] order Thus the proposition that the house exists even 
when I am not looking at it is expressed by means of a regular connection 
in the form of an impb cation if I have these particular perceptual exper- 
iences (of the garden, say) and this particular sensation of the position of 
my head, then there will occur a perceptual experience of the house And 
the proposition that the house already existed one hundred years ago is 
expressed m the form my perceptual experiences of the house stand in a 
certain regular connection with other perceptual experiences, for instance, 
those I have while reading the land register This regular connection between 
present experiences defines what is meant by ‘existence one hundred years 
ago’ In this way, the positivist must transcribe the proposition that the 
house existed at a certain time The house does not exist at the same time 
as its elements; the object as a construct is not coincident with its elements 
[but is of a different type ( artverschieden )] 

This transcnption can certainly be carried through without contradiction, 
but it has the effect of completely transforming the meaning of the concept 
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of existence The realist can thus rightly object that the positivist’s concept 
of existence for natural objects does not possess the direct meaning that 
we associate with existence While the positivist employs this direct concept 
of existence for elements , he rejects it for constructs [Gebilde] the positi- 
vist’s concept of existence is a construct even for natural objects , not a basic 
concept We cannot prove that there is only one type of existence — that 
everything which exists, exists in same sense and that differences in ‘levels of 
existence’ are possible only m the sense of element and comcident construct 
If we were to prove this, the conception of objects as constructs from per- 
ceptual expenences would be refuted, as it presupposes the acceptance of a 
construct not comcident with its elements, yet without the presupposition of 
the identical nature of all existence no such proof can be given Thus the 
positivist is preserved from contradiction so long as he questions the claim 
that every construct must be comcident [artgleich] with its elements 

But at this point, the realist appeals to immediate evidence He holds it to 
be absolutely necessary to grant to the existence of physical objects the same 
immediate and direct meaning as the existence of expenences He considers 
existence to be an unanalyzable basic concept that, like certain fundamental 
concepts of logic, must be discerned as meaningful, and that possesses the 
same meaning for every existing thing, and is not capable of bemg construc- 
ted He believes the statement, ‘Objects exist in the same sense that I and 
my expenences exist’, to be a meaningful proposition that it is absolutely 
impossible to reject, while the positivist must declare this statement to be 
meaningless 

The establishment of this concept of reality rests principally upon the 
distinction between perceiving and imagining [ Vorstellung) mentioned in 
Section 5 The passivity of perception is in the end a merely qualitatively 
charactenzed expenence that any normal person undergoes intuitively, it 
is through just this expenence that perception takes on for him the meaning 
of an ‘announcement’ of objects existing independently of him To be sure, 
some thinkers have disputed this, attempting instead to establish the difference 
between perceiving and dreaming or hallucinating solely by means of dif- 
ferences m their sequential regularity According to this conception, the 
equatmg of the two would lead to contradictions m the relation between 
experiences For mstance, if the hallucinating wanderer m the desert takes 
the dream-like expenence of a water-hole for a perception, he will recognize 
his error when he discovers that the implication, ‘The experience of water 
and dnnking is followed by the expenence of quenched thirst,’ fails to 
apply Yet we can imagine a ‘consistent hallucinator’ who always produces 
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hallucinations that do fulfill implicative connections - whose thirst, in our 
example, is really quenched Such a person will process his experience in 
the correct logical order, if we nonetheless consider him sick and reject his 
dream world as being unreal, our only justification can be the qualitatively 
experienced difference between perceiving and imagining that the healthy 
person accomplishes intuitively 

For the hallucination or the dream image is to be differentiated from 
perception because, m them, the will is the determinant, albeit usually 
unconsciously so, because the knower plays not a passive but an active role 
If the applicability of a perceptual implication is to be mterpreted as con- 
firmation of a suspected regularity, it is essential to presuppose that the 
expectation of the future perception will not in any way influence its coming 
into being That it is difficult to free ourselves totally from such an influence 
is well known Every experimental physicist or astronohier knows, for 
example, that it is advisable to write down numbers read off from obser- 
vations before he has an opportunity to realize how the calculations based 
upon them will affect the expected result Hallucinations and the wishful 
fantasies of the sick are extreme cases of the dependence of experience upon 
our expectations, and this is precisely why they cannot be accounted as 
perceptions, as reports from the external world The influence of expectation 
is not always readily apparent, and modem psychology has shown that even 
normal perception is influenced throughout by expectation and desire to a 
far greater extent than we ordinarily believe If, then, we require psycho- 
logical methods, i e scientific knowledge, to obtam ‘pure perception’, we 
are nonetheless dealing with a difference that can in the end be only qual- 
itatively characterized, that requires an insight It is upon this insight that 
the distinction between the world and the self [Ich] is grounded 

We therefore cannot accept the frequently presented view that the distinc- 
tion between perceiving and imagining can be earned out simply with the 
assistance of the lawful connections that have been constructed for them It 
is only occasionally that the healthy person can make use of the regular laws, 
as a standard against which to check an uncertainty m this distinction We 
sometimes ask ourselves, for instance, whether the bell has really rung and 
then go to the door and decide, upon failing to perceive anyone standing 
there, that our experience was not a genuine perception In general, however, 
we must assume this distinction as given, for otherwise, the problem of 
ordering our expenences would be indeterminate If we observe the pro- 
cedure actually employed in acquiring knowledge, it is difficult to maintain 
the possibility that, along with ascertaining the regularity within perceptions, 
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we can also accomplish the separation of perceptions from other experiences 
without a greater store of ‘initial distinctions’ 

We do not propose to lay down here all the details involved in the decision 
between positivism and realism Let it simply be noted that a number of 
other weighty arguments against positivism can be enumerated and that the 
author has decided m favor of realism On the other hand, positivism and 
realism can to a considerable extent run a parallel course In particular, the 
realist can adopt the idea of the process of constitution, 1 e , the definition 
of constructs by means of coordinating propositions Yet this idea does not 
lead him to a theory of objects , but to a theory of concepts 

What is a concept? That concept and object are to be distinguished from 
one another has been clear for a long time Concepts are coordinated with 
but are essentially different from objects But if the problem of the existence 
of objects is shrouded m darkness, the problem of the existence of concepts is 
very much more so If a concept is not an object, how can it exist? Ever smce 
the time of Plato, this difficulty has given rise to the idea of a special sphere 
of existence for concepts, concepts, it is said, exist in the ‘ideal’ or ‘con- 
ceptual’ sphere The danger contained in this conception is that it attempts to 
solve the problem of concepts by means of an analogy, a blurred image It 
is, m fact, impossible to say what is meant by the spatial image of this sphere 
or in what sense the term ‘existence’ is used in this context We wish to show 
that the constitution theory is able to provide a better answer 

It is quite certain that concept and object have no internal similarity 
The concept is merely coordinated with the object, is a sign [Zeichen] 
This symbolic interpretation of concepts has been emphasized of late, 
especially by Schlick 16 and by Hilbert 17 , who in the course of his logical 
investigations corned the motto, ‘In the beginning was the sign 5 But what is 
a sign? If we were to mtroduce a special form of being for signs, we would 
simply be reintroducing the murky notion of the idealistic theory of 
concepts 

We therefore put forward another interpretation, viz , that, to begin with, 
signs are also nothing but [physical] things In fact, every sign that we use is a 
thing The written sign is a material construct composed of particles of pencil 
lead, the spoken word is a material occurrence made up of vibrations of 
sound, and similarly, a banner is a sign of certain attitudes, such an object 
acquires its meanmg as a sign only by being coordinated with another object 
There is, then, nothing to prevent concepts from bemg things even though 
they are signs 

But what sort of thing? It is at this point that the theory of constitution 
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comes into play With the right side of (lb) we can coordmate an equivalent 
assertion a* 

a* = a (2) 

a * is, m turn, coordinated with a in such a way that, to every element of a x of 
a, there corresponds uniquely an element of a* of a * , so that 

a < — *a* ( 3 ) 

The difference between thus formula and (lb) consists m the univocal nature 
of the coordination, which is attained by means of the fact that (2) carnes 
out a transformation of a' While the elements a[ of a are experiences, the 
elements a* of a* are experiential constructs , that is, summaries of a[, and 
because of the univocal character of the coordination (3), the af are pre- 
cisely what we call concepts Here the equivalence of type [Artgleichheit] 
between expenential constructs and elementary experiences is admissible, 
for the concept exists at the time of the experiences, not at the time of the 
objects 

For example Let a be the assertion, ‘The table is rectangular’, then a is 
the system of assertions of the form, ‘When I see “a plane with legs”, I also 
see an “oblique parallelogram” \ ‘When I sense gliding around the edge, I 
sense “corner” four times’, and so forth In contrast, a* is the assertion, 
‘Whenever I find the expenential complex “table” to be realized, I also find 
the experiential complex “rectangular” to be realized ’ 

We have now reached a theory of concepts concepts are constructs out of 
perceptions that are defined by means of the propositional coordination (2) 
Concepts have existence, just as do all complex psychic experiences, and thus 
are objects, they exist as long as the person thinking about them exists, 
mdependent of the temporal position of the object coordmated with them 
They receive their significance as signs by means of coordination (3), which 
establishes a mediation between the totality of all objects and these special 
objects As clarification, we could consider the image of a map that is spread 
on the ground somewhere in the country that map depicts , it coordinates all 
the points m a large spatial area with a small selection of them 

If the way in which we sharply separate concept and object makes us 
appear closer to traditional philosophical views than to positivism, we none- 
theless adopt, as does positivism, the idea of constitution that has grown out 
of mathematical logic The superiority over older theories of the theory of 
concepts thus attained consists m its taking propositions as primary and 
concepts, in contrast, as something secondary that is defined only by means 
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of propositions Concepts have no meaning by themselves, but only in con- 
junction with propositions In this change in the relation between concept 
and proposition, we can observe one of the most important results of math- 
ematical logic Its relation to ‘Gestalt theory’ is unmistakable Propositions 
are of a ‘gestalt character’, they are not constructed by joining elements 
having an isolated existence and lacking any gestalt character, 1 e , concepts, 
but the other way around Concepts are defined through their relation to 
gestalt-like elements, 1 e , propositions 18 

On the other hand, even if positivism shares the logical benefits of the 
method of construction with our form of cntical realism, we must never- 
theless describe its conception of the equivalence of the propositions a and a* 
as an identification of object and concept 19 This is perhaps the most obvious 
reason for our rejection of positivism For only by means of this sharp distinc- 
tion, it appears to us, can the fact that the objects of nature have an exist- 
ence independent of our experiences be exhaustively formulated We cannot 
abandon the primitive concept of existence employed in daily life, indeed, it 
seems quite impossible to call this primitive concept of existence into senous 
doubt It is, rather, a question of implementing this concept consistently 
Admittedly, some work remams to be done m this regard If existence 
represents a coordination with concepts, then it must be possible to coordinate 
some object with every concept that is legitimately introduced Yet a feeling 
for language sometimes calls for distinctions that are not always tenable 
We dislike calling a light ray a genuine visual image, an object [Ding] - still 
less, giving this name to a temperature or an electric current If we examine 
the reason for this, we find that our sense of language attempts to do justice 
to the logical distinction between element and relation, attributing existence 
to the first but not to the second Here the philosophical concept of sub- 
stance has its roots, presumably it can be traced back to the concept of the 
logical element Language has quite often corned nouns for relations, and 
this gives rise to the doubt about the applicability of the concept of existence 
with respect to these relations For mstance, because they are elements in 
the logical sense, we more readily attribute existence to atoms than to the 
strength of an electnc current This latter is a ‘substantivized’ relation, the 
elements of which are electric currents (That is, a proposition concerning 
the ‘magnitude’ of an electric current can be transformed mto propositions 
about relations of ‘greater or lesser magnitude’ between various electnc 
currents) The electric current, on the other hand, is of the character of a 
substance To date, no investigation of scientific concepts has been carried 
out from this standpomt In particular, there remains open the question 
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whether the distinction between element and relation is really an ultimate 
distinction, perhaps each element can, m turn, be resolved into relations 
between other elements In order to circumvent these difficulties, which 
rest upon the logical structure of the concept, it is expedient to mtroduce 
the concept of ‘reality’ and give it a wider range than the concept of existence, 
which remains confined to substantial (elemental) objects The magnitude of 
an electric current and the temperature will, then, possess reality, but so, too, 
will, e g , the relation, ‘to the north of, in which, say, a house stands to a 
mountain Furthermore, we will have to ascribe reality to a ‘state of affairs’, 
every proposition will then be coordinated with a state of affairs in the 
same way in which each concept is coordmated with an object 


7 PROBABILITY INFERENCE 

In the precedmg section we explored the significance of the double arrow 
used m (1), we must now investigate the meaning of the other sign in (1), the 
sign B-’ 

This sign asserts an implication , for it lays down a connection of the form, 
‘If a x , then a 2 ’ But it does not wish to present this connection as being 
absolutely necessary, but only as probable Hence we speak of probability 
implication Strict implication would correspond to the limiting case in which 
the probability equals 1 However, we must note even this limiting case is 
not identical to logical implication, but only corresponds to it, for logical 
implication signifies a connection between propositions , while probability 
implication represents a connection between things and events 

The procedure whereby the assertions on the right-hand side of (1) are 
obtained gives the basis to speak here only of probability, not of certainty 
There is, basically, only one possible procedure, as follows 

We establish that a regularity holds for previously experienced percep- 
tions and then assert that future perceptions will display the same regularity 
Here we are dealing with an inference of the character of a leap, it is known 
as an inductive inference It is by means of induction that the concept of 
probability is introduced into the knowledge of nature, for assertions of 
this sort concerning future perceptions can be pronounced only with prob- 
ability Thus inductive mference is also known as probability inference 
Along with it, a most extraordinary metaphysical assumption is made 
with respect to knowledge For this inference means a prediction of percep- 
tions, yet, because perceptions are not subject to our will, we are in pnnciple 
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unable to know whether they will occur Thus the inference is ultimately 
of the form, Tf I have seen green connected with blue seven times and I 
see green for the eighth time, blue will be there, too 5 To be sure, the pre- 
diction does not generally rest upon such a simple regularity as the enumer- 
ation of similar cases given in this example Rather, the whole of the scientific 
theory construction enters into the prediction In the language of the right- 
hand side of (1), this assertion would run Given a selection of perceptions, 
we demand the fulfillment of a whole series of conditions before we connect 
to them the perception that is to be observed We are schematizing when, in 
the above example, we replace these conditions with the simple colour 
description ‘green 5 , yet the characterization of the a\ is basically of just this 
sort Therefore, every probability inference is just as unsatisfactory as the 
example given, we cannot justify it, but can merely summarize our knowledge 
about it in the following three propositions 

1 Probability inference cannot be established logically, for it goes from 
observed cases to unobserved cases, about which absolutely nothing can be 
known 

2 Probability inference cannot be justified empirically, for it is impossible 
to infer its validity from the fact that it has so frequently worked in the 
past , this inference is itself a probability inference 

3 Probability mference is mdispensible in science 

Hume was the first to give a precise formulation to the first two charac- 
teristics of probability inference 20 He also mentioned the third charac- 
teristic, nevertheless, he did not recognize the central position held by 
probability inference in our system of knowledge He believes that this form 
of inference can only be explained as an unjustifiable habit, but this view 
cannot help toward a solution of the problem 

We therefore proceed m another fashion, by introducmg the concept of 
probability as a basic logical concept, the meaning of which we accept as 
given axiomatically We make, that is, the following two axiomatic pre- 
suppositions 

1 It is meaningful and permissible to infer with probability from a finite 
number of cases to all cases 

2 It is meaningful and permissible to infer from the probability of a 
phenomenon the probability of its respective occurrence in a finite number of 
cases 

The justification for setting up assumption 1 and 2 will not be examined 
here It would scarcely be possible to give a satisfactory answer to this 
question, for it embraces what we suppose is the most obscure problem in 
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epistemology On the other hand, we can establish that we constantly make 
use of the concept of probability, in the sense of assumptions 1 and 2, m 
daily life and in science, and that we are absolutely unable to dispense with it 
It should be pointed out that the problem of probability arises not only 
for realism but also for positivism For even if positivism can get along with 
assertions of the form on the right-hand side of (1), it needs the concept of 
probability implication and probability inference, since the concept of 
probability occurs even on this side of (1) The positivist, too, cannot avoid 
asserting the lawfulness of the connections between perceptions Thereby 
even positivism contains a metaphysical hypothesis, namely, that of the 
probability inference, and is therefore just as unable to set forth a completely 
rational account of the problem of knowledge 

On the other hand, it is clear from our presentation that, according to 
realism, the occurrence of the concept of probability does not result from 
an inference from perceptions to transcendental objects It is not the asser- 
tion of existence that mtroduces the concept of probability into knowledge, 
but the assertion of a lawful connection m general, regardless of whether 
the connection is applied to objects or experiences Thus it would be mean- 
ingless to say that we can speak of transcendental objects with a certain 
probability The concept of probability is not applicable to the existential 
axiom itself, since this axiom is not mferred inductively The relation 
between the concept of probability and the concept of existence is quite 
different If, with positivism, we construe the double arrow in (1) as an 
identity, then the assertion of existence becomes identical to the assertion 
of probability, l e , the belief in the existence of objects is identical to the 
belief m the axiom of probability 21 Thus two metaphysical hypotheses are 
reduced to one, and this is perhaps the strongest source of support for posit- 
ivism According to realism, this identity cannot be carried out, for realism, 
the probability axiom is merely one component part of the assertion of 
existence, which as a whole, however, possesses surplus content 


8 THE PHYSIC AL CONCEPT OF TRUTH 

We can now proceed to one of the most important questions m epistemology 
When is a physical proposition true 8 9 

First, a preliminary comment People often speak of a definition of truth 
and designate, accordingly, the conceptions to be described m what follows 
as various definitions of the concept of truth This designation is nonetheless 
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misleading No doubt we can define the concept of truth in any way we 
please, but this is not the significance of the problem of truth The question 
is, rather, what is the concept that we think of when we speak of truth 9 Or 
better What is the concept of truth that modern science actually employs 9 
This question cannot be answered by means of a definition, the reply will 
itself constitute substantive information In what follows, then, we will not 
speak of the definition of truth, but of the characterization of truth 

The most ancient characterization runs Truth consists in the corres- 
pondence between an idea and its object 22 This answer proceeds from the 
assumption that ideas depict objects in much the same way in which, say, 
photographs depict objects But our earlier investigations show that this is 
an untenable assumption To get from the perception to the object, we 
require a logical chain that first coordinates the perceptions to a concept 
(as in (2), Section 6) and then, m turn, coordinates this concept to an object 
(as in (3), Section 6) Thus the perception is coordmated with the object 
m a very complicated manner, and it is only m a few simple cases, with 
first-level facts, that the coordmation is of such a simple character that any- 
one could come up with the idea of taking the perception for a picture of 
the object With higher-level objects it is certainly no longer possible And 
as the transition is continuous, it cannot make sense to regard perceptions as 
pictures even with objects of the first level The type of coordmation that 
pertains between concept and object is comparable only to mapping in the 
mathematical sense, not to depicting in the sense of ‘creating a similar 
picture 9 Consequently the concept that we form of an object has no further 
similarity to it It is simply coordinated with it, and it is impossible to char- 
acterize truth by means of a comparison of the concept with the object 
For all that, this most ancient characterization contains one correct idea, 
for it proceeds from the insight that the assertion of truth is related to the 
coordination between concept and object or between proposition and state 
of affairs, as the case may be We can give this idea a precise formulation on 
the basis of our earlier presentation From the standpoint of realism, we, too, 
had to coordinate an object with the concept But this coordmation is valid 
precisely for a true proposition only, not for a false one, so that we may say 
A proposition a is true when objects a t are coordmated to its concepts a* It 
turns out, then, that the concept of truth is connected with the concept of 
existence, the proposition ‘ a is true’ is identical with the proposition ‘The 
objects a u that are coordmated with the concepts a*, exist 9 

This conception of the problem of truth coincides with the characteriza- 
tion given by Moritz Schlick 23 According to Schlick, knowledge consists in 
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the coordination of concepts with objects, and truth demands simply that, 
gomg from concept to object, this coordination must be univocal (The 
coordination need not be umvocal when proceeding m the opposite direc- 
tion) For our presentation, too, of course, the umvocal nature of the co- 
ordination is essential, otherwise, it does not make sense, and any objects 
could be “arbitrarily coordinated to the concepts a* The formulation we 
offered must, then, be put more precisely, as The objects a x , that are 
umvocally coordinated with the concepts u l , exist Thus the formulation, 
‘Truth consists in umvocality of coordination’, is equivalent to the formu- 
lation, ‘Truth consists m the existence of umvocally coordinated objects ’ 
We prefer the latter formulation because it allows for a clear presentation 
of the connection between the problem of truth and the axiom of existence 
The analysis of the concept of truth by means of the concept of umvocal 
coordination stems principally from Schlick, who recognized the formation 
of this charactenzation of truth from the older one through the trans- 
formation of the naive concept of depiction into the mathematical concept 
and who supplied its philosophical formulation Helmholtz had already 
developed this conception “Every law of nature asserts that upon precon- 
ditions alike m a certain respect, there always follow consequences which 
are alike in a certain other respect Since like things are indicated in our 
world of sensations by like signs, an equally regular sequence will also corres- 
pond in the domain of our sensations to the sequence of like effects by law 
of nature upon like causes 7,24 Hemnch Hertz, too, takes up this idea in the 
introduction to his work on mechamcs “We form for ourselves images or 
symbols of external objects, and the form which we give them is such that 
the necessary consequents of the images m thought are always the images of 
the necessary consequents m nature of the things pictured 7725 This is also 
tantamount to the assertion that the conceptual system we create for our- 
selves is umvocally coordinated with what happens Hertz had already 
rejected the notion of the similarity of the images, in speaking expressly of 
“images or symbols” “ for their purposes, they need not m any further 
way resemble the objects ” And Helmholtz writes “But a sign need not have 
any kind of similarity at all with what it is a sign of ’ 26 

Nevertheless, we cannot yet declare ourselves satisfied with the charac- 
terization of truth that has been presented We have two objections to it 
First, the charactenzation in question pertains solely to the ultimate goal 
of knowledge and can consequently never be attained We will never, for 
example, be able to determine- the concept earth so precisely that it will 
correspond completely to the object earth We have to mclude m the concept, 
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as a characteristic, some sort of spatial figure, say, that of a rotating ellipsoid, 
and yet we know very well that this is a schematization that cannot do full 
justice to the real earth It will not do to reply that we can offer, as a charac- 
teristic of the concept earth, the spatial form that the earth really possesses, 
that we can determine the concept earth by means of the object earth by 
coordinating the thing to the concept This process simply gives a definition 
of the concept earth, in the sense of a coordinating definition (cf Section 
10), it does not amount to knowledge of it It is only knowledge, not a 
definition, that possesses the character of truth, and if what we mean by 
truth is a characteristic coordinating concept and object, the concept cannot 
be determined by means of this coordination but solely through its con- 
nection with other concepts Hence the umvocahty of coordination is un- 
attainable precisely where it would constitute knowledge 

Second, this characterization does not offer any means whereby the truth 
of a given physical proposition can be tested For, as we established earlier, 
the coordmation with real objects is exactly what cannot be shown, for 
purposes of testing scientific propositions, all that we possess are perceptions 
and theoretical connections We must therefore seek a different character- 
ization of truth that says nothing about a correspondence with objects, but 
concerns only perceptions and theories and is, for that reason, suitable for 
application to science 

The gist of these two objections is the same The first asserts that the given 
formulation characterizes truth solely from the standpoint of the limit , the 
second, that in our characterization we should employ the method of approx- 
imation that is used m the acquisition of knowledge 

But we have already, in the nght-hand side of (1), given expression to this 
method of approximation by introducing the concept of probability implica- 
tion We have purposely avoided bypassing the method of approximation, as 
is commonly done m epistemology, introducing, instead, the ideal limiting 
case into (1), in which the exhaustive characterization of a\ is achieved and 
the probability is equal to 1 , for we believe it to be unjustifiable to formulate 
propositions about this limiting case that are not equally capable of being 
formulated as propositions about the method of approximation However, 
this forces us to replace the concept of truth with the concept of probability 
We will no longer be able to speak strictly of the truth of a proposition, but 
only of its degree of probability The broader concept of probability, as an 
undefined basic concept, now replaces the concept of truth in the sphere of 
knowledge, absolute truth is only the limiting case, in which the probability 
equals 1 Thus we say a is probable if a is constructed in accordance with 
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the rules of probability We regard the rules themselves as self-evidently given 

At the same time, the uncertainty that has been introduced extends to the 
relation of correspondence between concept and object We may no longer 
speak of umvocality of correspondence, but must say mstead the corres- 
pondence conforms with probability if a is constructed according to the 
laws of probability 

It is useful to introduce the concept ‘correct’, taken m the sense of ‘highly 
probable’ This enables us to say that we are no longer offering a charac- 
terization of truth, but a charactenzation of correctness mstead To be 
correct is to be connected with perceptions in accordance with the rules of 
probability Truth is merely the limiting case that correctness approaches, 
though without ever reaching it By following the rules of probability m 
constructing a then, we can achieve a situation in which the proposition is 
correct, or m which its concepts are correctly coordinated with objects, but 
we can never achieve umvocality and truth The designation varies, however, 
the limiting case is often referred to as ‘strict’ or ‘absolute truth’, while the 
term ‘truth’, without any such modifiers, is used solely to mean correctness 
In any case, many claims about the truth of physical propositions can be 
mamtained if and only if truth is understood to be correctness In accordance 
with this uncertainty m usage, we, too, will use the expression ‘truth’ to mean 
‘correctness’ from time to time in later sections 

Thus the new formulation presents the earlier one as the limiting case It 
signifies, at once, both less and more It asserts less in that it is applicable 
even where the limiting case does not exist at all, it need not presuppose that 
there is some ultimate conceptual formulation than can be coordinated with 
reality On the other hand, it asserts more in that it stipulates the manner 
m which the approximation is to be executed, the formulation of approx- 
imation can not be deduced from the formulation of the limiting case 

In contrast to its predecessor, this characterization of truth does not 
employ the conception of a correspondence between concept and objects 
Thus it is a charactenzation stemming from the system of scientific know- 
ledge and not giving any direct attention to the relation between this system 
and reality Once we note that every item of scientific knowledge depends 
upon every other, that all scientific propositions are interconnected, we can 
say that truth, according to this characterization, is a characteristic of the 
system, truth pertains only to the system as a whole, and only from this 
standpoint can truth be transferred to the individual assertions This charac- 
terization of truth as the coherence of the system has been carried out 
principally by the Neo-Kantians (Cohen, Natorp, Cassirer, Gorland) To be 
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sure, they have paid inadequate attention to the basic position of the con- 
cept of probability, without which the system could never be called coherent 
because a precise agreement between all observations can never be attained 
Also, it must not be forgotten that the logical coherence of the system is not 
sufficient for the charactenzation of truth Perceptions must be included in 
the system, and the truth of the system demands that no contradictory 
perceptions occur Perception is, as it were, the point at which the system is 
connected to reality Truth does not only signify freedom from logical con- 
tradiction of the system within itself but also agreement at the connecting 
points This is just why we can ascribe to this system a meaning for reality 
over and above its mere logical meanmg, just why we can regard it as a des 
cnption of reality The concept of truth thus gamed also makes a claim 
regardmg a correspondence of the system to reality, even though it only 
characterizes the system from the inside, so to speak, that the system is true 
means also that corresponding objects and states of affairs exist 

The characterization of truth m the system theory, too, implies at the 
same time a criterion for existence Whatever is inferred from perceptions in 
accordance with the laws of scientific concept formation exists This is the 
notion underlying the slogan corned by Max Planck “Whatever can be 
measured also exists ” For to measure means nothing other than to carry out 
a theoretical calculation in accordance with the rules of scientific concept 
formation, this calculation being connected to certain perceptions (obser- 
vations of measurements) It is a narrower concept, to be sure, and therefore 
we pronounce the converse only for our general formula Only that exists 
which is deduced from perceptions in accordance with the laws of scientific 
concept construction 

Notmg at the same time that, according to the above, only the system as 
a whole can be charactenzed as true and that, therefore, the inference that 
an individual object or state of affairs exists is always grounded upon the 
system as a whole, we must recognize that statements about the existence 
of an individual object can only be made in the context of the existence of 
reality as a whole In what manner reality is divided into elements is not 
given as such , this process is accomplished only by the conceptual system 
in that it defines elements by isolating them from the complex of reality 
Thus the coordination m (3), Section 6, contains a definition, it defines 
first what is to be designated an individual state of affairs or object and, 
at the same time, what is to be accounted the same state of affairs or object 
For, strictly speaking, we never encounter the same states of affairs or 
objects, since slight differences will mvanably be revealed by precise analysis 
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Nevertheless, coordination (3) indicates in what cases we speak of the same 
state of affairs in spite of this It is able to do so because it rests upon laws 
of probability The coordination between reality and concepts that we carry 
out in knowledge is, then, of a very peculiar nature One side contains no 
elements that are defined in themselves, they are defined instead by means 
of the coordination. 

But we must distinguish between the definition of an object and the 
definition of existence The coordination can certainly define what an indi- 
vidual object is, but it does not thereby define what constitutes the existence 
of the object In accordance with the realistic conception developed in Section 
6, our characterization of truth offers only a criterion of existence, not a 
definition 


9 PHYSICAL FACT 27 

Our analysis of the problem of epistemology showed that the more general 
concept of probability takes the place of the concept of truth in the study 
of nature, the former containing the latter as the limiting case This is to 
say that physical facts cannot be judged to be absolutely true or false, but 
only more or less probable 

We now recognize the deeper significance contained in the rank-ordering 
of facts presented earlier (Section 5) According to that presentation, the 
ordering of facts proceeds according to degrees of probability, there are no 
discrete levels, the facts being ordered instead solely according to continuous 
degrees of probability Only zero-level facts possess probability 1, but it is 
precisely they, as the limiting case, that do not constitute objective facts and 
are therefore not included among physical facts First-level facts have a 
probability somewhat less than 1, which can nonetheless scarcely be dis- 
tinguished from certainty It is only in the facts of higher levels that the 
probability deviates noticeably from 1 , and it is at this point that the field 
of hypotheses begms The aim of research is to mcrease the probability of the 
hypotheses as much as possible by uncovering new theoretical connections 
with the facts of lower levels from which it is possible to infer an mcrease m 
probability 

Research m physics deals only in higher-level facts, daily life has instructed 
us so clearly regarding lower-level facts that we no longer notice the transition 
from perception to fact, carrying it out automatically So it is that the 
physicist believes himself to be dealing at all times with facts alone, not with 
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perceptions He contents himself with reducing complex reality to facts of 
a lower level In publications, for instance, he may still give the current 
strengths and temperatures, without descnbmg his perceptual expenences 
when noting them down the probability of the mference employed in 
making the transition to these facts may, for all practical purposes, be 
set at 1 

For the same reason, the probability mference is generally not carried out 
between perceptions, but between objective facts For instance, we carry out 
a senes of measurements, enter them as points in a coordinate system, and 
draw the simplest curve through them The measurement data are lower-level 
facts, being themselves mferred from perceptions with such a high degree of 
probability that they can for all practical purposes be regarded as certain A 
probability relation between perceptions is now replaced by a probability 
relation between the measurement data corresponding to them This case 
represents the very prototype of a probability mference as employed m 
physics an inductive mference is made from observed facts to facts that 
have not been observed For in drawing the continuous curve through the 
points of measurement, we are asserting that the curve reproduces, m the 
intervals between two measured points as well as at them, the objective 
relations that would be revealed by measurement if the appropriate experi- 
mental conditions were established 

We can now also grasp the significance of the concepts of theory , hypo- 
thesis, and experiment Experiment reveals lower-level facts, which are also 
inferred from perceptions with the assistance of theories, yet with such a 
high degree of probability that we can speak of ‘experimental fact’ with a 
certainty adequate for practical purposes The high degree of certainty of 
lower-level facts stems from the fact that they are relatively invariant in the 
face of extensive alterations in theory We learn from experiment, say, of 
the appearance of a new spectral senes even this ‘experimental fact’ con- 
tains certain theoretical presuppositions, such as the law of dispersion for 
prisms or the theory of diffraction by a grating If the ‘observed factual state’ 
is used to alter ideas about the structure of matter, then, ultimately, the 
theory of dispersion or of diffraction must also be revised, smce the inter- 
action between matter and light plays an essential role in this theory Strictly 
speaking, the ‘observed factual state’ would also have to change as a con- 
sequence Yet what may be a very extensive change in the theory from a 
conceptual standpoint results in only very minute changes in the occur- 
rences m a spectrometer, so that it is not necessary to supply a new inter- 
pretation of the bright streaks observed m it To take another example, the 
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confirmation of Einstein’s theory of gravitation by means of astronomical 
measurements (through the deflection of light near the sun, say) is carried 
out with data from observations that could not have been acquired from 
the telescope readings without the assistance of the Newtonian theory of 
gravitation (with the sun’s mass, say), yet this involves no internal incon- 
sistency, since interpreting the telescope readings in accordance with 
Einstein’s theory would make no noticeable quantitative difference m the 
case of these particular observational data Thus only the ranking of facts 
according to their degree of probability enables experiment to be the test 
of theory Such ranking is the basis for the process of approximation, without 
which scientific research would be, for all practical purposes, impossible 
The transition involved is gradual, if less firmly established theories are 
used to interpret a state of affairs, we speak of an hypothesis An example 
is the penetrating radiation which is thought to come from the vicinity of 
the Milky Way through to the earth The observations now at our disposal 
do not support an inference regarding this radiation with so much certainty 
that it can be called an experimental fact, yet the manner of establishing its 
existence is fundamentally no different from that m which, for instance, 
the existence of radiation from radium was established The difference 
between experimental fact and hypothesis is only gradual The difference 
between hypothesis and theory is also fluid, hypothesis being understood 
more as an individual assertion, theory as a combining of many individual 
assertions into a system Thus we speak of atomic theory, meaning thereby 
all the relations connected with the assertion of the existence of atoms, but 
we call the existence of the atom itself an hypothesis To be sure, the hypo- 
thesis in this example has already gamed such a high degree of certainty that 
it could just as well be called an experimental fact 

The theoretical construction of physical knowledge can take two different 
directions The first approach sets out from lower-level facts and proceeds 
to higher-level facts, displaying the degree of certainty of the individual 
assertions by settmg the facts out according to their ranking This inductive 
method corresponds to the epistemological construction, which proceeds 
from what is more certain to what is less certain The second, deductive 
approach places a fact of a higher level at the apex and derives from it deduc- 
tively facts of a lower level This may, in certain situations, lead to new 
lower-level facts which can then be directly tested Examples of a deductive 
theory are Maxwell’s theory of electricity and the theory of mechanics 
founded on Hamilton’s principle Textbooks of experimental physics usually 
proceed inductively Historically, the method of science is an interplay 
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between the two directions often the unknown is inferred from the known, 
but sometimes, for intuitive reasons, a higher principle is placed at the apex, 
new lower-level facts then being derived from it By direct experimental 
testing of these facts the more basic principle can, in turn, be confirmed 


10 PH Y S1CAL DEFINITION 

The coordination of concepts with objects that is carried out in natural 
science is not always such that it yields knowledge While the matter of 
which concept should be coordinated is, in general, established as a result 
of research, the coordination may in particular instances consist of an arbit- 
rary stipulation These cases constitute physical definition Their mark of 
distinction is that, instead of coordinating a concept with a particular com- 
bination of other concepts, as is done in definitions of concepts, they 
coordinate a concept with an existing object In the end this coordination 
can only be given ostensively [durch Hinweis] ‘that thing there’ is to corres- 
pond to such and such a concept As the coordination between object and 
concept is peculiar to this type of definition, we shall refer to it as coordin- 
ative definition It is also commonly known as real definition 

The necessity of such coordinative definitions becomes particularly 
apparent wherever measurements are mvolved As the unit of linear measure- 
ment, the meter is not defined by concepts but by reference to the original 
meter, which is housed m Pans The earlier definition of the meter by means 
of the circumference of the earth is of the same sort The only difference 
is that a senes of concepts is interposed, the circumference of the earth 
does not correspond directly to the concept of a unit but to a logical function 
of this concept, viz , the concept ‘forty million units’ This process of inter- 
position is used very frequently 

If we have a class of similar objects at our disposal, each element m the 
class can be used for purposes of definition For instance, the lmear unit 
may be defined by means of the wave length of the red cadmium line The 
similarity of all cadmium atoms is used for this purpose, and there is no need 
to store a special unit at a definite location In this instance the coordinative 
definition is simplified, because certain facts permit it For the fact that the 
objects in question are similar is, of course, not established by definition but 
is a fact that must be discovered 

Coordinative definitions are used at many points in the study of physics 
It is not always easy to recognize them as such and to distinguish them from 
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assertions of fact, and some well-known scientific disputes stem from seeking 
empirical knowledge where definitions belong Most notably, the significance 
of the theory of relativity arises from its having shown definitions to be 
necessary at certain points where, earlier, scientists sought for facts, examples 
are the congruence of distant spatial segments and simultaneity We have a 
certain freedom in employing definitions and facts It is only when a defini- 
tion is given m one place that another assertion becomes an assertion of fact, 
conversely, the second may be regarded as a definition, which makes the 
first into an assertion of fact A general systematic study of physics from the 
standpoint of the separation between definition and fact has yet to be earned 
out — hence there are still a number of ambiguities in the foundations of 
physics 


11 THE CRITERION OF SIMPLICITY 

We discovered that we cannot choose among the possible explanations of an 
experimental finding by comparing them with the actual state of affairs, as 
this can only be mferred through theories, and that the selection can there- 
fore be made only by means of an internal comparison of the theories We 
have declared probability to be the criterion [Gesichtspunkt] according to 
which this companson is made This assertion needs to be laid out m greater 
detail, for a different criterion is usually employed in this connection the 
simplicity of a theory 

It must, in fact, be admitted that the criterion of simplicity has played a 
major role in the construction of physical theory Again and again physicists 
have espoused a particular theory because it gave a simpler explanation of the 
observed phenomena, and in philosophical studies simplicity has been granted 
a decisive position in the description of nature In the famous words of 
Kirchhoff, mechanics has the task of “describing movements in nature 
completely and in the simplest manner possible ’’ 28 This goal, which can 
likewise be extended from mechanics to the whole of physics, includes other 
conditions in addition to simplicity Kirchhoffis remark is clearly intended as 
criterion of truth, for the concept of truth must surely be contained in any 
such goal, and there is no other element in has formula which could represent 
it Kirchhoff might more properly, then, have formulated the task as being 
to “describe completely and truly” His insertion “in the simplest possible 
manner” in the place of “truly” can only signify that he intends at the same 
time to give a characterization of truth truth here is equated with simplicity. 
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This interpretation of Kirchhoff s formulation is confirmed by the passage 
following the above citation, in which Kirchhoff discusses how the simplest 
description can only be ascertained m the course of the gradual evolution of 
science It is only a step from this charactenzation of truth to a renunciation 
of the concept of truth, and Kirchhoffs much-quoted formulation has, in 
fact, often been interpreted as meaning that there is actually no truth m 
natural science and that truth is to be replaced with the simplest description 
Mach 29 had an even greater influence in this direction, he proposed the 
principle of economy for scientific research and taught that there is no such 
thmg as a true description of nature, but only a most economical one 

This theory of truth, also known as the pragmatic theory, cannot, how- 
ever, withstand a deeper criticism For it rests upon a confusion of two 
meanmgs that converge in the concept of simplicity 

The first meaning of the concept of simplicity has no connection with the 
concept of truth There are numerous cases m which several equivalent 
descriptions can be given of one and the same state of affairs, one of these 
may be the simplest, without its in any sense being truer than the others For 
example, it is simpler to present mechanics by using vectors than by using 
coordinates, but not therefore truer Again, the metric system is simpler than 
a system in which the factors for the transformation of one measure mto 
another are not equal to 1 , but it is not ‘the true’ system of measurement 
To be sure, physics will choose the simplest presentation in each of these 
mstances, but it makes no claim as to its truth, operating really only from 
motives of economy The object is to spare physicists unnecessary efforts 
This simplicity is a characteristic solely of the description, saying no thmg 
about the state of affairs We therefore call it descriptive simplicity 

The second meanmg of the concept of simplicity, however, has an express 
connection with the concept of truth For instance — to use a previous 
example — we choose the simplest curve to join a senes of measurements 
And in doing so, we are making an important assertion regarding reality, 
viz , that future measurements will lie along this curve rather than along a 
variety of curves waving back and forth between each pair of measurements 
which might have been drawn between the pomts instead The preference 
given to the simplest description is thus related to a truth claim This claim 
is based on a probability principle, that the simplest description appears to 
us to be the most probable The principles of probability may appear in 
various guises, but they are always characterized by a certain evidence that 
cannot be logically justified and from which we are nonetheless unable to 
free ourselves Thus the selection of the arithmetic average of various 
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measurements seems to us the simplest assumption, yet it, too, is of course 
a probability assumption The special significance of the concept of simpli- 
city deserves a more detailed investigation within the context of the theory 
of probability But even here we can establish that giving preference in this 
way to the simplest description is to be interpreted as a probability assump- 
tion and is, therefore, an application of the cntenon of truth that we offered 
Since the simplicity of inductive inference is involved, we speak of inductive 
simplicity 

The confusion of these two meanings of the concept of simplicity is the 
source of the pragmatic theory of truth The purely economic character of 
the property of simplicity is taken from the first meanmg, its significance 
as a criterion of truth from the second, the two are then combined into 
the assertion that there is no such thing as the truth of an investigation, 
but only of its economy This confusion has given rise to numerous mis- 
interpretations in physics It is to be dispelled by a thorough investigation of 
each case to determine which vanety of simplicity pertains to it Thus the 
simplicity of the Copemican system as opposed to the Ptolemaic is of a 
purely descriptive nature, as we have known ever since Einstein it is there- 
fore pointless to introduce the simplicity of the Copemican description m 
order to combat the relativistic view Relativity theory in general offers 
numerous examples of descriptive simplicity, and the significance of this 
theory consists m large measure in its having revealed the purely descriptive 
character of the simplicity of particular modes of describing the universe An 
example of inductive simplicity, on the other hand, is Bohr’s approach to the 
explanation of the spectral series, which is not only more economical than 
older theories but also asserts the existence of a different state of affairs 
Only one of two theories differing with respect to inductive simplicity can 
be true 

Thus the difference between descriptive and inductive simplicity is re- 
lated to the difference between definition and fact By means of a skillful 
selection of definitions, descriptive simplicity can be attained, but never a 
truer description In contrast, the selection of propositions asserted to be 
facts can only be carried out by means of inductive simplicity. The difference 
between these two forms of the property of simplicity is not usually made 
sufficiently clear in physics This clarification of physical knowledge will be 
attained only when the separation of definition and fact in general has been 
carried out 
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12 THE GOAL OF PHYSICAL KNOWLEDGE 

According to the above considerations we may present as the goal of physics 
the gaining of true propositions about reality Yet this statement is not quite 
adequate for the specification of this goal It lacks a more precise charac- 
terization of the tendency of physical research, for this we would have to 
add, for instance, that it aims at acquiring the greatest possible number of 
true assertions And even then, a yet more precise characterization is 
necessary 

For the mere piling up of propositions is not the aim of physics, even 
though it is greatly interested in the dissemination of knowledge Rather, we 
distinguish between a breadth and a depth of knowledge, assigning greater 
value to knowledge that penetrates deeper It is not difficult to say what we 
mean by depth we mean the combmation of a number of propositions into a 
single proposition, the explanation of a senes of phenomena by a single law 
For instance, Newton’s law of gravity did not, m his day, constitute an exten- 
sion of knowledge, the laws of freely falling bodies had been established by 
Galileo, the laws of planetary motion by Kepler Nonetheless, Newton’s law 
signified a step forward in knowledge in that it combined these various laws 
into a single law This is a typical case of knowledge in depth Of course, the 
Newtonian law also increases the sum of our knowledge by one new true 
proposition, but it is the depth of this proposition that gives it its particular 
value 

This direction of research is what we call explanation A new fact adding 
to the breadth of knowledge does not explain , but rather requires explan- 
ation, that is, we require that it be incorporated into the system In this 
there is more than the mere search for truth The same inclination to con- 
struct a system is shown in the coalescence of the various subdivisions of 
physics into the one science of physics This is the tendency described by 
Max Planck in his lecture, ‘Die Einheit des physikahschen Weltbildes’ (The 
Unity of the Physical View of the World) 30 , this coalescence signifies an 
increase in explanation and therefore a progressive step of knowledge in the 
direction of depth 

The tendency holdmg sway here can be clarified by the example of math- 
ematics, where we also find research m depth, this is called axiomatics The 
search for axioms is a search for a system of true propositions that combines 
the numerous mathematical propositions mto a few general propositions from 
which all the rest can be logically deduced A minimal principle is at work 
here, axiomatization means reducing the number of presuppositions to a 



166 


PHILOSOPHY OF PHYSICS 


minimum It is impossible to say, of course, that precisely one single pre- 
supposition must be sufficient for the deduction of the rest of the system 
This will generally not be the case, and the best we can do is search for a 
minimum We regard the establishment of the minimum as having logical 
value 

The situation is much the same in physics Physical explanation follows 
the same direction m its investigations as axiomatics, and the most general 
laws of physics, from which it derives all others, are its axioms If a physicist 
occasionally feels that axiomatization is ‘unphysicaT, he is displaying a 
failure to understand the principle of depth m physical research, which is 
directed entirely upon axioms Newton’s law, the principles of mechanics, 
the fundamental laws of thermodynamics, Bohr’s determination of fre- 
quency and his correspondence principle are all axioms Apart from the fact 
that physical axioms lay claim to hold for reality, the difference between 
mathematical and physical axiomatics is superficial mathematical axiomati- 
zation is concerned with maximum elegance m its inferences and the proper 
construction of its logical connections, while physics, mindful of the fact 
that its systems of axioms have only an interim character in the face of 
experience, is frequently content with an approximate investigation of the 
connection To be sure, m a more advanced state of physical science this 
provisional system of axioms would no longer suffice It would then be 
completely m the mterests of physics to increase the precision of its deduc- 
tive system, thus axiomatic construction is ultimately as much the goal of 
physics as it is of mathematics Examples of more advanced axiomatic con- 
struction are already to be found in thermodynamics, mechanics, classical 
electrodynamics, and relativity theory Quantum theory, on the other hand, 
is still m an interim state, a way out of which has at last been opened up by 
the quantum mechanics of Heisenberg and Schrodmger (Cf Section 24 ) 

The burden of physical axiomatization is substantially lightened by the 
fact that it need not make a particular investigation of the logical fine struc- 
ture of its method of inference, but can adopt it from mathematical axio- 
matization It is therefore able to combine these axioms into a single axiom 
that asserts the applicability of mathematical modes of inference quite 
generally and is placed alongside the physical axioms Usually this procedure 
is presupposed, without explicit expression as an axiom 

The minimal principle at work in axiomatization takes its place beside the 
principle of truth, the goal of physical research is not determined until the 
two are put together We seek true propositions with a minimum of concepts 
The tendency toward a system that finds its expression here has always been 
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of particular interest to philosophy, and especially emphasized by the neo- 
Kantian school While this school of philosophy considers the concept of 
truth to be exhausted by its incorporation into a system, Moritz Schlick 
set forth with great clarity the independence of the two concepts 31 We must 
now investigate this question in greater detail If characterized by the unique- 
ness of coordmation, the concept of truth is undoubtedly independent, but 
the situation changes if we make our theory of probability the basis for truth 
Let us now examine the transition m mathematics from one system of 
axioms to another, deeper system We can differentiate among three forms of 
transition First, the second axiom system can be equivalent to the first, 1 e , 
each one can be denved from the other, in this case, they have the same pro- 
positional domain Second, the second axiom system may have a greater 
domain than the first, in that case, the propositional domain of the first 
system is contained in it as a subset 32 Finally, a third situation is also 
possible, the second axiom system may be more general than the first and 
contain it as a special case This situation must be distinguished from the one 
precedmg it Here the propositional domam of the first system is not con- 
tained in that of the second at all, but is denved from the other only through 
the addition of new ‘specialized’ axioms This case is profoundly significant 
for mathematics An example of an entire ordered senes of such axiom 
groups, progressing from the umversal to the particular, is the construction 
of geometry from topology via projective geometry to metrical geometry 
With the transition from a special to a universal system of axioms, the group 
of axioms in question becomes recognized as one special case alongside 
others Here the advance m knowledge is due to the transitional process 
This particular form of axiomatics is important for physics For the pro- 
gress of physical knowledge consists in establishing more general laws, for 
which the previous law is a special case To take our initial example of 
progress in the direction of depth, the Newtonian law of gravitation contains 
Galileo’s earlier law of falling bodies only in the sense of a special case The 
constant, g = 981, m Galileo’s law occurs as a variable m Newton’s law, and 
alongside Newton’s umversal law there are placed particular supplementary 
conditions (namely, limitation to a small area on the surface of the earth) 
which have the effect of making this variable precisely equal to 981 Bohr’s 
quantum principle will stand m this relation to classical electrodynamics once 
the two have been jomed without contradiction, classical electrodynamics 
will then become a special case for large quantum numbers This process 
illustrates precisely the meaning of the term ‘explain’, to explain is to incor- 
porate a state of affairs as a special case within a more general state of affairs 
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We are principally indebted to Ernst Cassirer 33 for recognizing the funda- 
mental significance of this procedure 

This species of axiomatic construction has yet a further significance for 
physics that does not apply in mathematics For the transition to a more 
general system entails a sharpening in precision The coordination of the 
special system of axioms with the state of affairs at hand falls short of pre- 
cision, for the particularizing supplementary axioms are not strictly fulfilled 
The introduction of the general system of axioms by means of such supple- 
mentary axioms, which do greater justice to the state of affairs, signifies, 
therefore, an improvement in the precise degree of validity 34 Thus the 
institution of the axiomatic principle is connected with a progress toward 
truth whenever it is headed from the particular toward the more general, 
it is only then that physical progress in the true sense occurs Compared to it, 
the two other species of axiomatic reduction play merely subordinate roles 
The second kind that was mentioned occurs but rarely, the first more often, 
and both signify merely a formal progress 

This distinction offers us a vital insight mto the meaning of the minimal 
principle Once again we are faced with a principle which might be, and has 
been, regarded as a pnnciple of economy 35 But here, too, we find that this 
involves a misinterpretation Only axiom systems of the same degree of 
generality are distinguished from one another by their descnptive simplicity, 
and, therefore, m accordance with economy of thought, but such systems 
play no essential role in physics, serving principally as an arena m which 
physicists compete for mathematical elegance Formal progress of this nature 
can only be secondary in the mcrease m knowledge, if, for instance, it makes 
the system logically more intelligible or teaches mathematical methods that 
can be fruitfully > employed, as, eg, the four-dimensional geometry intro- 
duced mto relativity theory by Minkowski But generally the minimal 
principal is effective not only in simplifying the state of our knowledge but 
also in formulating the truth more precisely and thus effecting a transition m 
accordance with inductive simplicity The probability nature of all knowledge 
entails that research in depth results in greater precision at the superficial 
level as well, and ultimately m a better correspondence m the implications on 
the right-hand side of formula (1) m Section 6 The drive in physics toward 
the strictest possible truth forces it at the same time toward axiomatization 
and systematization 

To be sure, we cannot conclude from this that striving for generality in 
knowledge derives its value solely from the simultaneous mcrease in truth 
This principle also possesses its own logical value, and there are instances in 
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which we are far more interested in the mcorporation into a general law than 
m the improvement in precision connected with it The process of compre- 
hending the particular by incorporating it into the general is simply the way 
of comprehension for human reason, it is the only form whereby the seem- 
ingly impossible task of gaining knowledge of complex reality on the basis 
of a finite number of perceptions and within the finite confines of human 
thought becomes possible Yet the fact that this process at the same time 
brings about a heightening of truth signifies a fruitfulness extendmg beyond 
its original intent and reveals de facto coupling of two logically distinctive 
approaches of the will toward knowledge Thus the probability theory of 
knowledge, which sets out from the process of learning rather than from an 
ideal and perfect world-picture, teaches us to understand the relation 
between the different approaches pursued by physical research In the con- 
structive development of science mto a system, two tendencies become 
combined in such a manner that the one always supports the other, the 
striving toward the most general truth possible goes hand m hand with the 
striving toward the most precise truth possible 


Part (b) Empiricism and Theory in the Individual Principles of Physics 

13 THE PROBLEM OF THE A PRIORI 

Our investigation of scientific knowledge has led to our conceding far more 
territory to theoretical thinking than the professional scientist normally 
supposes to fall under its sway, even the most elementary physical fact 
contains theoretical thought Along with this, a series of more or less con- 
scious presuppositions enter mto science, and philosophy, particularly smce 
Kant, has regarded the discernment of these presuppositions as a vital task 
We have already declared the probability principle to be the most im- 
portant of these presuppositions Others listed by philosophy are the principles 
of time and space, the principle of causality, and the principle of the con- 
servation of matter Logic, also, is to be included, of course, smce scientific 
thought assumes the logical laws to be correct We must now enter mto a 
more precise discussion of these principles But before investigating the 
individual pnnciples, we shall look at a general issue, common to all prin- 
ciples This is the problem of the a pnon t which is revealed along with the 
epistemological presuppositions of principles 

We must first of all exclude logic from the complex of questions We are 
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unable to escape the rigorous compulsion of its laws, yet its conclusions 
appear empty to us, for they signify nothmg new, but simply express the 
self-evident We certainly are not taking the view that the epistemological 
problem of logic is exhausted with this statement But these questions have 
as yet undergone so little study that we will exclude logic from epistemo- 
logical discussions, as it has been customary to do since the time of Kant 

And m fact, the problem that is far more urgent for natural science first 
arises with the other principles we have listed In contrast to logic, they are 
characterized by not being necessary for thought, we can easily imagine, 
for instance, the occurrence of an event without a cause, or the total quantity 
of matter increasing of itself Nonetheless, we use these principles, and are 
even deeply convinced of their validity, which gives rise to the question from 
whence we derive our right to this belief We might suppose that these prin- 
ciples are thought to be trustworthy solely because they are constantly being 
tested in science, that they are, then, empirical principles However, Kant, 
and many other philosophers along with him, takes an opposing view He 
begins by making the aforementioned distinction and calls logic an analytic 
principle, the other principles he calls synthetic, for they lack logical force 
But he goes further to say that these synthetic principles are nonetheless 
a priori , that their validity does not stem from experience, they are mstead, 
he says, true independently of all experience 

Kant’s proof of this conception can be roughly formulated as follows the 
presuppositions in question are used in the construction of propositions from 
perceptions, therefore no proposition can ever contradict them, for any such 
proposition must itself have come into bemg with the help of these pre- 
suppositions Thus the truth of these principles is completely certain, further- 
more, they apply to the external world, for they are contained m every 
proposition about the external world They are the ‘constitutive’ principles of 
the external world 

This is not the place for a detailed presentation of Kantian philosophy We 
will have to make do with the above brief summary, and our critique must be 
correspondingly brief 36 To begin with, we must dispute the proof of irrefut- 
ability, Kant assumes \fingiert] the following logical sequence a series of 
propositions a u all containing the presupposition A , is given, it is concluded 
from them that A is false Kant then pronounces this to be a false proof, we 
cannot, he says, infer not-A , since the a x presuppose A , But he is wrong, for 
the proof is valid It shows that the presupposition A leads to contradiction 
and thereby proves that A is false This is the deductio ad absurdum of the 
ancient logicians, but, it is, at the same time, a mode of mference very 
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familiar in physics A senes of phenomena is explained by a theory, which is 
then seen to lead to contradictions, instead of concludmg that the method 
of confirmation is false, the scientist concludes that the proposed theory is 
false 

This procedure can be used to judge any theory that is not directly used 
m establishing the contradiction The existence of the contradiction must be 
firmly established independent of the presupposition, m essentially the 
following way We anticipate certain perceptions tf'^but experience different 
perceptions b\ We will not, for the present, go into how we can judge per- 
ceptions to be the same or different, but will assume throughout that we are 
able to do so It is nonetheless clear that the a pnon principles do not enter 
into establishing the existence of the contradiction The only question here is 
whether the perceptual experience takes place or not, and no theory is 
required to answer it Thus it is m principle possible to decide whether the 
a pnon principles lead to a contradiction 

Yet this assertion must be qualified The contradiction will generally not 
be established according to the strict method we described We cannot expect 
the perceptions a\ to be precisely those we counted upon, we will have to 
concede certain deviations, in accordance with probability, if we are ever to 
reach a positive result at all Making the decision will consequently follow a 
somewhat different route We will test to see whether the observed a\ are 
compatible with the anticipated perceptions, taking into account the laws of 
probability We cannot reach any correspondence unless we presuppose these 
laws of probability Conversely, a negative proof is not carried out by inter- 
preting negatively every departure of the a\ from what was expected, we 
consider the contradiction to be proven only if the variations contravene the 
laws of probability That is, the laws of probability are not drawn into the 
establishment of the contradiction, but they must always be included in the 
construction of theories if accord with experience is to be attained at all 
This is the reason for their special position 

This has the following immediate consequence Of all the principles used 
in the construction of theories, the probability principle is the one that we 
will maintain to the very last We will, for instance, invariably try to modify 
the principles of time and space before we call into doubt the validity of the 
laws of probability Conversely, a refutation of these other principles can be 
earned out only if we hold to probability, for otherwise the dispanties may 
always be interpreted as failures on the part of the theories, which have not 
yet reached a sufficiently precise command of reality Owing to the limited 
precision of our knowledge, every assertion we make regarding nature will 
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be indefinite unless we assume the laws of probability There will then be no 
true or false, for concepts that are defmed only for the limit are of no use m 
dealing with approximations Paradoxical as it may sound, the laws of prob- 
ability are our most secure possession 

Must we then regard the laws of probability themselves as irrefutable 9 
This would claim too much, even though they are the ultimate presup- 
positions All we can say is that without the laws of probability we would 
certainly run mto contradictions, but we may not assert that contradictions 
can invariably be avoided with them We will invariably maintam the laws of 
probability for as long as possible, for all other principles must fall with them, 
yet it is in pnnciple possible for a theory presupposing only the laws of prob- 
ability to lead to contradictions In this case, we would have to state that 
knowledge of nature is impossible 

In theory, at least, we must take account of this possibility It will not do 
to prove the validity of certain principles on the grounds of the possibility 
of knowledge, for this possibility is itself merely experienced and perhaps 
itself exists only within limits Of course, this is not to say that the occur- 
rence of occasional difficulties in the explanation of physical phenomena 
justifies this conclusion And another distinction must be borne m mind 
Only the negative formulation, “Up to now we have been unable to attam 
any knowledge free of contradiction”, does not assume probability On the 
other hand, the positive formulation, “Knowledge of nature is impossible”, 
does presuppose the laws of probability and should be stated more precisely 
as, “Knowledge of nature is probably impossible ” Closer investigation will 
show that this, too, is a meaningful assertion 

Combining these various considerations, we may assert that physics 
contains no principles that are a priori in the sense of ‘independent of 
experience’ We hold to even the most general principles of knowledge 
solely because they prove themselves m experience These principles signify 
something about reality, they are not empty, rather, they formulate charac- 
teristics of the world 


14 THE PLACE OF REASON IN KNOWLEDGE 

The philosophy of the a priori started from the idea that knowledge is the 
result of a combination of thought and perception, and it was the belief of 
its proponents that they had discovered in the universal principles of know- 
ledge an expression of rational thinking, the rational components of 
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knowledge, as it were We must now regard this as an error, for these prin- 
ciples have not only a rational characteristic but also a reality component 
On the other hand, it is one of the profound ideas of philosophy that the 
laws of thought play a role in knowledge and that our system of knowing 
is determined not only by reality but also by the nature of our thinking 
If we reject the characterization of the rational component of experience 
by means of the most general principles of knowledge, we must then find 
another way to show the place of reason 

The greater portion of our world-picture is certainly determined through 
charactenstics of rational thinking The nature of thought expresses itself 
m the whole structure of science m the division into concepts and pro- 
positions, m the progression from one stage of knowledge to another, m the 
application of mathematical and logical concepts, m the distinctively net-like 
character of the relations among the elements of our knowledge Apart from 
perceptions, what we meet in thought is never anything but thought We 
experience only a net-like schema, which represents reality to us in a way no 
different from the way in which the motion of the strings in a puppet theatre 
represents the motion of the figures to the actor behind the stage It is there- 
fore more difficult to identify in this schema the elements determmed by 
reality than the elements determined by thought, and yet this is precisely the 
task faced by physical science 

It reaches this goal by usmg the difference between possibility and reality 
Thought allows more schemata than are compatible with reality, the 
properties of reality are characterized by the selection of admissible schemata 
from among the possible On the other hand, it emerges that this procedure 
does not lead unequivocally to a single schema We encountered this indeter- 
minacy in the concept of descriptive simplicity, which rests upon the 
possibility of equivalent descriptions, among which none is superior with 
regard to truth Thus a narrower class of admissible schemata are selected 
from the broader class of possible schemata, it is in this that the process of 
physical knowledge consists 

There are two ways m which we can obtain a list of those charactenstics 
of the schemata that stem solely from reason and that therefore signify 
features not of reality, but of reason First, we can indicate within the 
narrower class of admissible systems those characteristics that are not valid 
for all these systems, they cannot signify characteristics of reality, for reality 
does not necessanly require them Thus Euclidean geometry is not a charac- 
teristic of reality, for it cannot be maintained in the face of admissible 
modifications of the schema (cf Section 16 ), nonetheless, it is actually as 
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such a characteristic of reality to be geometrically comprehensible Second, 
we can seek out within the broader class of possible systems those charac- 
teristics that are valid for all systems, for they cannot sigmfy any specific 
difference for the narrower class and, therefore, cannot designate any charac- 
teristic of reality However, it is more difficult to pursue the second course, 
for the task of formulating propositions about all possible systems of know- 
ledge appears hopeless if we bear m mind the preceding discussions of the 
refutability of presuppositions and are aware of the fact that no limitations 
are set on any possible perceptions Yet we may entertain the supposition 
that a sweepmg proposition of similar scope can be formulated respecting 
logic 

Both methods taken together signify the execution of the idea that the 
characteristics specific to the narrower class, and only these characteristics , 
constitute a characterization of reality They are therefore able to isolate 
those characteristics of our system of knowledge that stem from reason, and 
yet it cannot be claimed that these characteristics are thereby exhausted 
For the formulation of the characteristics specific to reality is also carried 
out with the help of reason Therefore we find in these propositions an 
mteraction of both components 

It is nonetheless important to stress the subjective component, especially 
in connection with the first method For physics usually does not work 
over the entire general sphere of the narrower class, but selects from among 
the admissible schemata that one that appears most suitable with respect 
to descnptive simplicity This is the reason that at times we erroneously 
attribute an objective significance to some of those characteristics of the 
schema that are m truth purely subjective m nature We can distinguish 
characteristics of this sort by transforming to some other admissible schema, 
whatever is altered m the process possesses no objective significance It is 
not always easy to achieve this transformation The notion that certam 
elements are of an objective nature has been so firmly implanted that it 
frequently takes generations of work before they are seen to be subjective 
We need only recall the theory of relativity, the epistemological significance 
of which consists precisely in its having revealed the subjectivity of certain 
elements formerly believed to be objective H Thirrmg has listed other 
examples of elements the subjective nature of which, although actually 
known, is easily forgotten 37 

In such investigations, the human mental faculty proves to be more 
susceptible to variation than we ordinarily assume Caution is advisable 
in following the second method The structure of logical thinking perhaps 
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may not be fixed to the extent that we are inclined to believe When we 
consider the evolutionary ongm of human thought, it seems plausible that 
even the most general forms of thought have arisen through a special adapt- 
ation of man to his environment and therefore do have, after all, in certain 
respects the character of reality It is quite possible that there are no abso- 
lutely universal characteristics m the possibility class, that its characteristics 
never possess more than relative generality over against the narrower class in 
the temporary state of knowledge at a particular time - that logic, too, will 
ultimately be shown to be subject to evolution To be sure, we cannot tell 
with the logical instruments at our disposal what the significance of this may 
be All we can do is to refrain from formulating any proposition about the 
possibility class, either positive or negative 

Having completed these general considerations, we proceed to the more 
precise analysis of the most important principles of physical science In so 
doing, we will pursue the idea of separating the rational portion of these 
principles from their empirical content The arguments carried out in Section 
13 have shown us that they must have an empirical content In order to 
locate it, we must show what part of the relevant principles originates in 
subjective arbitrariness and what part is independent of it Our earlier concept 
of a coordinative definition will prove fruitful in this process, and we shall 
discover that our inquiry concernmg the relation between empiricism and 
theory coincides with the distinction between fact and definition, a necessity 
we have already mdicated 


15 SPACE 

The heterogeneous variety in the judgment of the problem of space has its 
root in the failure to distinguish adequately the mathematical problem of 
space from the physical As long as there was no non-Euclidean geometry, 
there was only one model of space for mathematics and physics alike It 
seemed, therefore, that physics could simply take over from mathematics 
the concept of space and its laws, while mathematics, in turn, had the task 
of examining these laws by means of its own methods, thought to be inde- 
pendent of all experience Thus arose the subjective conception of the prob- 
lem of space, for space appeared to be a subjective element, a member of the 
rational component of knowledge, corresponding to nothing in reality This 
is also the conception of Kant The situation changed, however, when the 
discovery of non-Euclidean geometries brought to light the possibility of 
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several quite different types of space From that time on, the mathematical 
problem of space parted company with the physical It was recognized that 
mathematics dealt only with space as a type [Raumtypus ] , with possible 
spaces, whereas physics was obliged to decide which of these possible types 
accords with reality The peculiar position of mathematics as the science of 
possibility in relation to physics as the science of reality was once again made 
clear, and the objective conception of physical space took root once more, 
despite Kant To be sure, the full development of this conception took nearly a 
century The prophetic words of Riemann 38 , from the beginning of the move- 
ment, were first brought to realization through Einstein’s relativity theory 

The peculiar nature of the mathematical problem of space becomes clear 
if we consider the logical position of the geometrical axioms Within the 
mathematical sphere, the judgment true or false is not applicable to the 
geometrical axioms Mathematical axioms are definitions , comparable to the 
rules of chess, and they merely construct the relevant type of manifold 
Therefore it is permissible to transform individual axioms into their converse 
and then combine them with other axioms As long as the axioms are mut- 
ually independent, no fallacies can result from this process, and mstead, a 
new type of manifold emerges The objects or elements of geometry are 
defined by means of the axioms, in the sense of implicit definitions 39 , any- 
thing that satisfies the relations set forth in the axioms is itself an admissible 
element of geometry It turns out to be not at all only intuitive elements such 
as a point, or a straight line, that fulfil the conditions, the same axioms apply 
among quite different elements, such as numbers We need only recall the 
various models of non-Euchdean geometry that have been constructed smce 
the time of Klein 

In physics, however, the problem is fundamentally different Physics must 
decide which axioms are true , its axioms are not definitions, but facts 
Physicists must test whether the Euclidean axiom of parallels applies to 
physical space or not By carrying out these investigations, they decide which 
of the mathematical spatial models conforms to reality This conception has 
admittedly come under attack It has been said that physics could not 
possibly make such a judgment, that m making measurements physicists can 
only presuppose geometrical axioms, not obtam them as a result of the 
measurements In connection with this objection we must refer to Section 13, 
where we showed that at least the falsity of presuppositions can be judged on 
a physical basis Moreover, this objection overlooks the fact that, if Euclidean 
geometry is presupposed m the small, a method of approximation can be used 
to prove the validity of a non-Euchdean geometry for large realms of real 
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space It is, for instance, a logically acceptable procedure to use astronomical 
measurements to conclude that the universe is non -Euclidean, even though 
the Euclidean character of astronomical instruments is presupposed 

To be sure, we must make one concession to the subjective conception 
of the problem of space, which employs these very ideas in its defense The 
results of spatial measurement are not free in the sense of subjective arbit- 
rariness as is often believed by the proponents of the objective conception of 
space At particular points, definitions must be laid down before any spatial 
measurements can be made at all, and which geometry will appear as the 
result of measurement will depend upon the choice of definitions These 
definitions are coordmative definitions in the sense given m Section 10 Thus 
the establishment of the definitions of spatial order constitutes an important 
epistemological task, for only by means of this analysis can we gam a definitive 
clarification of the epistemological problem of space This task has been 
carried out in connection with the theory of relativity 40 

The first coordmative definition for space is the setting of the unit of 
length It is also the most obvious type of a coordmative definition, and has 
long been recognized as such Yet what was not recognized for a long time 
is that a second coordmative definition is needed to establish a comparison 
between lengths at various pomts m space We may visualize schematically 
that a lme segment is represented at every point m space that will serve as a 
unit 41 Whether or not these segments are equal m the ordinary sense is 
immaterial, for they can be made equal by definition The necessity of a 
coordmative definition to stipulate the congruence of line segments at a 
distance is understood smce it is in principle impossible to compare remote 
segments with respect to congruence Transporting rigid rods cannot help, 
for we have no way of knowing whether or not the rod changes during the 
journey Quite the contrary the comparison of lengths during the transport 
of rigid rods is rather to be conceived of as a definition 

A further coordmative definition concerns motion and rest Which system 
is to be designated as at rest is established by a coordmative definition, which 
subsequently determines the motion of all other bodies Historically, this 
idea was the startmg point of relativity theory It also applies to motion of 
rotation, which is why the Copernican and the Ptolemaic system are equiv- 
alent The former is certainly simpler, but this is merely a matter of des- 
criptive simplicity, which signifies nothing as to its truth 

That this question has always been connected with the theory of gravita- 
tion is well known As long as the Newtoman theory of gravitation was 
upheld, the Copernican system was regarded as the only true system, the 
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relativistic conception has been recognized only since the establishment of 
Einstein’s gravitation theory However, this conception is only partially 
correct Motion requires a coordinative definition, quite mdependently of 
any physical theory, and every physical theory, mcludmg Newton’s, can be 
transformed m such a way that it does not designate any state of motion 
in an absolute sense The Mach-Einstem idea has a physical import over and 
above this epistemological relativity, viz , that mertia is to be found not only 
in instances of motion relative to all the masses of the universe but also, in a 
correspondingly smaller degree, in the relative motions of individual smaller 
masses m any spatial direction Thus Fnedlander came to suspect that the 
rotating fly-wheel m a steam engine generates a centrifugal field m its mterior 
The Einstein equations also contam this Machian principle, as Thirring has 
demonstrated 42 Through the appearance of controllable effects, we are 
able to recognize that we are dealmg here with a more sweeping proposition 
than the epistemological relativity of a coordinative definition, even though 
such a definition may have furnished the logical occasion for it Conversely, 
the epistemological relativity of motion is for this very reason independent 
of these effects 43 

Finally, yet another coordmative definition is found in the problem of 
motion, one that is frequently overlooked Not only the state of rest of a 
whole system, but also the state of rest of each point must be laid down 
specifically We are relieved of the necessity of giving this further definition 
only if the physical rigidity of the system is presupposed, m this instance, 
the rigidity itself realizes this further definition The relation between this 
definition and those preceding it is similar to that between the definition of 
the congruence of distant segments to the definition of the umt, in each 
case, the latter definition can be joined up with the former with the assistance 
of the rigid body 

The definition in question may also be described as a definition of the 
relative rest of pomts It is therefore identical with the definition of the 
spatial coordinates system A system of pomts that swirl about every which 
way m relation to rigid bodies can be defined as a system of reference ‘at 
rest m space and in itself. The import of this idea is that relative motion, 
too, is not an absolute Mach’s view that the relative motion of the earth 
and the system of fixed stars, at least, existed objectively must be modified 
to point out that here, also, there is present ‘only a relative motion with 
reference to the rigid body’ Thus we may speak of a relativization of relative 
motion, introduced along with the general theory 

Along with the possibility of establishing the coordmative definition of 
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space by means of rigid bodies, there also exists a means of establishing it 
solely through the use of light signals, which leads to the construction of a 
special light geometry 44 Imagine observers located upon particular mass 
points that are swirling about in space who can only communicate with one 
another by means of light signals With the help of these signals they are 
able to define the relative rest of pomts, the equivalence of line segments 
in space, and so forth, usmg light rays as the definition of straight lines To 
be sure, the univocal designation of systems that are rigid within themselves 
m the sense m which a body is rigid can be carried out with the assistance 
of light geometry only if we regard the absence of singularities as an admiss- 
ible mark of distinction, otherwise we will have to augment the definitions 
by material entities such as rigid rods and natural clocks 45 

The coordinative definitions that we have listed contain the subjective 
components of spatial order The facts of spatial order — that is, its objective 
components — can be formulated independent of them That two rigid rods 
which are found to be of equal length when placed side by side somewhere in 
space will turn out to be of equal length when compared side by side any- 
where else in space is a characteristic essential to the designation of the rigid 
body In connection with light geometry, further objective characteristics 
have been formulated as light axioms , to which physical axioms , such as the 
one just presented, are then added 

Spatial order results from the combming of these facts with the defin- 
itions If we say, with Einstem, that physical space is of a spherical nature, we 
are asserting a complex fact that presupposes elementary facts and defin- 
itions If we were to select definitions otherwise, not drawing upon the rigid 
body, the geometry would be different The same is true of the shape of 
bodies in space Even the conclusion that the earth is spherical is related to 
the definition of congruence by means of the rigid body and is significant 
only as a relative result 

The solution to the problem of space described here is to be attributed 
principally to the work of Riemann, Helmholtz, Poincare, and Einstem 
Helmholtz, the first to acknowledge the significance of Riemann’s idea for 
physics, indisputably deserves the major credit for the recognition of the 
definitional character of congruence in physical space 46 Poincare corned 
the term ‘ conventionalism \ which refers to the definitional character of the 
congruence of line segments and designated the definition in question as 
a convention At the time he introduced this idea, Poincare still believed 
that the convention of the rigid body led to Euclidean geometry, not 
knowing that Einstem was soon to take up the idea of conventionalism m all 
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senousness and apply non-Euclidean geometry to physics Final clarification 
came about with the philosophical discussion of Einstein’s general theory of 
relativity 47 Unfortunately, the viewpoint of simplicity played the greater 
role m this discussion The opponents of the theory of relativity wanted to 
designate Euclidean geometry as simpler, whereas its proponents declared 
Riemanman geometry to be simpler by appealing to the fact that the physics 
which came mto being along with geometry would have to be employed m 
judging between the two But this observation only confounded the problem 
It is descriptive simplicity that is in question here It makes no difference 
which geometry leads to simpler relations, the one is not m any sense truer 
than the other Rather, the relativity of geometry occurs along with the 
relativity of motion, for geometry, too, rests upon coordinative definitions 48 
If physics nevertheless gives preference to one particular congruence 
definition, it does so because it must choose one It will select the one which 
formulates the relations in the most lucid manner, without thereby binding 
the selection to any truth claim It is solely on such grounds that physics 
chooses the definition of congruence through the rigid body 


16 THE IDEALISTIC AND REALISTIC CONCEPTIONS OF SPACE 

Some take the view that the structure of space does not contam any objective 
determination of reality, that it is a conceptual element, mtroduced into the 
explanation of nature by human reason, to which nothing objective corres- 
ponds Indeed, the relativity of geometry is employed as an argument for this 
interpretation, and it is usually connected with the more sweeping claim that 
Euclidean geometry can be established by definition, for if it is in any case a 
matter of something subjective, nothing hinders us from selecting this distinc- 
tive form of geometry Proponents of this choice appeal principally to the 
intuitively vivid nature of Euclidean geometry, denying to non-Euclidean 
geometry any possibility of being visualized 

Yet this conception, which has emerged as the latest offshoot of the 
Kantian philosophy of space, is nevertheless not viable It is certainly true 
that geometry deals with a conceptual system, but not m some special sense 
different from that of natural science as a whole This conceptual system 
may be determined by reason, yet the problem of the coordination between 
the conceptual system and reality does not depend upon reason, its solution 
can only be given by experience and constitutes, therefore, a characterization 
of reality It is only the selected definitions of spatial order that are of a 
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subjective character, the facts that stand alongside them are objective, which 
is why only the realistic conception offers an adequate explanation of our 
findings 

And for this reason, too, the so-called intuitive character of Euclidean 
geometry provides no claim to a superior position Starting from the assump- 
tion that we totally disagree with assigning it this mark of distinction, we can 
demonstrate that, on the one hand, Euclidean geometry can be considered 
intuitive only to a very limited extent and that, on the other, non-Euchdean 
geometry is equally susceptible to intuitive visualization 49 However, the 
following pomt can be made quite independent of this viewpoint Even if 
the assertion about the intuitive quality of Euclidean geometry were correct, 
it would have no decisive bearing upon the epistemological value of the 
theory of absolute space and time It would merely signify something about 
the preferability of one of the logically equivalent conceptual systems from 
the standpoint of psychological facilitation — something, that is, about the 
subjective abilities of human bemgs But the question of which conceptual 
system fits reality is to be answered quite independently, for we should not 
presume that reality orders itself according to the psychological abilities of 
man In particular, the question of physical space must be decided indepen- 
dent of intuitive qualities [Anschauhchkeit ] , for it is a question of the 
relation of a conceptional system to reality, not of its relation to the human 
capacity for intuitive visualization 

Those who press the point further next seek to defend their position by 
appealing to the relativity of geometry In Section 15 we showed that reality 
does not unambiguously prescribe one geometry and that, in choosmg the 
definition of congruence, we have it in our power to determine the nature 
of the geometry that will subsequently emerge This being this case — so runs 
the argument — there can be no objection to employing in physics that 
geometry that is superior in intuitive qualities We need only set up the 
definition of congruence m such a way that the geometry is Euclidean 

Such a definition of congruence is frequently possible, but we must note 
that, m doing so, we introduce a peculiar indeterminacy into physics If 
measurements with rigid rods - think, for example, of the measurement of 
the circumference and diameter of a circle and the calculation of the relation 
between the two — indicate a deviation from Euclidean geometry, then the 
preceding argument means that we must interpret this deviation as action of 
a force that deforms the measunng rods But further experimentation would 
demonstrate that this force has the same effect upon everything, so that its 
existence cannot be proven in any other way through the deviations from 
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Euclidean geometry that are found in practical measurement But to admit 
the existence of such universal forces in physics would be to introduce 
uncertainty into all practical measurements For instance, it would become 
meaningless to talk about the spherical form of the earth’s surface, for if 
these forces exist, we might just as well conceive of the earth as an egg-shaped 
body or a cube and consider earlier observations to have been distorted by 
universal forces It therefore seems more to the point to exclude universal 
forces by definition from the outset, stipulating that physics will acknow- 
ledge as physical only such forces as result in differential effects, e g , heat 
would be an admissible force because of the variation m the coefficients of 
expansion Given this stipulation, the question of the geometry of space is 
completely determined This idea has also been formulated as the proposition 
that only physics and geometry taken together as a whole is subject to the 
test of expenence 50 , but this assertion certainly is not mtended to deny the 
possibility of indicating m physics the exact places containing the definitional 
prescriptions that make the question about geometry an empirical problem 
Yet another argument for the special position of Euclidean geometry has 
been put forth m that a rigid body cannot be defined m itself, but already 
presupposes Euclidean geometry in its definition 51 But this idea is refuted 
by the preceding arguments A rigid body is defined as a system having only 
a slight, elastic reaction to physical forces of the above-mentioned sort If we 
add the stipulation that the influences of physical forces are to be eliminated 
by means of corrections, while universal forces are inadmissible, we have a 
complete definition of the transmitted lengths of ngid bodies carried over 
during transport Thus the exclusion of universal forces determines the rigid 
body, too, and can take the place of a rule stipulating the form of the rigid 
body by means of Euclidean geometry 

However, we must take up the idea of the relativity of geometry once 
agam and mvestigate the extent to which the relativity of geometry, which 
in itself certainly exists, permits Euclidean geometry at all. Mathematically, 
the relativity of geometry rests upon the possibility of transforming geo- 
metrically different spaces mto one another But clearly this transformation 
can be earned out uniquely and continuously throughout only when the 
spaces are topologically equivalent If measurement of a space carried out 
in accordance with the definition of congruence by means of a rigid body 
reveals a form that deviates topologically from Euclidean geometry, then 
the mtroduction of Euclidean geometry by definition entails a violation of 
the principle of causality If, for instance, non-Euchdean space turns out to 
be spherical and closed, then transforming it mto Euclidean geometry by 



48 METHODS OF PHYSICAL KNOWLEDGE (1929) 1 83 

means of a definition will have the consequence, among others, that a light 
ray can traverse the infinity of Euclidean space in a fmite time and come back 
from the opposite side To admit such possibilities seems physically meaning- 
less, especially for the philosophy of the a prion, and therefore their exclu- 
sion confines the relativity of geometry within certain limits, which in some 
circumstances prevents the mtroduction of Euclidean geometry This might 
be the most important argument against giving a special position to Euclidean 
space 52 

As a consequence, the topology of space is to be regarded as a more 
fundamental determination than the metric, the topology is prescribed by 
reality once certain elementary presuppositions about causality have been 
made This also leads to a clarification of the physical significance of the 
number three as the number of spatial dimensions which itself signifies a 
topological determination It is known from mathematics that spaces possess- 
ing different numbers of dimensions can be transformed into one another, 
yet never uniquely and continuously throughout According to the funda- 
mental principle of the relativity of geometry, we can transform three- 
dimensional space into four-dimensional space and thereby take from the 
number of dimensions all objective meanmg, but then the continuous nature 
of the causal connection would be lost Consequently, we can establish the 
following objective meanmg of three as the number of dimensions only for 
three dimensions is a contmuous causal ordering of reality possible This 
is not to be conceived of as a charactenstic having an a pnon connection with 
the number three, but solely as a result learned from experience Even if 
the continuity of the causal order, and particularly the implementation of 
the principle of action by contact (cf Section 18), is to be viewed as a 
requirement of a definitional character, it is nonetheless a fact of experience 
that there is a particular number of dimensions that fulfills this requirement 
and that this is precisely the number three In this sense, then, the number 
of dimensions is prescribed by reality and is, conversely, an objective charac- 
terization of reality It is entirely mcorrect to suppose that the number of 
dimensions of space is determined by the nature of man — say, his makeup 
m the sense of the psychology of sensation The number of dimensions is not 
subjectively determined, on the contrary, evolutionary adaptation had 
developed m man precisely that disposition that singles out three 
dimensions 53 
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17 TIME 

Time also contains coordinative definitions, only when they are revealed can 
the philosophical problem of time be clarified 

The first coordinative definition concerns the unit of time , and it is, of 
course, well known as such However, we find the problem of congruence 
with respect to time as we did before for space The congruence of consecu- 
tive segments of time requires a coordinative definition It is impossible in 
an absolute sense to compare two consecutive units of a clock, if we none- 
theless wish to call them equal, this assertion has the nature of a definition 
If two natural clocks standing side by side have equal first units, then their 
second units will also be equal — this is a fact, and it is taught to us by 
experience But if we assert that the first unit is equal to the second for 
every clock, this is not what is taught by experience, but a definition instead 
Thus the metric of time, time’s uniformity, rests upon a definition This 
definition is, again, arbitrary, and there could be nothing to prevent us 
from defining the metric of time in such a way that, e g , a freely falling 
body falls with umform speed However, we possess a number of distinctive 
ways of defining uniformity, their distinction consistmg m the fact that they 
all lead to the same metric They are as follows 

1 Definition by means of natural clocks, eg, the rotating earth The 
natural clock is defined for this purpose as a closed periodic system This 
concept contains problems similar to those of the rigid body, and other 
difficulties as well For the best clocks, such as atoms with their rotating 
electrons, do not themselves directly give their unit of revolution as a fre- 
quency, but only define a period by the number of oscillations of the light 
emitted, which is related m turn in a complicated manner (according to 
Bohr) to the unit of revolution If, finally, with modern quantum mechanics, 
the conception of revolving electrons is to be given up altogether, it must 
remain an open question how the atom is to be fitted into the concept of a 
clock 

2 Definition through the law of inertia A force-free moving mass-point 
covers equal paths in equal times Thus the metric of time is given through 
measurement of spatial segments, l e , it is traced back to the metric of 
space via the law of inertia This definition has the disadvantage of placing 
the end pomts of the equal segments of time at different space-points, so 
that simultaneity is already included m the definitions 

3 Definition through the motion of light A light ray also covers equal 
paths m equal times and, like the moving mass-point, it can be used to define 
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uniformity In order to eliminate simultaneity, we can imagine the light ray 
as being reflected back and forth between two minors connected by a rigid 
rod, it will then separate mto equal time segments at each end point 
(Einstein’s light clock) Yet spatial measurement cannot thus be eliminated, 
for the rigid connection between the mirrors is essential Only with the help 
of light geometry is it possible to give a definition of the metric of time by 
the movement of light alone, yet the ngid rod is unavoidable if the definition 
is to be made unique 

All these definitions are arbitrary, but the fact that they are univocal is 
independent of our will, and this is their mark of distinction 

The third coordinative definition concerns simultaneity, le, the con- 
gruence of parallel time segments at different points of space It is essential 
that the space-points be different, the juncture of two events at the same 
space-point belongs to another group of problems and is called a coincidence 
rather than simultaneity Under the name ‘relativity of simultaneity’, the 
third coordinative definition has become the foundation of the special theory 
of relativity To obtain a philosophical understanding of this definition, we 
must look more deeply mto the concept of time 

The three coordinating definitions listed above concern metric charac- 
teristics of tune, but in addition to these we must consider its topological 
characteristics The most elementary characteristic of time is the time 
sequence , the purely topological ordering of time-points m the sense of one 
after another All events taking place at a given space-point P are ordered in 
such a way that of any two, one is later This relation is transitive, so that the 
time sequence, which we assume to be a linear contmuum, develops at a 
single pomt The fundamental topological relation, then, is ‘temporally later’ 
along with its mversion, ‘temporally earlier’ Is it possible to reduce this 
relation to another relation, is it possible, that is, to give a coordinative defin- 
ition of the relation of tune sequence^ 

With the assistance of the concept of causality, such a definition can, in 
fact, be formulated If a certain event E x is the cause of an event E 2 > then E x 
is earlier than E 2 We can, then, trace the concept of time sequence back to 
the concept of a cause if we distinguish the order of E x and E 2 without using 
the concept of tune We must search in the events E\ and E 2 for some dis- 
crimination whereby Ei can be recognized as the cause of E 2 This can be 
accomplished m the following manner 

If we attach a mark to E x — 1 e , make a small variation in the para- 
meters — this mark will also be observable m E 2 If, on the other hand, we 
attach such a mark to E 2 , it is not observed in E x This is the distinctive 
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characteristic of the causal relation the effects propagate only temporally 
forwards, not backwards Therefore the nature of the propagation of effects 
can, in turn, be used in defining the sequence of time (cf Section 21) 

We find the same idea contained in the concept signal By signal we under- 
stand a physical process that is propagated from one space-point P to another 
space-point P' This ‘propagation of the same process’ can only be charac- 
terized with the help of a mark, a signal is a process whereby the mark moves 
from pomt to point The signal, then, is the model of a transfer of action and 
can therefore also be referred to as a causal chain The term ‘signal’ suits 
precisely the property of propagating the mark, for it signifies a transmission 
of marks 

Only such a signalling process is a real sequence , which must be sharply 
distinguished from an unreal sequence If, for mstance, we hold two rulers 
across one another and move one diagonally, the point of mtersection will 
move rapidly along the edge, the velocity can be increased indefinitely by 
holding the rulers so that they are practically parallel However, no mark is 
transmitted m this case If one of the rulers should happen to have a small 
projection somewhere along its edge, the sequence will be interrupted at that 
pomt, yet this has no influence upon the subsequent process, which continues 
unaltered Such unreal sequences offer no mark of direction and, therefore, 
no definition of the direction of time In emphasizing the mark as the means 
of characterizing real sequences, von Laue was probably the first to call atten- 
tion to the difference between real and unreal sequences 54 

We can, then, give the following topological coordinative definition of 
temporal sequence an event Q 2 is said to be later than an event Q x if 0 2 
can be reached from Q x by means of a signal 

Next we formulate a second topological concept of temporal order, which 
follows by analogy from the concept of temporal sequence Two events Q x 
and Q 2 are called indeterminate in respect to temporal sequence if a signal 
can be sent neither from Q x to Q 2 nor from Q 2 to Q x 

It will be noted that this definition captures precisely the essential 
property of the concept simultaneous For the intuitive image of simultaneity 
means just exactly that simultaneous events cannot stand in a cause-effect 
relation to one another an event that is occurring simultaneously with my 
present action is temporally situated in such a way that I cannot influence it 
and it cannot influence my action Moreover, in speaking of simultaneity, we 
wish to assert something further, we wish to attribute to the events in 
question the same time values But clearly this is admissible only if the stated 
condition is fulfilled 
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How are we to accommodate this additional condition 9 There is no way 
to make a meaningful choice We must admit that the condition is not only 
necessary, but also sufficient for simultaneity Any two events that are 
indeterminate as to time sequence may be called simultaneous, for this 
assertion can never contradict the definition of temporal sequence, given 
our conceptual specification of indeterminate in respect to temporal 
sequence 

It would be quite possible that this topological specification of simul 
taneity will nonetheless lead to a univocal simultaneity, this would be the 
case if the velocity of the causal transference could be mcreased indefinitely 
Then, for every event Q x , there would be only one event Q 2 , indeterminate 
as to temporal sequence, m another causal chain The concept, indeterminate 
as to temporal sequence, would then be identical with the concept of simul- 
taneity of the classical theory of time Yet this is not necessary, for there may 
be a finite upper limit to all cause-effect transference If so, the topological 
concept, indeterminate as to temporal sequence, will not lead to a umvocal 
[absolute] simultaneity 

And this is the actual state of the case, the speed of light is the upper limit 
of all cause-effect transference This is to be viewed as an experimental result, 
a decision between the two possibilities cannot be taken a priori However, 
we still must show how it is possible to formulate this assertion without using 
the concept of simultaneity Since it is to be used for the purpose of judging 
the univocality of simultaneity, it cannot presuppose the concept of simul- 
taneity 

We therefore formulate the existence of an upper limit to all cause-effect 
transference as follows If, at time t x , a signal is sent from a space-point P to 
another space-point P' and back again to P, then there is at P a time-point 
t> ti such that, for all physically possible signals, the return to P does not 
occur earlier than t This formulation assumes only the concept of temporal 
sequence, not that of simultaneity 

The upper limit t 2 for all eligible t corresponds to the return of the light 
signal Light is therefore the first signal, for it comes back first of all If we 
designate by t r the moment at which light arrives at P', we thereby coordinate 
the interval from t x to t 2 at P with the time-point t' in P' Every point within 
this interval can be called simultaneous with t\ so that, within these limits, 
simultaneity is arbitrary 

This is the strict presentation of the relativity of simultaneity , it rests upon 
the fact that, as a result of the existence of an upper limit of cause-effect 
transfer, the topological concept indeterminate as to temporal sequence does 
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not lead to a umvocal stipulation of simultaneity Thus simultaneity can be 
established only by adding a metric coordinative definition to the topological 
specification In the special theory of relativity, Einstein stipulates that t' = 
ti +1/2 ( t 2 — 1 1 ), but this is clearly only a definition and cannot be said to 
be true or false Every definition of the form t f - 1 1 + e (t 2 ~ t x ) is admiss- 
able, where 0 < e < 1 Choosing e = 1/2 merely leads to certam advantages 
in the sense of descriptive simplicity. 

The relativity of simultaneity has often been established by introducing 
two observers and justifying the difference in time by their difference in 
positions or states of motion But this is a misleading presentation As we 
have shown, the relativity of simultaneity is connected with the logical 
problem of temporal order, not the psychological The problem of defining 
time exists m the same way for every observer, and the individual observer by 
himself has available to him all the possibilities of temporal definition We 
simply get a better intuitive mage of the situation if two different definitions 
of time are assigned to two different observers Yet the observer who is at 
rest is just as able to define time as the observer in motion, although the 
speed of light will not be constant in his system, but will be different for the 
two directions along a segment This is not a matter of a difference in 
positions, but of a difference m the logical presuppositions of measurement, 
before any measurement can take place at all, these must first be arbitrarily 
laid down 

For this reason, it is impossible to circumvent the relativity of simultaneity 
by constructmg some suitable mechanism Some have tried to define absolute 
simultaneity by means of an electrical mechanism in which a current is closed 
at two separate points but closer analysis shows this to be untenable because 
of the finite speed of propagation of electrical effects Others have attempted 
to establish absolute simultaneity by means of the transport of clocks, failing 
to notice that this device, too, could only produce a definition , not any 
knowledge Furthermore, in order to be umvocal, this definition requires a 
presupposition that can only be tested empirically, this is the independence 
of the transported simultaneity from the speed of transport Relativity theory 
denies this very supposition, and consequently this procedure is not suitable 
even for a definition of simultaneity, let alone the establishment of absolute 
simultaneity 
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18 THE CONNECTION BETWEEN TIME AND SPACE 

The relativity of simultaneity makes measurement of space dependent on 
measurement of time, with respect to moving objects 

A segment at rest - at rest, that is, within the relevant system of co- 
ordinates - is measured by laying a ngid rod alongside it A moving segment 
cannot be measured in this way, that is, we can lay off against it a rod that is 
moving along with it, but this will only give us the length of the segment 
relative to its own system at rest, not relative to the original system of co- 
ordinates We must therefore give a new definition establishing what is to be 
meant by the length of a moving segment 

According to Einstein, this definition consists of the following stipulation, 
the length of a moving segment is the distance between the simultaneous 
positions of its end points The segment, then, is projected into the system at 
rest and the resultmg distance measured accordmg to the procedures for 
measuring segments at rest 

This, too, is a matter of definition, and therefore this conceptual construct 
is arbitrary That some such stipulation must be made, however, is not subject 
to our discretion Pre -relativity kinematics did not mclude such a definition 
because scientists failed to notice that it was needed From a logical stand- 
point it was just as necessary then, for without it, it is impossible to see what 
could be understood by the length of a movmg segment 

In relativity theory it is demonstrated that, as a result of the Lorentz 
transformation, the length of the movmg segment becomes shorter than its 
length when at rest Once it is clear that two completely different concepts 
are at work here, the difference m the measured quantities ceases to be 
puzzling This contraction of movmg segments m the direction of motion has 
been suitably designated as the Einstein contraction It must be distinguished 
from the Lorentz contraction , which has nothmg to do with the relativity of 
simultaneity and relates to other quantities 55 

The dependence of measurement of space upon simultaneity is expressed 
clearly in the combining of space and time into four-dimensional geometry, 
as created by Minkowski, It is there expressed as the dependence of the 
positions of the directions of the axes of space and time, although the 
Minkowskian presentation is not to be mterpreted in such a way that time 
becomes a dimension of space On the contraiy, time maintains its charac- 
teristic properties in the Minkowski world, its peculiarity finding its most 
visible expression in the negative sign of the temporal term m the line element 
More precise study shows, indeed, that time is the deeper concept, from 
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which space is to be derived This becomes evident in light geometry (cf 
Section 15), which begins with the measurement of time and moves onward 
from there to the measurement of space Spatial distance is measured by 
means of time, which is necessary for cause-effect transference Spatial 
neighborhood, then, means the possibility of rapid causal transference, 
while spatial contiguity means causal connection Epistemological analysis 
doubtless teaches that there is a connection between space and time, but in 
a different sense from that of the graphic representations generally used to 
clanfy the connection between time and space in relativity theory 

In Section 16, we gave a thorough justification of the realistic conception 
of space The precedmg considerations demonstrate clearly that time similarly 
requires a realistic interpretation There are, to be sure, subjective elements 
m the coordination — given through the definitions — but, independently 
of these, the temporal order also contains facts ultimately signifying 
properties of the causal chains Time, therefore, is not m some special sense a 
schema imposed upon nature by the human mind, different in kind from any 
other conceptual formulation of our knowledge of nature The objective 
significance of time consists in its formulating the type of order of causal 
chains It is, then, a physical theory of a very general nature, but not in any 
way the product of a special intuitive human faculty. 

Causality is the deeper concept, to which time is to be reduced But smce, 
as we have already established, space can be reduced to time, it follows that 
spatial order also reduces to the concept of causality. The deepest form- 
ulation of the realistic conception of space and tune is to be found in the 
assertion that space and tune are nothmg other than the expression of the 
causal structure of the world 


19 SUBSTANCE 

Along with the concepts of space and tune, the concept of substance is also 
interwoven with philosophical ideas, for it is the most general expression of 
the concept of existence m physics By substance we mean what exists as 
such, that which constitutes the foundation of all happenings properties 
and laws are merely relations between elements to which the nature of 
substance pertains 

For this very reason there is a certam obscunty about this concept Sub- 
stance is a philosophical concept, and physics has a healthy tendency to avoid 
traditional philosophical concepts, replacing them with its own For it often 
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turns out that the basic concepts of philosophy are nothing more than the 
physical concepts of past generations which have not participated in the 
development of physics but which are considered by philosophers, who are 
far too historically minded, to be eternal necessities Thus physics prefers to 
speak of matter, mass, energy, and not of substance, and physics has added 
certain derivative notions to these concepts, such as force, effect, and 
momentum, so that only the sum total of this conceptual system expresses 
everything that is meant m philosophy by the concept of substance Deep 
physical discoveries such as those concerning the identity of mass and energy 
or the combination of momentum and energy in a tensor would not have 
been possible had a clean separation between these concepts not been made 
beforehand, and had the vague concept of substance not been abandoned 
altogether and the new concepts precisely defined without philosophical 
considerations 

The handling of the problem of the ether provides the most notable 
instance m which this procedure proved necessary For here, in particular, 
it became apparent that the attempt to maintain in all circumstances the 
concept of substance used m classical physics and m daily life leads to con- 
tradictions that cannot be removed by any theory, no matter how com- 
plicated The sort of substance which is presupposed by an elastic ether is 
indeed nothing other than the macroscopic entities presented to us m solid 
bodies, liquids, and gases, which we have long recognized as an aggregate of 
elementary particles of quite a different kind Yet it is extremely improbable 
that these elementary particles display, m turn, those properties that, m 
macroscopic matter, are only properties of the aggregate, and physics has, 
therefore, been quite right m refusing to regard the macroscopic concept of 
substance as a priori necessary and to make it the basis of the theory of 
matter. 

It has been replaced, in physics, by the concept of a field Since Einstein, 
a field has meant a substance which does not have the property of having 
its particles naturally defined Atomic matter is quite different, each atom 
is an individual that can be pursued through time as the identical object In 
the language of Minkowski, matter dissolves into a bundle of world-lines, 
the position of which m the space-time world is determined by matter We 
can, to be sure, also imagine a field-like substance being split up into particles 
(leaving open the question whether the particles touch each other like the 
volume elements m a continuum, or are separated like atoms, the answer 
being significant only in another context), but how the division mto world- 
lines is to be made is not determined by nature Within the restrictions of 
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their timelike character, the direction of the world-lines can be selected 
While one division results in the particles a, b, c , another yields the 
particles a, b',c , the world-lines of which intersect obliquely with 
those of a, b, c , so that the particle a is identical for a time with a , then 
with b , with c, and so on The system at rest which is marked out by a\ b\ 
c thus has a different state when m motion from the system marked out 
by a, b, c This situation constitutes the significance of Einstein’s assertion 
that the extended entity made up of such particles does not possess a defined 
state of motion “There may be supposed to be extended physical objects 
to which the idea of motion cannot be applied They may not be thought of 
as consistmg of particles which allow themselves to be separately tracked 
through time ” 56 Such a development of fundamental physical concepts is, 
of course, only possible when it can participate m the progress of natural 
science, free from the constraint of stipulations laid down a priori 51 

The situation is analogous for the law of conservation Kant postulated 
the law of the conservation of matter to be a priori necessary, and most 
philosophers followed him in this point Physics, on the other hand, thought 
it more proper to submit this principle to experimental test The conser- 
vation of matter during chemical reactions had already been tested by 
Lavoisier, who sealed substances m a glass flask and weighed them before 
and after the reaction Later, Landolt 58 earned out more precise experiments 
and found the pnnciple to be confirmed within the margin of error Further- 
more, physics did not hesitate to universalize the pnnciple of the conser- 
vation of substance According to Einstein, only the sum of mass and energy 
is constant, and we must note that Lavoisier and Landolt, had they been 
able to make more precise measurements (as is possible today), would have 
discovered, not a constant mass, but a decrease m weight, for a portion of 
the energy escapes through the glass m the form of heat radiation 

Philosophy, for its part, has tried to justify the principle of conservation 
as being a priori in another way According to this interpretation, the prin- 
ciple of conservation is strictly correct, but what the physical thmg is that 
constitutes substance is to be learned only through the gradual progress of 
knowledge 59 Thus m modern theory, it would no longer be matter alone, 
but the sum of matter and energy that constitutes true substance, which 
takes two phenomenal guises This conception requires yet further amend- 
ment today, for scalar energy has been replaced by the Emstemian energy 
tensor, accordingly, substance can only be characterized by means of an 
entity having the complex nature of a tensor Admittedly, this appears at 
first glance to be a possible extension of the older philosophical principle 
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of conservation But we must not concede that this method of extension 
will always remain possible even if e g , the principle of conservation turned 
out to be a statistical law not applicable to an individual, as is assumed m a 
theory proposed by Bohr, Kramers, and Slater 60 It is irrelevant to the 
philosophical problem that, for physical reasons, this theory is no longer 
maintained by its authors Thus it is senseless to want to maintain the prin- 
ciple of conservation as an a priori principle, it must be viewed as an empmcal 
result and therefore as subject to all the modifications that may be made in 
empirical knowledge 

On the other hand, that aspect of the problem of substance concerned 
with differentiating object and relation does appear to us to be of philo- 
sophical significance, as was indicated at the end of Section 6 


20 CAUSALITY 

The cluster of problems connected with causality has also not been suf- 
ficiently studied for us to be able to give a conclusive presentation We must 
therefore content ourselves with sketching out its general features To begin 
with, it seems most important to formulate the content of the causal 
assertion We must realize that it is not at all a matter of a single assertion but 
of a large number of assertions, all of which are included m the complex 
principle of causality 

1 The most general point that can be made about causality is that it 
asserts the existence of a functional dependence of physical quantities If 
A, then B, is the general form of the causal assertion, thus it represents an 
implication A dispute has been carried on as to whether the concept of a 
cause is exhausted by the concept of a function While some like to imbue 
causality with an element of mystery, a metaphysical creation or connection, 
others have objected strongly to this metaphysical interpretation, claiming 
that causality is purely descriptive, signifying a connection in no other sense 
than that signified by the concept of a function 61 The latter conception is 
correct insofar as it holds the causal concept to be capable of exhaustive 
analysis by purely logical means, yet incorrect insofar as it identifies the 
concept of a cause with the concept of a function For not every form of 
function corresponds to causality, which is, rather, a functional connection 
of a very specific character It is the job of epistemology to spell out more 
precisely the determinants of this function In carrying out this task, we will 
find that such logical analysis achieves exactly what the metaphysical 
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conception only dimly sought it captures just that characteristic of causality 
that we intuitively sense as ‘becoming’ and ‘connection’ We will attempt 
to give these more precise specification m what follows 

2 The implication connecting A and B is an asymmetrical relation In 
order to indicate the order of the two members, we must write it in the 
form 

A -+B 

We explained m Section 17 the means whereby the direction of the 
relation is to be recognized Further, this implication is transitive and con- 
nected 62 , and the resulting senes has the character of a linear open con- 
tinuum The points (point-events) of a causal series compnse, therefore, the 
field of a relation among these properties, only then is the causal relation 
charactenzed m such a way that a causal structure of the world emerges 

3 We assert further that the relation between A and B i£ continuous , i e , 
that small modifications m A also produce small modifications m B , if the 
modifications in A are assumed to be sufficiently small This is an extra- 
ordinarily important property Without it, the causal relation would be 
practically useless, since we never encounter objects or events that are strictly 
speaking the same 

4 We assert further that the elements between which the causal relation 
holds, that is, the parameters of the events, are not the space-time coord- 
mates To formulate it another way the coordinates do not appear explicitly 
in the physical equations This is an assertion about space and time rather 
than about causality, and can be regarded as a definition of the space-time 
coordinates We continue looking for factors determining an event until we 
find those of which we can say that they would produce the same effect m 
a different spatial position at a different time As long as we have not found 
them, we simply say that a field of force, or something of the sort, exists at 
the pertinent spatial position However, closer study is required to determine 
to what extent we have here a mere definition and to what extent an asser- 
tion of a restrictive nature about reality 

5 Also included m causality is the idea of an event that spreads contin- 
uously so that all intervening pomts are traversed This is the principle of 
action by contact , which may be formulated as follows “After a time At 
lymg beyond a particular distance r x , an effect that begins m a space-point P 
cannot be noticed in any ray r that goes through P after a time At lymg 
beyond a particular distance r x , where r x mcreases contmuously with At , and 
r\ = 0 for At = 0” This is not yet to say that there is a finite upper limit to 
the speed of an effect, but only to exclude infinite speed Thus the assertion 
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that the speed of light is the highest signal speed (cf Section 17) is not a 
consequence of the principle of action by contact, but rather an assertion 
going beyond it 

6 We assert further that the effect decreases with distance as r x increases, 
the intensity of the effect decreases This is an extension of the principle of 
action by contact, which is generally valid for the direction of time also The 
decrease of the effect with distance is evident in field theory, since effects 
spread over ever-expanding spherical surfaces Yet the situation is different 
for transported material particles or for needle radiation Closer investigation 
is required to determine to what extent this principle can be maintained in 
these circumstances 

7 Finally, there is one last claim connected with causality that represents 
an extrapolation beyond its character as an implication, namely, that the 
course of the universe is strictly determined, that, given a precise knowledge 
of the state of the world at a time-point t , it is possible to calculate umvocally 
the past and the future This assertion is known as determinism It is one of 
those risky consequences that are drawn when the probability nature of 
knowledge is not given sufficient attention We therefore replace it with a 
more modest assertion relating to the method of approximation employed 
in science through more exact analysis of the effective parameters , the 
probability of the prediction can be increased arbitrarily close to probability 
1 We refrain from any assertions as to the limit and leave open the question 
whether the probability 1 corresponds to any defined state of the universe 
At this pomt, determinism collapses Pursuit of this idea leads to a theory 
of the probability connection of the universe in which there are only degrees 
of probability at the same time this sheds new light on the problem of 
time, if considered side by side with the observations set forth m Section 
17 Results of these investigations are to be found m other works by the 
author 63 

We have listed seven separate assertions that are included in the concept 
of causality, and we cannot exclude the possibility that there are more We 
will now turn to the question whether causality can correctly be called an 
a priori relation 

As a logical relation, it certainly is something stemming from the rational 
component of knowledge, as do all theoretical components of knowledge 
We cannot claim that this relation occurs m reality, for this makes no sense 
Instead, we can only ask whether it is possible to apply this relation to 
reality, whether it can be justified The idea of the philosophy of the a pnon 
must then be formulated so that the causal relation can be maintained 
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under all circumstances, despite any experiential material whatsoever 
We cannot look mto this question thoroughly here In order to confirm 
the claim, we would have to investigate separately each of the component 
assertions about causality We shall simply mdicate that this question can 
only be handled in connection with probability theory, and that causality 
can be shown to become an empirical assertion once the concept of prob- 
ability is acknowledged to be a fundamental concept It is possible to imagine 
experiences that would force us to give up the principle of causality, at any 
rate for individual phenomena or m the atomic sphere Only the future can 
tell whether physics will take this direction (cf Section 24) 


21 THE ASYMMETRY OF CAUSALITY 

A more thorough examination of this fundamental question is required m 
order to respond to the objections that can be made to the repeatedly esta- 
blished asymmetry of causality They are related to the problem of the 
second law of thermodynamics 

According to a widely-held conception, the elementary processes of all 
physical events are of a reversible nature This is most clearly expressed in 
the differential equations of mechanics, which are of the second order and 
which therefore admit, along with every solution for a possible motion, 
another one that is obtained from the first by the transformation t = — t r 
Accordmg to these, the laws of nature do not indicate any direction of 
time, and the events could just as well run their course heading from future 
to past as the other way around Boltzmann endeavoured to show that this 
mterpretation does not contradict the occurrence of irreversible processes 
m thermodynamics by giving the irreversibility a statistical basis Accordmg 
to his theory, the asymmetry of the direction of time anses only in con- 
nection with macroscopic occurrences resulting from mixing processes, for 
instance, the probability is very great that the course of the diffusion of 
two gases will take place in the direction of mixing, while a separation, 
though it cannot be declared impossible, is highly improbable 

This argument has been adopted by a number of philosophers, and the 
view has been expressed that every indication of temporal direction must 
conform to the Boltzmann schema 64 For instance, M Schlick indicates 
that the concept of a ‘trace 5 is to be interpreted accordingly, supposing we 
find imprints of a human foot m the sand, we are justified in inferrmg the 
temporally pnor presence of a human being only m the sense that it is 
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overwhelmingly probable, for it is merely improbable, not impossible, that 
the impression m the sand results by chance from the sand’s swirling about 
in the wind In the same way he interprets the principle of the mark em- 
ployed by the present author For instance, if we make a chalk mark on a 
stone, this process — Schlick would say — is, stnctly speaking, reversible, 
it could happen that just as we touch the stone, which already has some 
chalk marks, with the piece of chalk, the particles of chalk on the stone 
coincidentally become detached from the stone and attach themselves to the 
piece of chalk In fact, such an occurrence cannot be regarded as impossible, 
but only as highly improbable 

The criticism of this conception must take two directions First we must 
study the question whether, if elementary processes are reversible, 
Boltzmann’s inference about the irreversibility of macroscopic processes is 
viable This, in turn, brings us to the second question What justification is 
there for establishing the thesis that the elementary event is reversible 7 

Let us take up the first question The author is of the view that 
Boltzmann’s attempt to denve irreversibility at the macroscopic level from 
reversible elementary processes is to be regarded as unsuccessful For Gibbs’ 
Reversibility Objection (Umkehreinwand ) 6S , which was published dunng 
Boltzmann’s lifetime, is quite correct, so long as we confine ourselves to 
closed systems If B is an improbable (unmixed) state of a gas and C is a 
mixed state succeeding it, Boltzmann would say that the probability of the 
occurrence B C would be very much greater than the probability of the 
occurrence C-+B The reversibility objection, on the other hand, runs as 
follows If A is a state defined by the fact that we imagine the direction 
of motion of all particles to be the exact opposite in C, then B must develop 
out of A, but accordmg to Boltzmann’s principles,^ is just as probable as 
C , because the probability of a state is, in Boltzmann’s view, mdependent 
of the sign of the velocity , therefore A B will occur as often as B -> C 
This conclusion contradicts Boltzmann’s basic idea 

Clarification of the contradiction requires the use of the concept of 
relative probability 66 Then we can express Boltzmann’s idea as follows 
The relative probability of B C is high (1 e the probability of attaining 
the state C, given the state B ), the relative probability of C-+B low, like- 
wise, the relative probability of A -+B is low, that of B ->A high The re- 
versibility objection, on the other hand, runs the absolute probability for 
the occurrence of a segment B C Is just as high as for the occurrence 
A -+B (or C->B) Both assertions are correct, and they do not contradict 
one another 
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But if the contradiction is thereby resolved, the designation of the direc- 
tion of time has been lost at the same time This is best seen m the following 
way Given a state B , we may conclude it to be overwhelmingly probable 
that, at a later time, the system will be in a state of higher probability, for 
instance, C But the reverse is not true given two states B and C, we may not 
conclude that B occurs earlier, for it is just as probable that C will occur 
earlier. Thus only the inference from the direction of time to the event is 
justified, not the inference from the event to the direction of time But it 
is only the second mference that would indicate a direction of time that the 
first one offers no indication of direction is best seen m the fact that, if we 
take state B as a startmg point, we must conclude with overwhelming prob- 
ability that the system was previously in a state possessing greater prob- 
ability 

This will change only if we inspect closely a system m an improbable 
initial state and concede the origin of the initial state to be due to outside 
causes, i e , cease to regard the system as closed 67 If we take, e g , a gas 
system in state B , in which nitrogen and oxygen exist side by side, not mixed, 
it is far more probable that the system arose by means of separate production 
of the two gases, for instance, by means of chemical transformations, than 
that it decomposed on its own through a closed process Given two states# 
and C (C bemg in a well-mixed state), we may infer that B is the earlier 
state, for the origin of B is not connected to the improbable case A B, but 
may be traced back to outside causes In this instance the second mference, 
the one from the states to the direction of time, is justified, and in fact it 
becomes possible to mdicate the direction of time 

The outside causes can be included m the system, in which case the 
arismg in outside causes is synonymous with the mcrease in probability in the 
more comprehensive system If we proceed in this way to the world -system as 
a whole, we can say that the probability of the world-system mcreases 
steadily, thereby mdicatmg a direction of time. If we may regard the total 
evolution of the world-system as a steadily climbing curve, a directional 
indicator is indeed present 

A difficulty arises only when we conceive the totality of the umverse as a 
closed system made up of a finite number of reversible elementary processes 
In that case, our previous comments apply to the probability curve of the 
universe, and once again no direction is mdicated Thinkers have occasionally 
tried to extricate themselves from this situation by carrying out the assump- 
tion that, at least in the area of a sharp declme of the probability curve, the 
directional indicator does exist after all, so that, for periods of (admittedly) 
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cosmic duration, the direction of time may be defined as climbing upwards 
Accordmg to this theory, for instance, a different race of men living later 
than ourselves as seen from our vantage point and following a branch of the 
curve headed in the diametrically opposite direction would define the 
reversed direction of time as positive 68 Nonetheless, the present author 
cannot embrace this solution If it is possible for the direction of time to 
change during the course of events, it no longer makes sense to speak of 
events, of somethmg evolving, in the sense of a development, the concept of 
becoming is forfeited, and the temporal course of events takes on a statistical 
character 

This answers our first question If what happens in the world consists of a 
finite number of reversible elementary processes, then the indication of a 
direction of time does not hold We could, to be sure, still ascribe to causality 
a ‘relative probability asymmetry’ (given by means of the difference between 
the relative probabilities of B-+C and C-+B), but this is not sufficient to 
designate a direction of time The second question, concernmg the justifi- 
cation of the presupposition of reversibility, still remains to be answered 

We could dispute the assumption that the number of elementary processes 
is finite, but it would be easier to cast doubt upon the reversible character of 
elementary events For it is an idea that arose essentially through the 
influence of the mechanical view of the world, which can only be maintained 
in conjunction with the idea of determinism There can be no strong reason 
for maintaining this in the age of quantum mechanics 69 Epistemologically 
speaking, it would be sounder to conceive events m the universe through a 
schema of laws that do not contam any idealizations, such as the idea of 
determinism, that extend beyond the course of what can be experienced The 
present author has developed just such a schema on the basis of the concept 
of probability 70 The indication of the direction of time by means of caus- 
ality appears to be a very elementary fact, and we will do better to order our 
conceptions of the elementary event in such a way that this fact is preserved 

We should point out that, in substitutmg the concept of probability for 
the concept of causality, we do not have to use the idea of mixing processes 
in particular to establish irreversibility It suffices that there exist probability 
chains such that the absolute probability that the chain B -+ C will occur is 
very much higher than the absolute probability that the chain C->B will 
occur, we may then assume with probability that B is the earher event 
Although the concept of mixing processes emphasized by Boltzmann esta- 
blishes similar relations, it is nonetheless not necessarily presupposed by 
these relations Its preponderate usefulness probably stems principally from 
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the fact that the macroscopic world happens to be an aggregate of many 
minute particles m which, therefore, mixing processes play a large role A 
simple mechanical model for indicating direction by means of probability 
without appealing to mixtures can be set up in the following way If we take 
a Galton board (a board covered with nails standmg upright), set it aslant, 
like a wnting desk, and shoot a marble sideways mto it from the left-hand 
side, the marble will descnbe a curve similar to the probability curve of a 
gas system (It may occasionally roll backwards, too, but that is irrelevant ) 
The curve thus descnbed by a single marble defines the direction of time 
just as well as the gas system It yields differences in relative probability for 
the sequence of higher and lower positions of the marble, just as the gas 
system does, and differences in absolute probability only where the curve as 
a whole reaches the lower positions, for instance, when we take note of 
modifications caused by fnction Another way of indicating temporal direc- 
tion by means of the concept of probability, making use of three events, 
was presented by the author in an earlier publication 71 

The asymmetry of the causal relation laid out in Sections 17 and 20 is to 
be understood in this sense and can therefore be strictly justified only by 
appealing to the concept of probability 72 , we might call it an ‘absolute 
probability asymmetry 5 But if we are going to take the purely causal 
approach at all, eliminating the concept of probability by setting small 
probabilities equal to zero, it is justifiable, and even necessary, to represent it 
by means of an asymmetrical schema such as we have presented with the 
assistance of the mark pnnciple 73 


22 PROBABILITY 

We have already made extensive use of the concept of probability in our 
presentation For what we have here is a basic concept of knowledge, the 
form of the concept of truth that is employed by physics, and it is therefore 
impossible to treat it simply as a special problem Nonetheless, we will discuss 
here the particular application that has been found for the concept of prob- 
ability in the statistical laws of physics 

The concept of probability has entered physics at two points On the one 
hand, it was introduced along with the theory of error, which was con- 
structed principally m connection with astronomical problems On the other 
hand, it entered in conjunction with the kmetic theory of gases in thermo- 
dynamics, celebrating its greatest triumph in Boltzmann’s exposition of the 
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principle of entropy From that point it was taken up into the theory of 
matter and today constitutes an mdispensible component part of physics 
Statistical regularity has taken its place alongside causal, or dynamic 
regularity 74 

In addition, however, there is a mathematical theory of probability, the 
probability calculus It was developed in connection with games of chance - 
that is, through practical application and, therefore, through physical prob- 
lems — but it then came to treat these physical applications more as 
schematic examples and took on the dimensions of an independent math- 
ematical discipline This mathematical theory of probability has no special 
epistemological problems It sets up certam initial axioms, which, like the 
axioms in geometry, are viewed as being in the nature of definitions, and 
nothing more It develops the consequences from these axioms m accordance 
with the usual logical-mathematical methods and is interested solely in this 
relation, the comprehension of which, of course, requires a high degree of 
mathematical acumen Mathematical probability calculus is, then, a logically 
strict science, the results of which are certain in just the same way as the 
results of geometry, its concept of truth is that of strict logic and not, for 
instance, the concept of probability Thus the genuinely epistemological 
problem begins only after the mathematical questions Are these axioms 
applicable to reality 7 — that is the epistemological question, which also 
relates to the application of the probability calculus in physics If this 
question is answered m the affirmative, then physics can, of course, adopt 
the entire logical structure of the probability calculus 

The connection is just the reverse m the actual practice of science Physics 
does not start out by asking for the axioms, it takes on the probability 
calculus as a whole and works with it Thus it is convinced of the validity of 
the axioms Acknowledging the fact that the laws of probability are applied 
in physics, we must go into the question of what justifies this procedure in 
usmg it, what claim does a scientist make about reality 7 

Some have answered that usmg the laws of probability is never more than 
an expedient — albeit a necessary one — to which we are driven by ignorance 
and which, under ideal circumstances, physics would be able to avoid This is 
the subjective theory of probability According to this view, for instance, 
Boltzmann’s principle is only a makeshift aid, we would have no need of the 
concept of probability if we could follow precisely the motion of the mole- 
cules The subjective theory of probability was founded principally by 
C Stumpf 75 It bases the judgment of equally probable cases (usually referred 
to by the less happy phrase equally possible cases) upon the principle of 
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insufficient reason , according to which we call the six sides of a die equally 
probable because we have no reason to prefer the one side An opposing 
view, the objective theory of probability , has been put forward by J von 
Knes 76 , E Zilsel 77 , and the present author 78 The proponents of this theory 
grant, of course, that we are frequently unable to carry out a precise calcu- 
lation, but they refuse to infer from this that the concept of probability must 
be interpreted subjectively For even if we ourselves were able to follow 
exactly the elementary processes in, e g , a game of dice, we would not make 
our calculations for the overall processes on any basis other than the equal 
probability of each side of the dice 79 Similarly, if we had a precise know- 
ledge of the path of every gas molecule, we would still base our calculations 
on the fact that the gas passes from a state of lower entropy mto a state of 
higher entropy For expenence shows that the probability calculation is 
confirmed by reality, thus Boltzmann’s principle asserts not only that we 
know nothmg more exact, but also that its own contents are nonetheless 
correct That we are able, by using probability laws, to succeed m making 
accurate assertions about nature is proof that we are dealing here with some- 
thing more than a lack of knowledge, and that we possess instead, in the 
concept of probability, a very positive form of knowledge Why do we lay 
down as equally probable precisely those conditions that correspond roughly 
to the ergodic hypothesis'? And why do we distinguish between loaded and 
true dice 9 Nothing follows from the principle of insufficient reason, we have, 
to be sure, no reason to select any one side of a true die, but this fact still 
gives us no ground to declare all the sides equally probable On the contrary, 
we are led to assert the equal probability upon a very positive basis 1 e , the 
homogeneous constmction of the die If preliminary suspension experiments 
demonstrate that the die’s centre of gravity is not m the middle, we would 
certainly not assert equal probability for all sides In accordance with quite 
definite principles, we select certain cases as equi-probable and express the 
view that this assumption will withstand the test of experience The laws of 
probability, then, have an objective character Only an objective theory of 
probability can do justice to the physical facts, and it will be the task of this 
theory to lay bare the presuppositions made with the assertion of statistical 
laws of nature 

The objective theory of probability has by now attamed broad acceptance, 
most notably, it has been embraced by E Kaila 80 and R von Mises 81 m their 
more recent wntmgs On the other hand, J M Keynes 82 has further devel- 
oped the subjective theory of probability In what follows, we briefly set 
forth the results of the objective theory 
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The assumptions needed for the verification of probability distributions 
divide roughly into two types, those concerning causal factors and those 
concernmg probability factors We can illustrate this by using the example 
of a game of roulette The causal factors influencing the equal frequency 
of red and black are the equal sizes of the sectors, the equality of their 
number, and, further, the overall arrangement of the mechanism, but these 
alone can never effect the equal distribution, for a presupposition about 
probability must also be made In this instance, this condition can be ade- 
quately filled by the assumption that the frequency of all values £2 for the 
angle of rotation of the pointer (reckoned by multiples of 27 t) is regulated 
by a contmuous probability function f(£l) in an otherwise arbitrary form 83 
If we imagine the curve /(£2) sketched into a system of orthogonal coord- 
inates, the red and black sectors effect a division mto narrow bands of 
ordmates possessing the equal width d£2 The probability of landmg on red 
will then be equal to the sum of the bands 1,3,5, etc , while the probability 
of landing on black will correspond to the sum of the bands 2, 4, 6, etc 
Since, owing to to the continuous nature of /(£2), any two adjoining bands 
are of almost equal size, these sums are almost equal to each other Thus 
the equally probable cases are a result of the mteraction of causal factors 
with a law of probability which does not itself contain any assumption about 
equality of probabilities The sole role of the causal factors is, then, to impart 
a definite form to the distribution of probabilities The equality of the 
sectors causes red and black to occur with equal frequency If, on the other 
hand, the red sectors were twice as big as the black, this causal factor would 
have, m conjunction with the same probability function /(f2), the effect of 
making red occur twice as often as black - as is immediately apparent from 
the given denvation Under certain circumstances, the causal factors may 
also cause a probability function <p(co) deduced from f(fl) to take on a quite 
definite form, independent of the form of /(£2) Thus the probability func- 
tion <p(c o) — constant holds in roulette for the angle of rotation co of the 
pointer, enumerated only as far as 2t r 

The distinction made here is vital for the problem of probability A 
metrical probability assertion has been reduced to a topological one, the 
only genuine probability axiom required is the assumption that there is a 
law of probability, and its special form can be reduced to causal factors 
Thus we have rendered an account of equally probable cases The assertion 
that certain symmetrical cases, such as red and black m roulette (or the sides 
of a die, for the proof for the die can be given m just the same way as the 
proof for roulette) are equally probable is stripped of any puzzling or 
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mysterious characteristics, for we are now able to explain it We can now 
perceive clearly the senselessness of the principle of insufficient reason We 
assert the equality of probabilities, not because we know nothing , but 
precisely because we do know the intervals d£l to be equal Symmetry is a 
testable causal factor, which must produce a certain metric of the distri- 
bution of probability if the topological probability assumption is valid 
It is upon the basis of the bipartite division into probability factors and 
causal factors that we are able, conversely, to infer from a given statistic — 
that is, from an observed particular form of probability distribution — the 
existence of a definite causal factor that brought about this particular form, 
e g , from the prevailing frequency with which one side of the die occurs to 
the fact that the centre of gravity is not m the middle This is the justification 
for usmg statistics to detect the presence of causes with weighted effects, 
both in physics and m other sciences, such as social statistics The observed 
distribution stems from the interaction of a probability law of random 
distribution and causal factors Taken by themselves, the causal factors could 
never bring about the statistical regulanty, it is only as a result of the connec- 
tion with a law of probability that they are able to determine a particular 
distribution and, as a consequence, to be known from these in turn 

It is an important task to separate through axiomatic investigations those 
assumptions underlying the statistical laws that are strictly probabilistic from 
those that are causal To date, this task has been carried out in only a 
few fields For instance, the aforementioned assumption of the existence of 
a continuous probability function has proved adequate for games of chance 
and for the theory of error The latter is especially noteworthy The Gaussian 
exponential function is a special form of probability function, and it is 
demonstrable that it need not itself be presupposed as an axiom, but can be 
reduced to probability functions of one form or another in the case of ele- 
mentary error, given that many elementary errors of the same order of magni- 
tude interact 84 This achieves for the Gaussian function something similar to 
what was achieved for the function </?(co) described by the roulette pointer in 
the earlier example the metrical probability assumption of the exponential 
function is reduced to a topological probability assumption, and we have 
rendered an account of equally probable cases 

As for the kinetic theory of gases, we are concerned with investigations 
being earned out in connection with the ergodic hypothesis This hypothesis, 
too, is unsatisfactory, because it presupposes a definite form of the prob- 
ability function It asserts that the frequency of the states of the gas is given 
by means of a certain function f(x\ x n ), the so-called ergodic density, 
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where x n designate the canonical parameters of a system on the 

energy surface of phase space It would thus be most helpful if we could also 
divide this metrical probability assumption into a purely topological prob- 
ability assumption and the adjunct causal factors, which are precisely what 
provides the special form for the case under discussion Investigations of this 
sort have been presented by E Zilsel 85 and by R von Mises 86 Zilsel set forth 
clearly the epistemological problem connected with the principle of entropy 
and replaced the ergodic hypothesis with an allogodic hypothesis , which 
formulates the tendency m nature toward change Further study is required 
to determine the extent of the success of this effort, which involves a special 
exposition of the basic idea presented in Zilsel’s earlier essay on the ‘problem 
of application’ [see note 77] Von Mises’ studies employ the idea of present- 
ing a particular metrical probability distribution as denved from primary 
probabilities, the numerical values of which are immaterial Insofar as this 
process is successful, it, too, achieves the reduction of a metrical probability 
assumption to a topological Unfortunately, however, the execution of this 
principle for the ergodic hypothesis has not yet been completely successful 87 

We are able to recognize, quite independently of the carrying out of this 
special investigation, that the laws of probability contain a particular model 
of regulanty in nature that does not fall under the model of causality Certain 
natural phenomena would be completely incomprehensible if we did not 
describe them m terms of probability laws Specifically, this applies not only 
to the mechanics of molecules and their component parts, but according to 
von Mises 88 , phenomena of this nature occur also in the mechanics of macro- 
scopic bodies, particularly in the flow of liquids As a consequence, the 
probability principle appears as an mdependent principle alongside the 
principle of causality, only the two principles taken together constitute the 
general assumption concermng regulanty in physics While causality makes a 
claim regarding the extension of an event m the lmear direction of time, the 
principle of probabihty entails an assertion about a temporal cross-section of 
events, about the frequency of the initial and the boundary conditions of 
causal chains The probability principle, as the principle of regular distri- 
bution , takes its place alongside causality, as the principle of regular con- 
nection The precise formulation of this pnnciple of distribution still requires 
special study 89 , if it is demonstrable that the given principle of the prob- 
ability function is a sufficient assumption m every case, the import of the 
principle of distribution is that conditions differing only infinitesimally from 
one another occur equally often 

The division of regulanty m nature into causality and probability 
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corresponds to a classification of events in nature the principal significance 
of which is often misunderstood It is always the preponderate factors alone 
that are singled out as the causal factors m events, but alongside these we 
find an inexhaustible remainder of minute influences that come from all 
comers of the universe and cannot be excluded, for closed systems can- 
not be realized Consequently, every event is determined by rationally 
comprehensible factors plus an irrational remainder which, while it can be 
further subdivided, can never be exhausted It is often held that this latter 
influence can be excluded by regardmg causal laws of nature as being m every 
case valid only within certain boundaries, but this view is mcorrect It is 
impossible to ignore the possibility that someday the irrational remainder 
may bring about errors of arbitrary magnitude Causality would not conflict 
with this possibility, which therefore cannot be disregarded, but only 
declared improbable Thus the influence of the irrational remainder — and 
this is, precisely, the basic principle of the theory of error — can only be 
formulated m accordance with a probability assumption The irrational 
remainder influences events in such a way that the numerical values of 
all rational factors are subject to the laws of probability The principle 
of probability, then, entails an assumption concernmg the irrational 
remainder of all occurrences, while the principle of causality presents an 
assumption about the rational factors, only the two taken together determine 
events in nature 

This applies to every individual event, and it is correct to say that the 
principle of causality would be worthless without the principle of probability, 
for there is no case in which it alone is applicable and therefore no case m 
which, taken by itself, it has predictive powers We here meet up with the 
chain of ideas that guided us m characterizing the physical concept of truth 
m Section 8, and which takes account of the merely approximate nature of 
all knowledge about nature If, m addition to this interaction of causality 
and probability in each individual case, we also acknowledge special statistical 
laws of physics, such as the principle of entropy, it is because here the 
probability regularity, with its universal influence, finds especially obvious 
expression as a result of particular relations m certain cases Let us again take 
the example of roulette, if we put the mechanics of the roulette pointer 
into action, the probability function f(Q) will express itself m our ability to 
fix the theory of error for the calculated value of the angle of rotation, but 
if we play a game of chance with the roulette wheel, we have created, by 
means of particular causal factors, such as equal red and black sections, a 
situation which turns the same probability function /(£!) into a statistical 
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law that takes its place alongside causal regularity as being a special form of 
regulanty in nature 

Despite this explication of statistical regulanty, the concept of probability 
still contains a special puzzle Using the principle of the probability function, 
we reduce the probability concept of the statistical laws to that found in every 
causal assertion in physics — yet the probability concept itself is still not 
completely clarified by this process While it is demonstrable that lawfulness 
of probability is a necessary condition of knowledge of nature, this does not 
really explain why it applies For we have no means of proving that natural- 
scientific knowledge, even if possible heretofore, will always be possible 90 
For a discussion of the formulation of the presuppositions attendant on the 
concept of probability, we must refer back to Section 7, where we previously 
encountered this problem 

While we have developed the parallel nature of causal regulanty and 
probability regulanty, it is possible to imagine a further extension of the 
analysis in which the parallelism is abandoned and the concept of probability 
is regarded as the more fundamental of the two, leading to cause-like pro- 
cesses only in macroscopic processes Consider, m this connection, the 
evolution of the law of entropy It ongmally appeared as a purely causal law 
m thermodynamics, yet in the course of further development it revealed itself 
as a statistical law presenting the macroscopic form of many interacting 
elementary processes We cannot exclude the possibility that this will turn 
out to be the fate of all causal laws 91 , recent conditions m quantum theory 
have, indeed, made a reality of this conjecture expressed earlier by philo- 
sophers of science No a priori pronouncement is possible, of course, we must 
await the judgment of physical experience (cf Section 24) 

In no case should such a development be regarded as a failure of physics, 
as an unsatisfymg lack of precision m our knowledge of nature Probability 
laws are not ‘less precise’ than causal laws, in its application to reality, every 
single causal law contains the very concept of probability found in the 
statistical laws There is no such thing as certainty in knowledge of nature, 
there is only probability What causality has over statistics is simply the 
ability to ascnbe a higher degree of probability to an individual event , while 
statistics is able to make predictions with a high degree of probability only 
for an extended senes of events 92 We cannot predict whether it will always 
be possible to single out individual events of a high degree of probability 
from the total reality m the atomic sphere, for this depends upon the nature 
of reality Relations m nature are not subject to our wishes, no matter how 
attractive our concepts of precision are, their applicability is not under our 
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control All we can do is modify our conceptual system so that it reflects 
nature as faithfully as possible Only future developments will teach us to 
what extent this is possible and in what, in the end, this ‘faithful reflection’ 
consists 


23 THE SIGNIFICANCE OF INTUITIVE MODELS 

In the preceding discussion, we analyzed the method of physical knowledge 
from the standpoint of its logical structure We paid little attention to the 
intuitive models generally employed by the physicist as a valuable aid in 
both the process of research and the process of comprehension, and which 
now call for investigation 93 

Consider, as a beginning, the models of space and time Work on space- 
time concepts is always accompanied by intuitive images of the concepts, 
which, according to our earlier discussion, can only mean that whenever we 
are operatmg with the conceptual systems of space and time we have before 
us images of the perceptual expenences we have when occupied with rigid 
rods, light rays, and causal processes The intuitive nature of Euclidean 
geometry and absolute time is based, then, upon the fact that deviations 
from them fail to show up precisely in daily experience — that is, m lower- 
level facts As a result, we are accustomed to these conceptual systems and 
find abstract mathematical thinking psychologically easier if we can recall 
pertinent illustrations m our perceptual experience 

However, intuitive models are also to be found elsewhere in physics A 
thermodynamic diagram, or the characteristics of an electron tube, are 
intuitive models, and anyone working with thermodynamic machines or 
electron tubes has before him the intuitive image of this diagram, thus im- 
buing his technical manipulations with a content that is theoretical and 
nonetheless intuitive In this connection we should also note the models 
constructed for atoms, molecules, and crystals By using the modest term, 
‘model’, we wish to indicate that the image by no means corresponds in 
every respect to reahty and that we regard as very much open to question 
the extent to which it is possible at all to create intuitive images in these 
cases 

Aware as we are of their analogical character, such images seem to be 
unavoidable, indeed, there are physicists who hold that the acquisition of 
intuitive models are a necessary constituent of theoretical knowledge, 
attnbutmg to it still greater significance than they do to mathematical 
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formulation Conversely, others lay the greatest emphasis upon mathematical 
formulation and regard intuitive formulation as a mere aid to learning that 
itself possessses no cognitive value We must now consider to what extent 
the epistemological ideas we have worked out above place these views in a 
new light 

We know that the system of concepts and relations we attribute to nature 
cannot be interpreted as being, as it were, a photograph of nature, but simply 
refers to objective situations by means of its type of order Thus there is, as 
such, no objection to employing models that reflect nature in only some 
respects, for complete agreement would be an impossible demand But we 
must still investigate more thoroughly just what is involved in models such 
as those mentioned above 

Consider, for instance, a thermodynamic p-v diagram Pressure and 
volume are given as the coordmates, 1 e each is coordinated with one of the 
dimensions of space The thermodynamic relation between pressure and 
volume will then correspond to a geometrical relation between the two 
dimensions of space, and if we wish to have a clear image of this relation, 
we need no longer use the entities, pressure and volume, as a basis, but can 
satisfy the relation by means of the intuitive content of spatial elements 
Now pressure and volume are, to be sure, themselves intuitive concepts, 
yet the purely geometrical concepts are not familiar to us, especially where 
the relation is of a more complicated character, and herein lies the value 
of a geometrical diagram The possibility of constructmg it, however, rests 
upon the fact that the same ‘framework of relations’ is suited both to the 
entities pressure and volume and to the dimensions of space The discovery 
of axiomatic mathematics that the system of geometrical axioms does not 
necessarily prescnbe the use of such intuitive elements as point and straight 
line, but can equally be satisfied by many other elements, has found ex- 
tensive use in the diagrams of physics 

Obviously, the applicability of geometry to physical space depends upon 
certain characteristics of rigid bodies that satisfy the geometrical axioms 
Adding this to the preceding results, we find that p-v diagrams assert the 
existence of an analogy between two realms of reality, namely, between the 
entities pressure and volume on the one hand and rigid bodies on the other 
The analogy consists in the validity of the same framework of relations in 
both realms of reality 

That the process in question renders an intuitive image of the one realm 
can obviously stem only from the fact that the other realm is more familiar 
This applies particularly m those cases m which, by analogy, higher-level 
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facts are represented through lower-level facts, and this is, therefore, the 
commonest procedure in the construction of intuitive models For in daily 
life we deal solely with lower-level facts, and we experience the attendant 
habituation as intuitive [clarity] On occasion the relation may be reversed, 
as when an individual’s activities happen to entail a greater familiarity with 
particular higher-level facts An example of this dual possibility is to be seen 
in the analogy between the laws of an electric field and currents m a liquid 
This analogy completely fits the above description, both spheres of reality 
are governed by the same conceptual relations — in this instance, equations 
Thus it is common to ‘intuit’ the electrical field via water currents Yet 
anyone who deals extensively with electrical apparatus but has little to do 
with hydrodynamics reverses the process and ‘intuits’ hydrodynamic pro- 
cesses by usmg electrical models 

While the merely analogical nature of diagrams is so well known that 
no one believes p and v to be spatial coordinates or thermodynamic work 
to be a plane section, the situation is different with the model of the atom 
In this instance the connection appears to be closer, for the atom itself 
is an entity in space, just like the model, and some people doubtless believe 
that the model is a similar representation on a large scale Nonetheless, what 
we have here is again a mere analogy between two realms of reality in the 
same sense as before The model is constructed out of rigid bodies and wires, 
the atom, while it exists m space, does not consist of rigid bodies but, on 
the contrary, is itself the constituent of a rigid body If we nonetheless 
speak about similanty m this connection, we can only mean that the same 
framework of relations applies to macroscopic and to atomic material The 
model is not a ‘photographic enlargement’ of the atom, rather, the relation 
between the two is the same sort as that between water currents and the 
electric field 

It is because of this analogical character that diagrams and models can be 
correct only with certain restrictions To begin with, complete agreement 
between the conceptual structure of two spheres of reality is simply not to 
be expected This is why physicists have hedged their models about with so 
many proscriptions For mstance, we are forbidden to think of molecules 
as having color, like the wooden balls in the model, or of the chemical valence 
as being concentrated in particular ray -directions, although they are presented 
m this way The analogy is valid only in certam respects, but it is valid in 
these respects, and there is nothing to stop our usmg them along with the 
necessary restnctions It is not wrong to picture a gas as being like a cloud 
of dust, the particles of which swirl about and collide with one another 
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This image certainly captures some essential features of gaseous matter, and 
we need only be careful not to make use of such features as cannot be trans- 
ferred to a gas Thus the idea that models are superfluous appendages is 
excessively pessimistic If, by means of an analogy with the structure of 
relations m a familiar sphere, such as that of colliding billiard balls, we are 
able to discover the structure of relations m an unfamiliar sphere, such as 
that of gases, then the coordmation of the structure of relations with the 
new sphere is an established result that is correct, at least in its general 
features The only error is to introduce into the new sphere too many details 
that do not make any sense there (as, for mstance, Boltzmann’s represen- 
tation of the collision of molecules) 

On the other hand, we realize it is quite impossible to demand a priori that 
we restrict ourselves to familiar models It can easily happen that a model 
correct in its general features nonetheless fails so badly m its particulars that 
we must employ, for the understanding of them, entirely different models 
having nothmg to do with the original model Once we are quite clear as to 
the fact that a model is nothing but an analogy between two spheres of 
reality , this phenomenon becomes totally comprehensible This pomt applies 
particularly to the case of the atomic model It has often been held that it 
must always remain possible to construct atomic models of the usual sort, 
that we must continue to modify these models until the relations between 
the wooden balls of the model correspond exactly to the relations between 
the atoms in the molecule or the electrons in the atom, as the case may be 
But this view rests upon the assumption that the geometrical relations are 
independent of the rigid bodies and that they must therefore be equally 
valid in the most minute spheres This assumption is unjustified It is quite 
possible that the relations in the atomic spheres are so completely different 
that it is no longer possible to coordmate them with the geometrical re- 
lations of the ngid body, no matter how many restrictions are introduced 

Experience with quantum mechanics arouses the suspicion that this is 
indeed the case, and Bohr expressed the view that “ in the general problem 
of quantum mechanics we are faced with a profound failure of the 
space-time models by means of which we have always sought to descnbe 
natural phenomena heretofore ” 94 This assertion is to be understood in the 
sense described here, it can only mean that the logical framework of relations 
for macroscopic and for atomic matter are no longer comparable 

And yet it would be a mistake to speak here of a loss of spatial intuition 
When physicists find that, despite all restrictions, a model is no longer ade- 
quate, they usually decide that they will have to do without any intuitive 
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models from then on But it turns out that, after a while, they again give the 
sphere in question an intuitive form, simply coordmating it with new models 
and using a different analogy Tbs process of making recently opened-up 
spheres of reality intuitive with the help of analogies has proved very fruitful 
and must be deeply anchored in the psychological nature of human thinking, 
which is only able to carry out an extension of its territory by relatmg the 
new elements to the old after the manner of an analogy 

On the other hand, it is clear that we must not attribute an excessively 
great epistemological value to models We require them principally for the 
process of absorbmg new knowledge Once we have been dealmg with the 
new area for some time, we gain enough familiarity with the new elements to 
be able to use them themselves as the contents of the conceptual relations 
and need no longer intuit them with the help of a model The epistemological 
value of a model consists solely in the fact that the same conceptual relations 
pertain to two different spheres of reahty Which of these is to be regarded as 
primarily intuitive is a matter of habit 

Along with the aforementioned admissible models, we also find inadmis- 
sible models in natural science For instance, we may make a physical force 
intuitive by likening it to the feeling of power we have in straining our 
muscles, or we give the concept of motion an intuitive form by imagining 
the feeling of motion that we have when we move our bodies in certain 
situations, or we thmk of a causal chain as a sort of mysterious coming-mto- 
being Such models are nothing but forms of anthropomorphism , resting 
upon the totally meaningless assumption that events in nature must be 
thought of in just the same way as the psychological experimental events 
that we find in ourselves ‘Intuitions’ of tbs kind can only do injury to 
scientific comprehension, mdeed, we can rightly declare that exact natural 
science only became possible after such primitive notions were overcome As 
the preceding investigations have shown, a knowledge of nature means the 
coordination of a conceptual system with reality, and nothing but purely 
logical concepts are to be permitted within tbs system of relations He who 
finds tbs manner of comprehending nature inadequate may seek satisfaction 
m poetry and in painting -may seek it, in a word, m those activities that 
do justice to the emotional experiences of man But anyone who has pursued 
natural science in its strict form and has ever become deeply immersed m it 
knows that here, too, lie experiences, not inferior m strength or profundity 
to those arising from the artistic enjoyment of nature, that blossom fully 
only in the pure atmosphere of logical lucidity 
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24 THE EPISTEMOLOGICAL SITUATION IN QUANTUM 
MECHANICS 

The expansion of this new discipline in the last few years requires a special 
summary of the attendant epistemological problems, since epistemological 
viewpoints play a major role in this theory We can distinguish three groups 
of problems the problem of the minimum number of parameters, the prob- 
lem of models, and the problem of regularity 

The first group of problems was broached by Heisenberg m his first work 
on quantum mechanics 95 , in which he put forth the requirement that un- 
observable quantities be omitted from descriptions of nature He mentioned, 
m particular, the phase of the electron in its revolution around the nucleus 
as bemg an unobservable magnitude, and admitted essentially only fre- 
quencies and intensities of the emitted radiation as observable quantities The 
term ‘not observable 5 is not very aptly chosen, for we know from our dis- 
cussion of the ranking of facts by levels in Section 9 that no physical quantity 
may be called directly observable Indeed the frequency of the emitted light 
is not actually ‘observed 5 , but is inferred in a rather complicated fashion from 
the light and dark lines on photographic plates Heisenberg’s idea must be 
correctly reformulated as the stipulation that dispensible quantities should be 
eliminated from the description of nature, 1 e , that we should regard as 
substantiated by nature only those quantities that are necessary for the 
theoretical interpretation of perceived experimental findings Given this form, 
it is a recognized pnnciple of physical research that has found frequent 
application in the past For instance, we can view the Machian and 
Emsteiman attacks on absolute space from this standpoint, and the op- 
ponents of the atomic theory appealed to it - largely erroneously, to be 
sure — in that they believed themselves able to interpret the observed pheno- 
mena without usmg the atomic hypothesis This principle is to be called, 
more precisely, the principle of the minimum number of parameters Of two 
physical theories about the same factual situation (that is, about the same 
lower -level facts), the one employing fewer parameters is preferable 

The justification of this pnnciple is related to the nature of inductive 
mference, which may be regarded as the reverse of strict implication If we 
know that event C follows necessarily from events, we are able, conversely, 
to infer from the presence of C the probable presence of A The same is true 
if, in another mstance, the event C necessarily follows from the two joint 
events A and B, m this case, we may infer from C the probable presence of 
A and B t However, one restriction must be laid down if we know that A 
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and not-5 also necessarily give rise to event C, then we can no longer infer 
B, but only A from C 96 B then becomes a dispensible parameter, the cal- 
culation ‘running idle’, as it were, at the place at which it appears 

We can see that this minimum principle, much as it resembles a ‘principle 
of economy’, has nonetheless nothing to do with economy Only consider- 
ations from probability theory play a role here 

We are not gomg to mvestigate here the question of how much justifi- 
cation there is for applying this pnnciple to the phase of the revolving elec- 
tron However, Heisenberg himself evidently regarded his initial claim as too 
sweeping, for he has recently described basic methods of observation which 
allow the position of the electron to be determmed It is only for the inter- 
pretation of the spectral senes that the position of the electron is a dis- 
pensible parameter, in other experimental situations it is not 

Our treatment of the second group of problems, the problem of models, 
may be connected with the discussions m the precedmg section There we 
have shown that the possibility of an atomic model, 1 e , a depiction of the 
intenor of the atom through macroscropic relations, cannot be required 
a priori Here we wish to present current findings concerning the pertinence 
of such intuitive models 

Views about models have varied considerably, for they involve the inter- 
pretation of mathematical theories, which, as we have seen, is not directly 
given along with the theory The matrix mechanics founded by Heisenberg, 
Born, and Jordan 97 takes the view that the construction of a model is to be 
avoided in pnnciple Nonetheless, a form of kinematics was developed along 
with other facets of the theory, and it remained an open question whether 
the equations designated by that name were not, after all, directed at hidden 
images of space-time events Schrodinger 98 , on the other hand, hoped to be 
able to preserve by means of wave mechanics our elementary images of 
space-time events He traced the difficulties connected with the Bohr model 
back to erroneous ideas regarding the arrangement of matter in space, that is, 
he traced the uncertainty of all science regarding the strict location of the 
electron in space back to the fact that the electron does not exist at all as a 
sort of corpuscle -like construct, but is instead to be resolved into a field 
filling the whole area around the nucleus Tbs interpretation would, indeed, 
preserve the space-time model in its entirety However, new difficulties arose 
for Schrodinger in that the wave event is embedded, not m the space of 
three-dimensional coordmates, but in bgher-dimensional parametric space 
The strict interpretation of bs fundamental idea that the motion of the 
mass-point is really an mterference process of electric fields would have had 
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to give nse to a reinterpretation of parameter space as ‘real’ space" - a 
consequence that no one was prepared to draw And after Born 100 developed 
the idea that Schrodinger’s wave fields are not fluctuations of electric density 
but fluctuations of the state of probability in the vicinity of the nucleus, the 
electron maintaining its corpuscle-like nature, all hope vanished of usmg this 
route to maintain the space-time framework for atomic events 

But then Heisenberg began to develop considerations that largely sup- 
ported the spatio-temporal character of the atom In connection with the 
results of collision experiments, he worked out the idea that the position of 
the electron at a particular time can be established with any desired degree of 
precision by observing the electron in, say, a ‘7-ray microscope’ According 
to this idea, atomic events would once agam have taken on a ‘model 
character’, had it not been for a singular complication pomted out by 
Heisenberg which is essential precisely for the quantum character of natural 
events 

In order to determine the position with the greatest possible precision, we 
require light of shorter wavelength, such as 7-rays, but light of this sort has 
high energy quanta hv , and therefore illumination with such light throws the 
electron off its orbit Thus it is impossible to observe the same electron in its 
path within the atomic complex more than once At the same time there is 
a discontmuous change in the momentum that makes impossible a precise 
calculation of the momentum On the other hand, if we select radiation of 
long wavelength light, the momentum will not undergo much disturbance, 
but the determination of the position becomes inde finite instead In general, 
we can determine with precision either the position or the momentum 101 , 
this relation is known as the Heisenberg indeterminacy relation 

Some have attempted to characterize this curious state of affairs by saying 
that, m contrast to the situation with macroscopic events, the influence of 
the instruments of observation cannot be ignored, but this explanation is 
not viable First of all, the influence of the means of observation is taken into 
account for macroscopic observations, e g , measurements of temperature, as 
well and is expressed in the form of correction factors The division mto 
‘independent event’ and ‘instrument of observation’ is an idealization that has 
grown out of certam macroscopic events and is not entirely applicable here, 
it has shown itself useful in the acquisition of a simple description of nature 
without being a necessary presupposition of knowledge The general proce- 
dure of natural science consists in inferring the existence of objective things 
from perceptions by means of theoretical approaches, as was worked out in 
Sections 6 and 9 and expressed schematically in (1), Section 6 It is not 
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necessary to set aside one portion of the objective event as the ‘instrument 
of observation’, minimizing by artificial means its influence upon the results 
of perception It suffices, rather, to design a comprehensive theory which 
embraces equally all objective influences 

Applied to quantum mechanics, this approach has the following import 
The disturbance of the electron by the light used for observation would be 
insignificant if, by means of theoretical calculations and taking due account 
of the impact of the light, we were able to establish the position of the 
electron at the beginning of the impact and the accompanying momentum 
But because, accordmg to Heisenberg and Bohr, this is impossible, we are 
faced with a difficulty The difficulty is to be understood m this way It is 
impossible to make a univocal inference concerning the events at hand from 
the perceptual findings We can, to be sure, by choosing the experimental 
conditions, select perceptual findings such that the inference regardmg either 
the position or the momentum coordmate is sufficiently unambiguous, but 
then there remains for the other coordinate, whichever it may be, an interval 
withm which it cannot be unambiguously determined This is, indeed, an 
entirely new kind of restriction to our knowledge of nature, the existence of 
which was never before suspected 

Yet we would find it very unsatisfying to rest content with the thought 
that this is a limit only of our knowledge of nature, while objective events 
continue to take place with stnct determmacy Our aim must be to fmd a 
formulation that transfers the indeterminacy to nature and acknowledges 
objective determmacy only to the extent that there is also subjective deter- 
minabihty Refusal to extend the application of Heisenberg’s idea m this 
direction would constitute a violation of the principle of the identity of 
indiscemibles , for a justification of which we may appeal not only to Leibniz 
but also to its constant application m modern physics, especially in 
Heisenberg’s own quantum mechanics, where it appears as the principle of 
the elimination of ‘non-observable’ quantities (cf the beginning of this 
section) We suspect that the solution will consist m maintaining a merely 
probable connection between position and the momentum coordmate, so 
that the objective ‘thing’ is no longer characterized by means of a strict 
combination of the two parameters, but solely through a probability func- 
tion that ascnbes a certain probability to each combination and which, m 
special cases such as ‘observations made with light of a long (or a short) 
wavelength’, can be spht in such a way that the two-dimensional domain 
of probability (one for the position parameters, the other for the momentum) 
develops into a one-dimensional band 
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It would appear, accordingly, that the macroscopic concept of space can 
be adopted for atomic events and that only the regular determinacy of events 
needs to be conceived of in a new way Whether the first of these claims is 
accurate remains an open question, the extent to which the basic concepts of 
geometry, such as pomt and straight lme, can be transferred by means of 
coordmative definitions to the atomic level still requires study (cf Section 
15) Discussion of this problem about models gives way to the third group of 
problems, to which we now come the problem of the regularity of ele- 
mentary processes It was felt for some time that quantum mechanics would 
strike the final blow to the concept of strict causality long predicted by philo- 
sophers of science the substitution of an elementary event subject to prob- 
ability for one subject to strict determination Even Bohr’s theory of electron 
jumps m the atom gave nse to the suspicion that the individual jumps might 
no longer be subject to causal explanation, and this suspicion has recently 
attached itself to Schrodinger’s wave mechanics, which has been given a 
statistical interpretation by Born 102 According to this interpretation, 
Schrodinger’s wave equations do not constitute a causal descnption of the 
temporal development of the electron system, but mstead determine directly 
only the temporal development of a probability function which indicates the 
degree of probability with which the occurrence of a certain state can be 
predicted for the electron system Because these matters have not yet re- 
ceived an adequate physical explanation, however, we are unable m this 
philosophical discussion to do any more than sketch out the general episte- 
mological framework within which such investigations must be placed 
At this pomt we may return to Section 20, m which we discussed the 
claims of determinism, substitutmg for them a more cautious formulation In 
place of the strict assertion that natural events are totally determined by 
causal laws, we set the less sweepmg assertion that the probability of prior 
calculation of events can progress indefinitely toward 1 Only when related 
m this manner to the concept of probability is the assertion of causality 
meaningful, and only m this form is it accessible to cnticism At the same 
time, this formulation allows us to express that modification currently under 
discussion in quantum mechanics, namely, the proposition that the prob- 
ability in the calculation of events cannot be made to approach arbitrarily 
close to 1 but is instead restricted to a limit below 1 This limit is to be 
conceived of as a monotomc function of the quantum numbers, so that it 
only deviates discemibly from 1 when applied to elementary events, while 
being barely distinguishable from certainty m the case of macroscopic events 
From an epistemological standpoint, we can only remark that a modification 
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of this kind in the formulation of the concept of natural regularity is entirely 
possible, whether or not this change is materially justifiable is not an epis- 
temological but a purely physical problem Think, for purposes of comparison, 
of Einstein's doctrine of the limiting character of the speed of light From an 
epistemological point of view, a theory in which there is no upper limit of 
the diffusion of causal influences is just as admissible as a theory in which 
light constitutes the upper limit The material judgment can be handed down 
only by physics, on the basis of its store of experience The situation m 
quantum mechanics is just the same All that can be done from the epistemo- 
logical side is to present physics with the conceptual means for instituting 
such an innovation, and this has already been largely accomplished through 
the criticism of the concept of causality and the expansion of the concept of 
probability Beyond this, we can only recommend to quantum mechanics 
that it ignore any sanctimonious philosophical exclamations denouncing 
abandonment of the principle of causality as a violation of a prion laws, as a 
renunciation of natural science, or as an introduction of general chaos We 
believe, on the contrary, that only deliberate stress of the concept of prob- 
ability can smooth the path to a physics capable of handling the demands 
for the greatest rigor in natural philosophy 
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Today, physics plays a more important role in philosophical discussion than 
ever before, for physical research has led to a revision of certain very general 
principles of our knowledge of nature The philosophical results first became 
apparent in Einstein’s theory of relativity, which taught us to regard the 
spatial and temporal dimensions of the physical world in a new light It turned 
out that the excessively simple concepts of space and time that have been 
developed in connection with our physical surroundings in everyday life can 
no longer be reconciled with the results of precise optical and electromagnetic 
measurements Yet the transformation of basic concepts that was consequently 
demanded of us now appears trivial compared to the changes in our vision of 
the physical world brought by quantum mechanics For the physics of quanta 
demands that we give up the idea of universal causality - the idea that was 
regarded, all the way up through the theory of relativity, as the most funda- 
mental principle of classical physics, without which natural science appeared 
to be impossible 

To be sure, the development took place in stages At first, giving up the 
principle of causality entailed merely replacing strict physical laws with the 
laws of probability This prospect had already surfaced in connection with 
Boltzmann’s interpretation of the second law of thermodynamics But what 
at that time seemed a mere possibility became a certainty with the advent of 
Heisenberg’s principle of indeterminacy The limitations to precision in the 
prediction of quantum mechanical phenomena are related to Planck’s quantum 
of energy and compel us to conceive of quantum phenomena as being merely 
statistically determmed This limit to precision has nothing to do with the 
imperfections of the human observer, rather, it is grounded m the structure of 
the physical world and can be formulated as a relation between physical 
events, without making any reference to an observer Laplace’s superman, 
who was supposed to be able to observe precisely even the smallest particle m 
nature and to possess boundless mathematical powers, would here find himself 
no better off than the rest of us He, too, would have no alternative but to 
apply Schrodmger’s ^//-equations for the descnption of natural events And 
thus he would become committed to the principle of the inverse relation of 
the distribution of probabilities of canonically conjugated parameters, which 
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found its expression in Bom’s statistical interpretation of the ^-function and 
in Heisenberg’s indeterminacy principle 

This modification of the concept of causality does not appear very troub- 
ling Even if the behavior of the smallest particles in nature cannot be pre- 
dicted, nature remains predictable m the large, for the statistical regularity of 
large numbers guarantees sufficiently precise laws for the behavior of macro- 
scopic objects Whether the most minute corpuscles emulate the movement of 
the planet or the course of a game of dice seems immaterial so long as the 
overall results are the same In any case, such a change gives rise to no diffi- 
culties concerning our image of the world The law of causahty is a result of 
experience, and we must be prepared to replace it with a more general law 
whenever physical observations demand it 

However, it turns out that this extension of the law of causahty does not 
suffice for an understanding of quantum mechanical phenomena Not only 
must we sacnfice the idea of a strict causal connection between every particle 
in nature but the concept of an elementary physical corpuscle is called into 
question Today, it seems impossible to speak of elementary particles of mat- 
ter in the same manner m which scientists from Democritus to Boltzmann 
spoke of atoms 1 

The difficulties to which I refer are well known They anse from the duality 
between waves and corpuscles, which first became known through de Broglie’s 
discoveries and later were formalized as Bohr’s principle of complementarity 
Once it proved possible to produce the same phenomena of interference with 
an electron beam that had been used by von Laue to prove that X-rays are 
waves, this complementarity became an experimental fact Any complete 
sketch of physics today must take due account of this fact 

It has been said that this is all merely a question of the mental images we 
create of quantum mechanical phenomena That images are necessanly 
incomplete need not concern us, so the argument runs, it suffices that such 
images are a help to the physicist in his work, although he should not take 
them overly seriously But I do not believe that the philosophical question at 
issue can be circumvented m this manner If the physicist thinks of the electnc 
current running through a wire as a stream of water and of the voltage as the 
different degrees of water pressure at vanous points along the pipe through 
which it is flowing, he has an image or model Yet this image does not give 
him an answer to the question of what the electnc current really is Likewise, 
when the physicist visualizes the atoms m a crystal as large colored beads 
strung on a wire, he has an image But this image does not permit him to dis- 
pose of the question whether the real atoms are objects — smaller, of course, 
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and certainly not colored — taking up and located in space Such questions 
are quite reasonable And it is my belief that they can be answered, provided 
we are prepared to analyze them logically and to develop methods of giving 
them a more precise form 

For the physicist simply to reject questions of this nature would be short- 
sighted After all, it is his aim not merely to possess formulas but also to 
understand what they mean, not merely to make predictions about experi- 
ments but also to become acquainted with the umversal characteristics of 
nature that are displayed in experimental data This desire to draw conclusions 
on the basis of observation as to the umversal characteristics of physical reality 
is entirely justified To be sure, quantum mechanical analysis has taught us 
that such inferences have a more complex logical structure than earlier gener- 
ations had supposed The conceptual difficulties of quantum physics stem 
from the attempt to apply to the microscopic sphere the excessively simple 
relationship between observation and the physical world that applies to the 
macroscopic sphere It follows that the difficulties can only be resolved if we 
are prepared to revise our methods of philosophical reasoning 

The difference between what we observe and what we infer is encountered 
even m daily life The inference usually takes a very simple form, we say that 
things are the same whether or not we are observing them There is, of course, 
no way to prove this latter conclusion If we are not lookmg at a thing, we 
cannot see it, and hence we cannot claim to have experimental proof of the 
fact that it is the same when under observation as when not under observation 
I am not suggesting that it would be better to assume that assertions regardmg 
the existence of objects not under observation presuppose certain logical 
assumptions that cannot themselves be the result of observation 

Kant has long ago taken note of these facts, but I do not wish to fall into 
his mistake of attemptmg to deduce umversal principles of reality from pure 
reason We need no metaphysical theories m order to speak of physical objects, 
that is, we do not need to assume the truth of any principles in order to draw 
inferences reaching beyond the sphere of observation The principles required 
are more of the nature of definitions We assert merely that things continue 
their existence unaltered when we are not looking at them. We have intro- 
duced into language an extension rule that permits us to make the transition 
from observed objects to unobserved objects 

But is this a permissible procedure'? Naturally, we must be careful m hand- 
ling such definitions If a pickpocket steals my wallet while it lies unobserved 
m my pocket, I cannot by means of a definition cause it to return to my 
pocket In its more precise form, the definition, or extension rule, runs as 
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follows I shall assume that the same physical laws apply to both observed 
and unobserved objects Then I will be able to infer that, if I see my house in 
the morning and again when I return in the evemng, it has continued to exist 
m the same location during the intervening time And I can likewise infer that 
my wallet has been stolen if I put it in my pocket and cannot find it there 
later Sometimes we can even conclude that making observations alters the 
state of affairs, as, for instance, when we place a thermometer in water Then 
we can figure out the temperature of the water before the observation was 
made 

The foregomg point appears to be very trivial, and yet it is extraordmanly 
important These considerations demonstrate that we must employ a particu- 
lar form of language if we wish to discuss a physical world existing in itself 
independent of our observation This form of language is by no means pre- 
scribed by reality If someone prefers to say that objects disappear every time 
he looks away, he has opted to use another form of language, l e , he has 
rejected the above-mentioned extension rule and replaced it with a different 
rule But he must not fall into thinking that the contents of his world are 
different from the contents of ours There exists for the physical world a class 
of equivalent descriptions that are all equally true and are only differentiated 
according to the extension rule upon which they are based The common, 
realistic mode of language is merely the simplest, it is simpler m the same sense 
in which the metnc system is simpler than the system based upon feet and 
inches We could call the latter the ‘normal system’ This is not to say that 
there are no true results, but only that these results must be expressed in a 
more complicated manner A system of language together with its extension 
rule is either true or false But without a statement as to which extension rule 
has been used, the system is incomplete and it is impossible to determine 
whether it is true or false 

Here, too, we must add a word of caution We cannot predict a priori 
whether our extension rule can be used successfully In classical physics it was 
always taken for granted that physical laws applying to observed objects could 
be applied to unobserved objects, yet it is an empirical question whether or 
not tins extension of language can be implemented without contradiction 
This is the juncture at which quantum physics becomes differentiated from 
classical physics 

It is commonly said that all we ever observe in quantum physics are coinci- 
dences This is true enough, but the question remains, what are entities 
that comcide For this reason I prefer to use the neutral term phenomena 
To say that corpuscles comcide is already to overstep the boundaries of the 
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phenomena, for it is to claim that what we observe to be precisely located 
was also precisely located before we observed it, to say something about how 
the entity looks when it is not under observation I will give the name inter- 
phenomena to things not under observation 

It wouldbe a mistake to suppose that we cannot make any assertions about 
interphenomena, for we can We simply need to add extension rules to our 
language For instance, a very useful extension rule would be that the value of 
an entity was the same before it was measured This rule can be implemented 
without contradiction, and it can be shown that, m acceptmg it, we admit the 
corpuscle theory 2 To be sure, it can also be demonstrated that the measure- 
ment, while not altering the observed entity, did alter its canonically conju- 
gate value The disturbance caused by observation, which, according to 
Heisenberg, is inevitable, has simply been transferred to the conjugate value 
But it is clear that the corpuscle mterpretation has thereby been assigned a 
precisely delineated sense and yet is not for that reason to be described as an 
image It is as well defined as every other descnption of reality m macroscopic 
physics, e g , as the language of reality, m which we say that houses exist even 
when we do not see them 

The wave mterpretation can be just as clearly defined It is tantamount to 
the claim that the entity, when not under observation, possesses simultaneously 
every value which it will ever be capable of having 3 There is nothing paradoxi- 
cal in such a definition 

However, if we wish to go further and carry out completely the corpuscle 
theory which we have introduced, we meet with singular difficulties We 
become compelled to assume the existence of action at a distance spreadmg 
without an intervening field and requiring no time to reach a distant point 
This is a result of the well-known experiment m which a particle going through 
a slit behaves differently depending upon whether another slit is also open, 
and so forth I call these relations ‘causal anomalies’ They also anse if we 
pursue the wave mterpretation, although m connection with different expen- 
ments It is well-known that, with plates of glass properly set up so that one 
ray is reflected while the other goes through the glass, it can be demonstrated 
that a wave which has just arnved at the moon will be annihilated as soon as 
someone working in a laboratory on earth makes the appropriate measurement 

Our first inclination is to reject these reflections as nonsense, but that 
would be to throw the baby out with the bathwater A profound physical 
insight lies hidden in these logical investigations, as follows No matter how 
we construe the extension rules of the language, we cannot construct a 
description of reality in which the principle of causality can be implemented 
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in its normal form, in other words, there is no normal system contained m the 
class of equivalent descriptions of quantum physics I have designated this 
result the ‘principle of anomaly 5 and have offered a general proof of it on the 
basis of quantum mechanical principles in another work 4 This is the reason 
that every exhaustive descnption of reality in quantum mechanical terms 
leads to unwelcome consequences and that physicists often prefer to maintain 
silence on the subject of mterphenomena 

No objection can be made to a physicist's refusal to speak about the sub- 
ject, but we should be clear as to why he refuses It is not because assertions 
about mterphenomena are not verifiable, assertions about houses not currently 
under observation are also un verifiable His reason is rather that if he construes 
quantum mechamcal mterphenomena on the same principles he uses for 
unobserved houses, he encounters causal anomalies, which are not encountered 
in the case of houses If experiments performed with two shts and a single 
electron beam produced a pattern of interference which, when supenmposed 
upon it, corresponded exactly with the pattern produced when each slit is 
used separately, no physicist would hesitate to regard electrons as perfectly 
ordinary physical particles that fly about the room like tennis balls - even 
though it might not be possible to observe an individual electron at the slit 
without disturbance But because we know that the results of experiments 
with mterference are, in fact, quite different, we avoid saymg anything about 
these tennis balls so long as we are not observing them 

In this connection I would like to mention a further group of causal 
anomalies, the significance of which has been presented m several recent 
works Investigations carried out by Stuckelberg and Feynman 5 mdicate that 
a positron may be conceived of as an electron that moves backwards through 
time In this interpretation of mterphenomena even the direction of time is 
reversed, 1 e , in the class of equivalent descriptions the direction of time is 
no longer an invariant Experimental data cannot teach us anything as to the 
admissibility of such an interpretation, it is equally compatible with either 
interpretation, Here, as always, each of the admissible mterpretations has, 
together with its drawbacks, its own special advantages Accepting the reversal 
of the direction of time has the advantage of eliminating pair production and 
pair annihilation On this mterpretation, there is only a single electron that 
runs a portion of its world-line m negative time, thereby simulating a positron 
Thus the gemdentity — that is, the identity of an individual entity along a 
world-line — is regarded as bemg a nonmvanant characteristic and therefore a 
matter of definition, which is given different forms in different equivalent 
descnptions No objections can be raised to such an mterpretation on logical 
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grounds Quite the contrary, it represents an extraordinary enrichment of our 
knowledge of quantum mechanics and demonstrates that the principle of 
anomaly even includes certain reversals of the cause-effect relation 

These considerations lead us to the conclusion that quantum mechanics 
entails a peculiar dislocation of the reality content of physical theories If we 
wish to give a complete description of reality, it is not enough to construct a 
single description Only after the entire class of equivalent descriptions is given 
is the presentation of physical reality completed As long as there is a normal 
system, as m classical physics, it is sufficient to give the descnption in the 
language of the normal system But when there exists no such system, the 
very statement that there is none points to a major characteristic of physical 
reality, and our presentation would be incomplete if this state of affairs were 
suppressed We are forced, then, to employ, in addition to physical language, 
a metalanguage in which we speak about the class of equivalent languages, 
and only in this way will we be able to express, indirectly, a certain pecuhanty 
of the physical world 

It has now become clear why we run into difficulties when we wish to 
speak about unobserved objects m quantum mechanics Every assertion 
regarding unobserved objects contams an implicit assertion concermng causal 
connections, and m the case of quantum mechanical objects these causal 
connections do not possess the simple form applicable to classical objects 
When we say that houses exist even when not observed, we have thereby 
made an assertion about causality, and when we say that it is wrong to 
conceive of electrons as miniature tennis balls, we mean that such particles 
do not fit mto the framework of a causal system that satisfies the principle 
that there can be no action at a distance The answer to the aforementioned 
question as to whether matter is made up of spatially located particles is, 
then, that such an assertion is meamngless, taken by itself, and acquires 
meaning only in conjunction with assertions about causal structure Since we 
know that causality as apphed to quantum mechanical phenomena has 
different structural characteristics from those when it is apphed to macro- 
scopic objects, we cannot apply the notions of classical atomism to quantum 
physics 

It now also becomes evident why it is advisable, in quantum mechanics, 
to replace the usual two-valued logic with a three-valued logic Three-valued 
logic systems, in which the principle of the excluded middle is abandoned, 
have been familiar for some thirty years 6 But at first they were constructed 
as mere logical possibilities, like so many other mathematical constructions, 
they had to wait in the wmgs for the moment when an appropriate physical 
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application was discovered Quantum mechanics has apparently offered the 
first occasion upon which a three-valued logic can be used in physics 

Three-valued logic contains a category, indeterminate, that lies between 
truth and falsehood, and this category can be used with reference to inter- 
phenomena in quantum mechanics The value of the entity before measurement 
is said to be indeterminate, which has the effect of also leaving undetermined 
whether there is a single definite value that could in principle be ascribed to 
the unmeasured entity, aside from whether or not we actually know it By 
the same token, the question whether mterphenomena are made up of waves 
or of corpuscles is presented as indeterminate This conception of the situation 
makes it possible to exclude causal anomalies from the sphere of assertable 
propositions Of course, it is only as applied to interphenomena that a three- 
valued logic can be considered suitable for use in quantum mechanics It is 
not needed m discussions of observed entities, or phenomena, for it is possible 
to make true-false assertions about them, 1 e , assertions that can be established 
as true or false A number of physicists have misunderstood this pomt For 
instance, Bohr wntes “ the recourse to three-valued logic is not suited 
to give a clearer account of the situation, since all well-defined experimental 
evidence must be expressed m ordinary language making use of common 
logic” 7 And Born asserts that “ the mathematical theory, which is per- 
fectly capable of accounting for the actual observations, makes use only of 
ordinary two-valued logic” 8 Pauli 9 makes similar assertions These obser- 
vations concerning the logical nature of observed facts are doubtless correct, 
but they are irrelevant In the three-valued logic that I recommend, observation 
language is specifically left as two-valued, the three-valued logic is used only 
m the sphere of inter phenomena , 10 where it cannot be rejected Otherwise, 
causal anomalies anse just as soon as we go beyond what is immediately 
observed 

Some scientists are of the opinion that mterphenomena need not be 
included m the theory But the exponents of this view offer no explanation as 
to why unobserved values can be embraced by the theory of classical physics, 
but cause difficulties when included in quantum mechanical theory In other 
words, a language confined to observed entities is not rich enough to express 
everything we know about the physical world That is why I consider it quite 
wrong to say that mterphenomena can be excluded from the theory For 
instance, Bohr's principle of complementarity is an assertion about unobserved 
entities if it is stated as follows observed phenomena may be regarded as the 
result either of the actions of waves or of corpuscles, and there can be no 
crucial expenment to show that one of these views is right and the other 
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wrong This assertion derives support from Heisenberg’s indeterminacy prin- 
ciple, but is broader For the principle of indeterminacy apphes only to the 
results of measurement, while the principle of complementanty claims also that 
it makes no sense to ascribe a specific value to what has not been measured 
But this is itself a metalinguistic statement which is covertly based upon the 
principle of anomaly 

This matter becomes more comprehensible if we consider Einstein’s theory 
of relativity The theory employs a certain definition of simultaneity, although 
there is no way to prove that this definition represents, in some sense or other, 
‘true’ simultaneity It is possible to employ this definition of simultaneity 
because it leads to reasonable results, 1 e , to a temporal order that does not 
violate the principle of causality That the same is true of a certain class of 
definitions of simultaneity can also be demonstrated, to chbose a particular 
definition, then, is to establish an arbitrary convention In quantum mechamcs 
the introduction of any one particular definition of the value of an unobserved 
entity is avoided, for every such definition leads to causal anomalies This 
observation is itself an important result in physics and ought therefore to 
assume its place m the object language of physics It can be formulated in 
object language when three-valued logic is used It then takes the form of a 
logical formula expressible m the symbols of mathematical logic and has 
roughly the following import if a quantum mechamcal entity has, or does 
not have, a particular value, the value of a canonically conjugate entity is 
indeterminate 11 On the other hand, rejection of three-valued logic necessitates 
the formulation of this idea in the metalanguage, which gives the theory an 
extraordinary complicated logical form 

Let us take another example Imagine an arrangement m which a beam of 
electrons of a very low intensity is aimed at a diaphragm with two parallel 
slits and forms a pattern of interference on a screen placed behind it Here we 
would naturally like to say that a smgle electron, which has reached the 
screen, has gone through one or the other of the two slits When this assertion 
is phrased m two-valued logic, we become entangled in causal anomalies 
These anomalies are excluded when the assertion is interpreted m three-valued 
logic 12 Yet Bohr and Heisenberg would consider only the following assertion 
as admissible if an observer had been posted at each of the slits, only one of 
the two would have observed something, and then nothing would have 
occurred on the screen It is difficult to understand why we should not be 
permitted to make a similar assertion concerning the case in which no observers 
are placed at the slits and observation is made solely at the screen The use of 
three-valued logic permits just such an assertion 
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Although it is two-valued, the language of observation is logically connected 
to the more general, three-valued language that includes interphenomena 
Every logic contains assertions belonging to a limited domain of true state- 
ments that can be constructed from elementary propositions belonging to a 
more general domain of true statements In two-valued logic, for instance, it 
is possible to construct, with a proper combination of elementary propositions, 
single-valued assertions, such as tautologies, that can only be true In three- 
valued logic it is likewise possible to construct assertions that can only be 
either true or false and are therefore two-valued I have demonstrated else- 
where 13 that it is precisely those assertions known as physical laws that fall 
into this category Thus the two-valued language of predictions concerning 
observations, and the mathematics of such predictions, appear here as a 
natural consequence of a more general logical system which also has a place 
for unobserved entities 

One last word about the alleged necessity of two-valued logic In intro- 
ducing the theory of three-valued logic, we employ a metalanguage that is 
itself two-valued This process is not grounded m a vicious circle Rather, it is 
a legitimate procedure that seems to be useful just because we are accustomed 
to two-valued logic The procedure is also quite innocuous, for it can be 
demonstrated that each system of logic can be transformed into any other 
system of logic And it is certamly an error to conclude from this fact that 
three-valued logic is a mere game of symbols For the scientist who does 
extensive work with these symbols can derive from them as much clanty and 
comprehension as can be gained from non-Euclidean geometry, which is like- 
wise incompatible with our everyday world 14 

This thought introduces a broader problem The question has been posed 
whether the logic of a language is a matter of arbitrary convention or whether 
it in some manner expresses the structure of the world to which the language 
refers This question cannot be answered either affirmatively or negatively 
until it is formulated more precisely Since all logical systems are mutually 
transformable, any world can be described in terms of any logic Inasmuch as 
this is the case, logic cannot be said to give expression to any feature of the 
physical world But the introduction of some further postulates alters the 
situation For instance, the requirement that no causal anomalies be capable 
of assertion with respect to interphenomena necessitates the use of three- 
valued logic in quantum mechanics, whereas the same requirement with 
respect to macroscopic physics is compatible with the use of two-valued logic 
This result demonstrates that, under certain circumstances, the logic of a 
language can reflect the structure of physical reality We bring such a situation 
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about whenever we combine a logic with certain other principles and demand 
that the language satisfy the resulting system of principles In one sense, then , it 
is correct to say that three -valued logic bestows upon the language of quantum 
mechanics that form which makes it an adequate expression of physical reality 

* * * 

I would like to close this brief presentation of the current situation in quantum 
mechanics with a personal comment This is the first time m many years that 
I have expressed my ideas regarding the philosophy of physics m a German 
publication, and it pleases me most particularly to do so as part of a com- 
memorative volume for my revered fnend Erich Regener Mr Regener was 
one of the first people who showed real interest m my work in the philosophy 
of physics, and I owe him a debt of gratitude for promoting my work at a 
time when scientific philosophy was still fighting to estabhsh its right to exist 
In admiration of his achievements m physics and m gratitude for his support 
of a philosophy that progresses hand-in-hand with physics, I extend to Mr 
Regener my very best wishes on his seventieth birthday 
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1 INDETERMINISM 

The indeterminism associated with the quantum theory has been considered, 
as well by philosophers as by physicists, as the strongest deviation from classi- 
cal physics that can be imagined I do not believe that this judgment is defens- 
ible It rather seems to me that this deviation is not as great as it seems at 
first sight, because there exist developments in classical physics which allow 
one to suppose that determinism is not the last word of the man of science 
regardmg that which concerns natural phenomena Thus, some other results 
of quantum physics contradict the classical conception of the physical world 
to a greater degree than does the abandonment of strict causality I wish to 
speak of the change in the concept of matter, of the substance which makes 
up physical bodies, of a profound change which has resulted from the discovery 
of M de Broglie regarding a certain equivalence of waves and particles and 
which has completely overturned philosophical theories (which had) come 
forth from classical science, as well as from our everyday experiences Permit 
me, by way of introduction, to tell you about these developments from a 
comparative point of view, that is to say, by companng them with classical 
ideas from which they have parted, and which they have transformed into a 
new picture of the physical world It is only after this study of the philosophi- 
cal background that we will be able to understand the significance of the dis- 
coveries of physicists durmg the thirty years elapsed smce the first publi- 
cations of M de Broglie, and that we will be in shape to examine some other 
consequences of the new physics, consequences comparable if not superior to 
those which I have just cited 

* Lectures given at the Institute Henri Poincare, June 4, 6, 7, 1952 
"^Translated from ‘Les fondements logiques de la mecamque des quanta’, Annales de 
I’lnstitut Henri Poincare 13, part 2 109-158 (1952/53) Copyright © 1952 by Gauthier- 
Villars, Pans 
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Classical determinism originated in astronomy Astronomers have the 
advantage of occupying themselves with large objects, far apart from each 
other, objects which thus are neither disturbed by one another, nor by human 
observation These celestial objects move according to very precise laws which 
allow prediction of future positions if present positions are known, or rather, 
which allow very precise forecasts if one possesses a knowledge, sufficiently 
exact, of their present state This extreme regularity had been considered as 
the ideal of nature, so to speak, and if one could not always find astronomical 
precision among terrestrial phenomena, one concluded that it is only the limi- 
tations of human capacities that limits our predictions to the uncertainty of 
statistical forecasts The supposed ideal of nature had thus become the ideal 
of science, and the search for strict causal laws had taken the form of a moral 
obligation whose validity was beyond doubt 

It is hardly necessary to cite here the famous passage in which Laplace 
assigns to a superior intelligence the capacity to gather together “in the same 
formula the movements of the largest bodies of the universe and those of the 
lightest atom nothing would be uncertain for it, and the future like the past 
would be present to its eyes” 1 To a modern physicist, these words seem like 
a profession of faith of a long gone age, of an age when one attnbuted to the 
stars the power to reveal the laws of the lightest atoms, of an age of confidence 
m the harmony of nature as well as m the capacity of man to translate her 
into mathematical formulas The physicist of today no longer shares this con- 
fidence, he can scarcely imagine a time when it was believed that the large- 
scale world offered the picture of the small-scale world 

However, the question of determinism is not a question of faith, a question 
of the psychology of the physicist or of his epoch It is a physical or epistemo- 
logical question, it is a question which demands a logical analysis and an 
answer based on reason and experience The opimon that all natural phenom- 
ena are governed by strict laws is the expression of a physical theory which, 
as such, ought to be subject to the critical rules generally accepted for the dis- 
cussion of theories Let us begin this analysis by attempting to give a precise 
formulation to the theory of determinism, a formulation which allows (us) to 
judge it as true or false, or, at least, as probable or improbable 

The causality hypothesis can be put in two different forms a conditional 
form and a categorical form In the conditional form, the statement of caus- 
ality begins with the word ‘if* if the situation A is completely described at 
time t x by the values u u , u n of certain parameters, it will be followed at 
time t 2 by the situation B In the categoncal form, we consider it established 
that the values u x , ,u n exist, and, omitting the phrase which begins with 
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*if\ we conclude that the situation B will be produced It is the second form, 
the categoncal form, which leads to determinism, for the determmist main- 
tains that it is admissible to separate the consequent from the antecedent and 
to affirm the conclusion 

One would be unable to find fault with this procedure if the situation were 
as simple as I have just described Unfortunately it is much more complicated 

Even if we are justified in considering the conditional form as true, we are 
well aware that the condition expressed m the premise is not fulfilled The 
description of the situation A by the parameters u x , ,u n is not complete 
Despite this, we use it, and we are obliged to use it because we do not possess 
a better description Fortunately, the error committed in using an incorrect 
description is not too great, the prediction of the situation B will be approxi- 
mately valid This means that it will be true within some narrow numerical 
limits in most cases The laws of probability come to our rescue, if we have to 
forego an exact prediction, these laws offer us as a replacement a statistical 
prediction 

The solution seems simple, but it shows that the problem of causality is 
inseparable from the problem of probabilities It permits us to separate the 
conclusion from the conditional form at the cost of sacnficing the pretension 
of arriving at a true statement the conclusion is only probable The solution 
thus substitutes the concept of probability for the concept of truth, and it 
requires that we reformulate the principle of causality in such a way that it 
takes into account its link with the principles of probabilities Here is the 
answer that a logical analysis gives to the question of determinism if a deter- 
minism can be sustained, it must first be formulated as a theorem concerning 
probabilities 

If each prediction is restncted to a degree of probability, then the causal 
analysis can only mcrease this degree of probability The principle of causality 
is based on the notion that this increase of probability is always possible, and 
the idea of determinism refers to a limiting process regarding the predictive 
probabilities If the descnption D 1 predicts the future state of B with a prob- 
ability p 1 , one could increase this probability by employing a more detailed 
descnption D 2 This new descnption of the initial situation differs from the 
first in the following respects 

1 The new descnption includes an account of the physical conditions in 
the spatial surroundings of the situation A 

2 The new descnption uses more precise measurements of parameters, and 
adds some new parameters to descnbe A , which were hitherto neglected. 

3 The new descnption uses causal laws which have been perfected 
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Item 1 serves to dimmish some unexpected interventions commg from the 
exterior of the volume v m which the situation A at time t x and the situation 
B at time t 2 fit together Items 2 and 3 serve to render more precise the 
account of the physical relations m the interior of v 

By repeating this process, one arrives at a sequence of descriptions D l and 
of probabilities p l , which allow us to formulate the hypothesis of determin- 
ism this hypothesis claims that the sequence of the p l converges toward the 
value 1 and that at the same time the sequence D l converges toward an ulti- 
mate descnption D The idea of determinism can then be symbolized by the 
following schema 

( D\D\D\ D\ 

[p\p 2 ,p\ P\ 

The question now arises as to whether this schema is corroborated by the 
testimony of experience 

For the classical physicist, the convergence of the probabilities p l was 
accepted without doubt Let us then postpone the discussion of this pomt 
and examine the question of the existence of an ultimate descnption As 
regards points 2 and 3 (above), classical physics gave the answer that the 
definitive natural laws had been established in Newton’s mechanics, and that 
the definitive parameters had been given by the mechanical model of the 
atom Yet there remained the difficulties in that which concerns pomt 1 If 
space is infinite, the ultimate description D should include an infinite number 
of parameters, a logician would have difficulty m acceptmg such an idea, 
doubtmg that it is really meaningful 

The theory of relativity seemed to offer a remedy the speed of causal 
transmission being limited to that of light, all the parameters that can influ- 
ence the situation B at time t 2 are mcluded, at time m a sphere of finite 
volume V Yet another difficulty arises by the same token, one will conclude 
that it is impossible to know the values of all these parameters before the 
instant t 2 Hence one can not give at time t Y an ultimate descnption which 
allows prediction of the situation B 

The difficulty would be eliminated if the universe were spatially finite In 
this case, at least, the logician would not have objections against the existence 
of the ultimate descnption D Let us then accept this supposition m order to 
arnve at a form of determinism which is not susceptible to logical objections 

Yet, even in this case, determinism implies a doubtful enough hypothesis 
In fact it is quite possible that the sequence of probabilities p* converges to a 


D, 

l 


(l) 
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limit, while the sequence of descriptions does not This conception, which may 
be called classical indeterminism, can be symbolized by the following schema 

D 1 ,/) 2 ,# 3 , ,D l , 

p\p\p\ ,p\ -1 (2) 


Is there a possibility of distinguishing between the two conceptions (1) and 
(2) by means of an empirical criterion 9 

I suggest employment of the following criterion that we examine the 
change mthe probabilities when the prediction refers to a time instant t 3 > t 2 
Having been given the same description D l of the situation A at time t u we are 
well aware that the probability will dimmish if t 2 is replaced by t 3 By repeat- 
ing this consideration we arrive at a probability lattice of the following form 

f D\D\D\ D\ 

Pi P\ P\ Pi 1 

Pd Pd Pd Pd “*■ 1 


I Pk Pk Pk Pk ■* 1 


( 3 ) 


I 

, P P P P 

The subscripts refer to time, the superscnpts refer to the degree of detail 
of the descnption In each line, the probabilities converge toward the value 1 
In each column, the probabilities diminish and converge toward a mean prob- 
ability of the appearance of the situation B , independently of the situation A 
Although this lattice is convergent, it does not present a uniform conver- 
gence Given an interval of magnitude e, one can find, for the time t ki a 
description D\ such that p l k > 1 — e, but for the same descnption D \ , there is 
a time t m> m>k > such that p l m < 1 — e Hence there is no descnption D\ 
which predicts the future state for all times with a probability p l > 1 — e 
Consequently, a definite value cannot be assigned to the lower nght-hand 
corner in following the last column, one would assign it the value 1 , in fol- 
io ^ wing the last line, one would assign it the value p 

It seems to me that this probability lattice indicates that the hypothesis of 
determinism is not confirmed by experience, even m classical physics It is 
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true that the notion of an ultimate description D does not logically contradict 
the structure of the lattice But if this ultimate description D existed, it would 
be essentially different from all the descriptions/) 1 , in that it would establish 
a column of non-decreasing probabilities, while the values of the probabilities 
in each column starting with a D l decrease The non-umformly convergent 
lattice can thus be considered as an inductive proof against the hypothesis of 
determinism, or at least, as the expression of the absence of any mductive 
proof in favor of this hypothesis 

To be sure, a deductive proof against this hypothesis cannot be given, in 
other words, one does not have a logical contradiction if one adds the suppo- 
sition of the existence of an ultimate descnption to the observational facts 
included m this lattice But this hypothesis will be introduced at the price of 
sacrificing continuity, because there is no continuous transition from the 
observable columns D l to the non-observable ultimate column D And conti- 
nuity is the essence of mductive inference The situation would be different if 
the lattice exhibited a uniform convergence if so, one could consider this as 
an mductive proof of the existence of an ultimate descnption 

Employing the language of the venfiabihty theory of meaning, one can 
translate this result as follows Determinism, if it exists, is not manifested in 
relations among observable quantities These relations, to be sure, do not 
exclude determinism, but neither do they confirm it Determinism, in classical 
physics, represents a vacuous addition to the system of observable relations, if 
it is omitted, if one renounces speaking of an ultimate descnption, nothing 
changes m the ensemble of venfiable statements 

Finally, we come to consider the situation in quantum mechanics It is 
well known that, because of Heisenberg’s uncertainty relation, it is impossible 
to increase the probability of a prediction beyond a certain value p < 1 We 
thus arnve at the following schema 

D\D\D\ .,/)*, , -* D 

(4) 

p l , p 2 , p 3 , ,p z , , -+ p 

If the descnptions D l approach a certain limiting descnption, given by the 
function characterizing the state A , the probabilities p 1 mcrease and converge 
to a value p < 1 It is this schema which formulates quantum indeterminism 
Companng the three schemata (1), (2), (4), one sees clearly that one is 
concerned here with a continuous extension of concepts The determimst 
believes in the existence of an ultimate descnption with the help of which he 
would arnve at perfect knowledge, such that “nothing would be uncertain for 
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him, and the future would be seen just like the past” The classical rndeter- 
mirust abandons the notion of this ultimate description, he rests content to 
improve his predictions bit by bit, without ever pretending to arrive by this 
process at a perfect prediction The indetermimst of quantum theory restricts 
the power of predictions to a limit below the probability 1 , and he can admit 
the existence of an ultimate descnption because this limiting descnption 
offers no predictive certainty 

This logical picture of the situation is presented here in order to show that 
one is concerned with a question of physics, and not a question of philosophi- 
cal views or of world-conception I do not believe that there are supposedly 
philosophical questions exempt from scientific treatment If philosophy deals 
with problems of the structure of the world, it should abandon the idea of 
deriving this structure from an intuition allegedly of eternal truths The 
philosophical truths of yesterday have become the errors of today The phil- 
osopher who wants to contribute toward making the universe intelligible can 
aid the physicist only m searching for the correct form of a question, but not 
in searching for the answer That is to say, his contnbution will consist in a 
logical analysis of the problems, which separates the physical content of a 
theory from the additions in the guise of definitions, and which clarifies 
meanings of terms instead of prescribing the ways of thought The philosopher 
can define determinism, and also indeterminism, but he cannot choose one of 
these structural forms as the existing one It is the physicist who ascertains 
the structure which corresponds to the facts of observations 

According to quantum physics, it is schema (4) which descnbes the causal 
relations governing the physical world, that is to say, quantum physics has 
decided in favor of indeterminism This result derives from the principle that 
the ^-function includes all that can be furnished by observations If this 
principle, which may be called the * synoptic principle of quantum theory ' , is 
accepted, then all that remains is mathematics, this means that one can derive 
the uncertainty relations from it mathematically These relations uniquely 
express the fact that the Founer analysis of a wave packet furnishes a greater 
number of frequencies, or harmonic oscillations, the more the extension of 
the packet is reduced Once the synoptic principle is accepted, there is no 
more need to discuss the existence of hidden variables, precisely because such 
variables would constitute physical quantities not subordmated to this prin- 
ciple Hence the study of the problem of determinism leads to the question 
by what nght does quantum physics maintain the synoptic principle 7 

The answer can be given that this principle has been confirmed by many 
observations A case has never been found where it was possible to take 
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measurements outside the limits fixed by Heisenberg’s relation, and it has 
always been possible to express the sum total of all observations by a i//- 
function Experiences of this kind surely offer reasons to accept the principle, 
they serve to indicate that it is advantageous to employ the pnnciple, but they 
cannot establish the pnnciple as reasonable beyond doubt In other words, 
they can not confer upon this principle the status of a natural law One could 
always look forward to encountenng some day an expenmental situation 
which admits of observations that cannot be included in a \p - function This is, 
for example, Einstein’s belief, he considers quantum mechamcs as a statistical 
theory comparable to the statistical interpretation of classical thermodynamics, 
a theory which allows us to predict mean values of certain quantities which 
can be verified by measurements, but which does not exclude the construction 
of a detailed theory which determines the individual values of all physical 
quantities with the help of strict causal laws 

That is, today the synoptic pnnciple has two sides, a positive side and a 
negative side, it allows advance calculation of results of certain expenmental 
arrangements, but, on the other hand, it excludes the existence of observations 
which violate Heisenberg’s law It is this second aspect which is attacked by 
the determmists who are not m doubt about the legitimacy of the first aspect 
To find a solution, let us proceed by a method which may be called the 
method of the reversed situation Suppose that the positive part of the pnn- 
ciple is correct, while the negative part has to be abandoned What would be 
the denvable results for physical objects, for particles which would have a 
well defined existence like the molecules of classical physics 7 

One must now recall the logical state of the classical statistics of Boltzmann 
and Gibbs The existence of probabilistic laws does not contradict the notion 
of a determinism governing the trajectory of the individual molecule Boltz- 
mann established his famous H-theorem while supposing that Newtonian 
mechanics determines the motion of each molecule and their collisions In 
fact, Boltzmann was able to denve the probability metric existing m phase 
space from the canonical equations of motion with the help of Liouville’s 
theorem, which furnishes equal probabilities for equal volumes in this space 
And, more recently, von Neumann and Birkhoff have succeeded in deducing 
the ergo die theorem from these same equations, a theorem which Boltzmann 
had added to his calculations as an indispensible axiom, but which he could 
not prove Now the classical statistics of gases and determinism are quite 
compatible, they are the children of the same father, so to speak, the father 
being Newton, and the children live m pre-established harmony thanks to the 
canonical equations Classical physics, even if it were incapable of adduemg 
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many reasons in favor of indeterminism, could certainly not invoke decisive 
proofs against its existence 

Let us now examine the logical state of quantum statistics The statistics 
of Boltzmann has been replaced by those of Bose and of Fermi, accordmg to 
which elementary particles are indistinguishable, that is to say they do not 
possess any individuality As a consequence, this theory yields different num- 
bers for possible combinations of particles, a result which in turn furnishes 
new values for thermodynamical quantities Now smce these values have been 
confirmed by observations, one concludes inversely that the experiments 
inform us that the particles are indistinguishable, or at least they behave as if 
they were One must study the significance of this result 

No one would have said, at the time of classical physics, that he was able 
to really distinguish one molecule from another, or that he would ever be able 
to do it An individual molecule cannot be observed, much less be marked as 
the zoologists mark fish or birds The claim of the classical physicist according 
to which each molecule possesses individuality should be understood indirectly 
molecules have individuality because their statistical behavior indicates that 
two arrangements of molecules should be counted as different, if one of the 
arrangements differs from the other only by a change of position of several 
molecules Global inference replaces direct verification Now, applying the 
same inference, we shall say that m quantum physics, particles do not have 
individuality 

The determmists, by contrast, believe in the individuality of particles, they 
refuse to close the door to the possibility that some day we might succeed m 
localizing and observing in continuous fashion an individual particle Let us 
examine what the consequence of this would be We would have to interpret 
the Bose or the Fermi statistics, which would remam valid, as produced by an 
ensemble of individualized particles This is possible, but it leads to very 
strange consequences 

Let us suppose that we are playing heads or tails In throwing two corns 
simultaneously, we distinguish four possible combinations, which can be 
symbolized Let A stand for heads, and B for tails, in the following way, let- 
ting the two corns be distinguished by subscripts 

A 1 A 2 , A 1 B 2 , B\A 2i B\B 2 (5) 

The heads-tails combination, whatever be the order, is produced m half of 
the cases, while each of the two other combinations is produced only m one 
case out of four. 

Let us now suppose that the game of heads or tails is governed by Bose 
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statistics We would then have the case heads-tails once every three times, and 
the same fraction would be observed for the case heads-heads and for the case 
tails-tails Would we have to conclude that the corns are indistinguishable ^ 

Not at all They can be easily distinguished by direct observation We 
would arrive at a different conclusion we would conclude that the throws 
are not independent of each other We would say that if the first com shows 
heads, there is a tendency for the other com to show the same side, such that 
the probability of the combinational^ is reduced to 1/6 The same reason- 
ing applies to the combmation B 1 A 2 , and the probability of the disjunction 
A x B 2 or B\A 2 takes the observed value 1/3 This interpretation can be 
extended, m a consistent manner, to a disjunction of r possible cases 2 

The interpretation will be more complicated if one considers three out- 
comes which furmsh Bose statistics In this case, there exists not only a 
dependence linking one outcome to each of the others, there exists also a 
dependence between one outcome and the other two taken in combmation 
This means that we must consider relative probabilities which have a two-term 
reference class, such as the expression P(A x B 2 , C 3 ), which denotes the prob- 
ability of getting outcome C for the third item if the first shows outcome^ 
and the second shows outcome B We have here 


P(A l .B 2i C 3 ) *P(A u C 3 ) 
P(A i . B 2 , C 3 ) # P{B 2 , C 3 ) 


( 6 ) 


Let us examine the consequences of this probability consideration for the 
problem of the quantum statistics of gases The fact that the statistics of gases 
furnishes the distnbution calculated by Bose or by Fermi is well confirmed 
by experiment If we are to put this in accord with the idea of distinguishable 
particles, we will have to introduce mter-particle forces which attract or repel 
them in such a way that their motions are no longer mutually independent 
Each particle would depend not only on each other particle, but also on the 
totality of positions of the other particles These forces would have a rather 
strange nature because they would be transmitted instantaneously across 
space and could be observed only by their effects on the statistics 

We clearly see that the problem of determinism is posed, in quantum 
theory, in a form essentially different from that of classical physics The 
classical statistics of gases is compatible with determinism, and although 
determinism can be considered, in classical physics, as a hardly necessary 
addition, this physics offers no contrary indication Quantum statistics, how- 
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ever, can scarcely be reconciled with determinism ihis does not mean that 
determinism is absolutely excluded If there were methods permitting one to 
observe the individual motions of the particles without disturbing them, and 
if these observations substantiated the existence of strict laws with the help 
of which one could exactly predict the particle trajectories, then determin- 
ism would be established But what kind of physics would then have been 
bestowed on us 1 It would be a physics of mystical forces, far from the accepted 
idea of force m classical physics, and the resulting physics would hardly 
resemble that of Newton or of Laplace In fact, this physics would be further 
removed from the principles of common sense than the indeterministic physics 
of quanta accepted today 

Here is the reason why the synoptic pnnciple, according to which the 
content of observations can always be included in a i//-function, is solidly 
established by quantum physics, in its negative part as well as m its posi- 
tive part It is not only the absence of other forms of observation which 
has persuaded the physicist to accept this pnnciple The system of quan- 
tum physics, m its entirety, constitutes an intrinsic proof m favor of the 
synoptic pnnciple and hence against the validity of determinism Any merger 
of the positive part of quantum physics and determinism would lead us to 
consequences so absurd that they cannot be accepted as plausible, conversely, 
the deduction of these consequences presents an inductive argument against 
determinism 

This situation can be compared to the one which exists m the theory of 
relativity regarding the pnnciple of limiting speed of signals, which is equal to 
the speed of light This pnnciple of Einstein is not based solely on the fact 
that signals having a speed greater than that of light have not been found 
Rather, it is founded on the testimony of a complete theory, crowned with 
success, whose consequences would be absurd if Einstein’s pnnciple were 
false The negative part of this pnnciple, the exclusion of signals speedier than 
light, is thus based on positive reasons, this is why the principle has been 
accepted 

Quantum statistics and determinism are natural enemies, they do not 
come from the same father In the above, I have presented several ideas 
which can serve to clanfy this divergence Nevertheless, there is much to 
add The difficulties that I have just descnbed for the Bose and Fermi 
statistics form only one part of a more general problem, a problem which has 
taken an unexpected turn in quantum physics the problem of unobserved 
objects The following section is devoted to several ideas concerning this 
general problem 
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2 UNOBSERVED OBJECTS AND THREE-VALUED LOGIC 

The penod when Newton and Huyghens were discussing the nature of light 
marks the beginning of a historical development which is clearly divided mto 
three phases During about a hundred years following Newton’s work, the cor- 
puscular theory was generally accepted The second phase began when, with 
the discoveries of Young and Fresnel, the wave theory received unexpected 
support, and since Maxwell and Hertz have demonstrated the existence of 
electric waves, the wave theory became “a certainty, humanly speaking”, if I 
may be permitted to use the words of Heinrich Hertz himself The develop- 
ment that followed has shown that the profound intuition of this great physi- 
cist was never so lucidly manifested than m these words “humanly speaking” 
These words anticipated the third phase, the phase of the duality of waves- 
corpuscles, which is linked to the discovenes of M de Broglie and which 
represents what we can call today ‘the definitive form, humanly speaking’ 
Let us try to make precise the meaning of this solution, which is not restncted 
to the interpretation of light, but applies as well to that of matter 

On several occasions it has been the case that physical questions have 
invited the physicist to become a philosopher To be sure, his philosophy is 
not of the kind of systems which have m stock ready-made answers to all 
questions that can be posed The physicist is satisfied if he can find an answer 
to the one question which occupies him at the moment, but he insists that 
the answer be given in a precise language, a language as precise as the equations 
of physics, and which does not disappear m a fog of words and pictures 
Fortunately, such a language exists today, and it has been furnished with 
tools similar to mathematical equations, namely the formulas of mathematical 
logic 

The problem of waves and particles is a problem of the logic of knowledge 
It refers to the relation between observation and inferred object, to the 
method of extending the knowledge acquired by observation of macroscopic 
objects to non-observable objects, a method of crucial importance for physics, 
by the employment of which it has made its great discovenes and which finally 
has drawn it into some unprecedented difficulties Let us study this method, 
at first in a completely general form, and then m its application to the prob- 
lem of waves and particles 

The exigencies of practical life require us to add to our observations a 
theory of unobserved objects This theory is quite simple we suppose that 
unobserved objects are similar to those that we do observe No one doubts that 
a house remains the same whether or not we observe it visually The act of 
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observation does not change things — this principle seems to be a truism But 
a moment’s thought shows that it is wholly impossible to verify it A verifi- 
cation would require us to compare the unobserved object with the observed 
object, and hence to observe the unobserved object, which amounts to a 
contradiction 

It follows that the principle does not have the logical status of a true prop- 
osition Rather, it is here a matter of convention, one introduces the definition 
that the unobserved object is governed by the same laws as those which have 
been venfied for observed objects This definition constitutes a rule which 
allows us to extend the observation language to unobserved objects, let us 
then call it an extension rule of language Once this rule is established, one 
can find out whether the unobserved object is the same as the observed object 
or not, for example, we can conclude that the house stays at its place when 
we do not look at it, while the young girl does not remain m the box when 
the magician saws the box in two parts Similar statements would have no 
meaning if a rule of extension of the observation language had not been 
added 

The last example exhibits a case where the rule allows us to infer that a 
change occurred m the unobserved object Using a more scientific example, I 
could speak of the change m temperature which occurs when a thermometer is 
placed in a reservoir of water We have here a case where the act of observation 
changes the object, despite this change, we have no difficulty m calculating the 
value of this change with the help of the laws of thermodynamics Thus it 
seems that the extension rule of language allows us always to speak of 
unobserved objects in the form of meamngful propositions 3 

Nevertheless, we must examine this thesis more closely A rule of language 
is arbitrary, to be sure* But one can ask whether it is always possible to apply 
it In other words, one must study the question of knowing whether the 
physical system constructed with the help of this rule is coherent In classical 
physics, the answer is evidently affirmative, but this fact should be regarded 
as a result of experiment It cannot be shown by purely logical considerations 
that it is always possible to construct a physical language satisfying the rule of 
extension Here is the point at which quantum physics differs from the physics 
of macroscopic objects, a possibility which was overlooked in logical investi- 
gations prior to wave mechamcs 

In this new mechanics, one must distinguish two different questions The 
first concerns the disturbance of the object by the act of observation The 
second concerns the state of the unobserved object We would be mistaken if 
we wanted to conclude that the disturbance by the observation necessarily 
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entails the indeterminacy of the unobserved object The example of the 
thermometer placed m the water-reservoir shows that the disturbance by the 
observation does not exclude the determination of the state of the object 
before the observation this state can be calculated with the help of physical 
theory If the same method does not apply to quantum physics, one must 
adduce special reasons for this impossibility , it is here that the problem of the 
extension rule of language comes m 

Let us study the first question first There is a very simple way to demon- 
strate the fact of the disturbance by the observation This fact is deducible in 
a well-known manner from the theorem of the addition of probability ampli- 
tudes If we have three non-commutative quantities w, v, w, this theorem 
gives the value 


w m ) 


2 


Y ®ikPkm 
k 


( 7 ) 


for the probability of measunng the value w m after the observation of the 
value u ( The terms a lk and /3 fem represent the transformation matnces On the 
other hand, the probability calculus yields a theorem of addition of prob- 
abilities in the following form 


= L P(u„V k )P(v k ,W m ) = L KfePlfteml 2 (8) 

k h 

Since the two expressions (7) and (8) are not identical, it is necessary that we 
interpret the expression P(u lt w m ) m two different ways in the case of 
relation (8), this expression denotes the probability of observing the value 
w m after observation of the quantity u x if a measurement of the quantity v 
has been made m between, a measurement the result of which has not been 
registered, while (7) yields this probability calculated for the case where no 
measurement has been made between the two observations Now any measure- 
ment changes the physical conditions, this fact is completely expressed in the 
relations linking observable quantities 

Allow me to add a logical remark Although it may be possible to show that 
observation disturbs objects, it can never be shown that observation does not 
disturb them This means that in a different physics, which would furnish us 
with identical results for the two cases (7) and (8), we would not be able to 
conclude that the unobserved quantity is equal to the observed quantity, we 
could conclude only that it is permissible for us to define these two quantities 
as equal There is then a certain asymmetry between the positive case and the 
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negative case In other words, we can demonstrate only, either the admissi- 
bility, or the inadmissibility of an extension of language such that the 
unobserved object is equal to the observed object We shall encounter the 
same asymmetry agam soon m a more general question 

Let us tackle the second question Given that the act of observation dis- 
turbs the object, is it possible to calculate the value of the quantity in question 
before the observation 9 The answer depends on the admissibility of the rule 
of extension of language, on the convention that natural laws are the same for 
both observed objects and for those which are not observed For, if this rule 
is admissible, we are permitted to employ physical theory for a relevant infer- 
ence of the state of the unobserved object, as m the example of the ther- 
mometer inserted in the water-reservoir 

It is sometimes said that the disturbance by the observation excludes the 
possibility of meaningful statements concerning the unobserved object This 
opimon is not correct One is concerned here with a problem of the extension 
of language which exists as well for classical physics, because m this physics 
there are also observations which change the object A similar extension offers 
no difficulty if the rule of extension is admissible What distinguishes quan- 
tum physics from that of the classical statistics of molecules is the fact that 
this rule is inadmissible, that it can be shown that the laws of unobserved 
objects deviate from those that govern observed objects Here we meet again 
the logical situation that we have just studied, on the basis of only observable 
facts, one can demonstrate a certain difference between observed objects and 
unobserved objects 

For simplicity of notation, let us call observable phenomena simply 
phenomena , those that cannot be observed we shall call interphenomena , 
because they are interposed between the phenomena with the help of an 
inference procedure We shall use the term ‘observable’ in a broad sense, in 
such a way that it includes as phenomena the coincidence of two particles, 
indicated by a measuring instrument Such quantum phenomena are inferred 
from macroscopic observations by the use of classical theory only, this is why 
they can be treated on an equal footing with macroscopic phenomena 

While phenomena always have the character of narrowly localized objects, 
interphenomena offer two divergent possibilities of interpretation it is here 
that the alternative appears, waves or particles These concepts have no sig- 
nificance if we speak only of phenomena; they belong to a language which 
compnses interphenomena In speaking of particles, we attribute to mter- 
phenomena a narrow localization similar to that of the phenomena, in speak- 
ing of waves, we consider the mterphenomena as extended over a large space 
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The two interpretations represent two different rules concerning the exten- 
sion of language, and the question arises which of the two satisfies the 
principle that physical laws are the same for both the phenomena and the 
interphenomena 9 

The answer is quite definitive neither the one nor the other satisfies this 
principle The attempt to assign to interphenomena a definite existence, that 
is to say to attnbute to them precise values of position and speeds which exist 
simultaneously, necessanly brings us to strange consequences regarding the 
principle of causality I am not speaking here of the substitution of probability 
m place of certitude of prediction This change seems mmor compared to 
certain deviations of a different kind Classical causality included the idea of 
gradual propagation, of a continuous transmission of the causal effect from 
one point m space to another, a transmission which occurs as time goes on 
By contrast, the interphenomena of quantum mechanics exhibit causal 
relations which occur abruptly, which take no time to propagate, and which 
thus represent a true action at a distance In this regard, the interphenomena 
differ essentially from the quantum phenomena, because observable quantities 
are always governed by causal laws which, except for their probabilistic 
character, resemble those of classical physics and satisfy the requirement of 
continuous propagation 

I do not need to give all the details, because these results have often been 
discussed I am thinking of diffraction experiments, of apparatus in which a 
beam of electrons passes through two slits and is projected onto a screen A 
pattern of interference fringes is observed, and it is well known that the pat- 
tern produced by two slits is not made up of the superposition of the patterns 
produced individually by each slit if the other is closed One has a macroscopic 
observation which can be translated into the language of interphenomena 
only under pain of violation of the pnnciple of causality a particle passing 
through one of the slits knows if the other slit is open or closed Or rather, 
omitting the anthropomorphism of the word ‘knows’, we would say that the 
motion of a particle passing through one slit depends on the physical con- 
dition of the other slit, a causal dependence which contradicts the pnnciple 
of gradual action I have suggested that, m such a case, one speak of a causal 
anomaly, a term which indicates the deviation from the causal behavior of 
observable phenomena, 

The wave interpretation, it is true, solves this difficulty in that it exhibits 
the pattern on the screen as a train of waves passing simultaneously through 
both slits and subject to interference However, this interpretation brings 
us to causal anomalies of another kind The wave arrives at the screen all 
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extended, but its effect consists of a little flash localized at a single point of 
the screen As soon as the flash occurs, the extended wave disappears This 
means that the process at a point of the screen exercises an influence on the 
wave at each point of the wave front, an instantaneous influence which con- 
tradicts the principle of gradual action and which represents a form of causal 
anomaly The transition from the particle interpretation to the wave interpret- 
ation does not eliminate causal anomalies, the anomalies merely change places, 
and the mterphenomena called ‘waves’ are not more reasonable than those 
that we call ‘particles’ 

The word ‘reasonable’, it is true, also represents an anthropomorphism 
Let us then say that neither of the two interpretations can satisfy the exten- 
sion rule of language, according to which unobserved objects are governed 
by the same physical laws as observable objects These latter do not present 
any causal anomalies, it is only in the world of mterphenomena that such 
anomalies subsist 

This result is equally applicable to a third interpretation which has been 
studied in a critical way by M Louis de Broglie, more than 20 years ago, and 
which has been advanced recently with many promises and httle logical 
analysis in an article of D Bohm 4 the interpretation of the pilot wave This 
interpretation represents a combmation of the two others, it speaks of a field 
of waves which guide the particles Insofar as it employs the idea of waves, 
this interpretation avoids the anomalies ansing for particles which pass through 
a diffraction grating, mterference is a property only of waves and the particle 
is guided along the trajectones of the field resultmg from the superposition of 
waves 

Nevertheless, the anomalies of the wave interpretation are repeated for this 
interpretation, moreover, it entails another sort of anomaly which has been 
very clearly pomted out by M Louis de Broglie ever since his first studies of 
this subject In this theory, there is a dependence of the statistical distribution 
characterizing the assembly of molecules — on the path of the particle, a 
dependence resulting from the fact that the ^//-function, which represents the 
wave, expresses at the same time the probability of observmg a particle at a 
certain place The consequences are quite strange, m particular, if one con- 
siders radiation of weak intensity such that the particles are sent one at a 
time The path traversed by the first particle would here indicate the statistical 
distribution of the particles which are to follow it The dependence can be 
interpreted in two ways either the first particle causally determmes the 
behavior of the particles to follow, or the first particle is behaviorally deter- 
mined by future events This difficulty is not avoided by attributing to the 
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wave a physical reality, as M Bohm believes This real wave can account for 
the individual path of the particle, but the fact that the wave reflects the dis- 
tribution of the particles to follow expresses a pre-established harmony which 
would have enchanted Leibniz, but which, in today’s physics, can only be 
called a causal anomaly 

Allow me to add here several words concerning the question of the 
interpretation of a physical theory I do not believe that there are any for- 
bidden interpretations In favor of those who would want to interpret the 
quantum equations in a certain way, I would like to say that I do not allow 
myself the locution ‘forbidden meaning’ in physics I would propose that this 
be replaced by another maxim which says “If you like to choose an interpret- 
ation, go ahead and do it, but draw the consequences” Here is the point 
which distinguishes logical analysis from the language of pictures Let those 
who prefer to conceive the microcosm as made up of waves, or of particles, or 
of the two together, do so T But let them not forget to describe m a precise 
language the properties of this physical reality which they have created They 
will be surpnsed by the strange aspect that the world of their construction 
presents in a close-up view 

The problem of physical reality is posed, for today’s logician, m the form 
of an analysis of language The world admits of a plurality of descriptions, 
each is true, but each requires, in order to be venfiable, a statement of the 
conditions on which it is based Hence there is a class of equivalent descrip- 
tions, among which one can make distinctions only according to descriptive 
simplicity, that is, a simplicity that concerns only the form of the description 
and which has no significance whatever regarding the question of truth Yet 
one can consider the question of whether the class includes a normal system , 
that is to say, a descnption which satisfies the rule of extension according to 
which unobserved objects are governed by the same laws as observable objects 
For classical physics, such a system exists, it is everyday language By contrast, 
quantum physics does not admit of a normal system of descnption, each 
admissible descnption mcludes some causal anomalies I have proposed the 
name principle of anomaly for this result 

Here is the decisive difference between the two physics, and here is the 
way in which modem logic treats some surprising properties of the microcosm 
revealed in quantum physics A property of the world of small dimensions is 
expressed m the form of a property of the class of admissible descriptions To 
illustrate this method, one could cite those geometnc methods which charac- 
terize a space in terms of the invariants of a class of transformations, and one 
could recall the methods of the theory of general relativity which describe a 
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gravitational field by some invariant relations regarding the transformations 
of systems of reference 

A description which attributes a well-defined existence to interphenomena 
can be called exhaustive , it gives an answer to each question that can be asked 
regarding their state at each moment However, since these answers often 
seem disagreeable to us, dissolving into causal anomalies, it has been proposed 
that statements concernmg the interphenomena be entirely omitted One thus 
arrives at a restrictive interpretation, an interpretation which does not speak 
at all of interphenomena, and which is reduced to observable phenomena 

The interpretation advanced by Bohr and Heisenberg is of this kind It 
seems to me, nevertheless, that the prohibition against speaking of the inter- 
phenomena cannot be justified by logical reasons, rather it is based on 
physical reasons It is because of the absence of a normal system that it would 
be prudent not to speak of interphenomena, and that is all that can be said in 
favor of this prohibition And the absence of a normal system expresses a 
physical fact Therefore the restrictive interpretation arises from a physical 
fact 

In the language of the logician, the theory of Bohr and Heisenberg takes 
the form of a theory of meaning A certain group of propositions is considered 
as meaningless and is thus omitted from the domain of admissible statements 
The question anses as to whether this radical remedy does not go beyond the 
limits of a reasonable restriction In fact, it seems doubtful that physics can 
completely renounce a descnption of the interphenomena For example, if a 
beam of electrons passes through two slits and produces a pattern of inter- 
ference fringes on a screen, one would like to say that something or other 
traverses the slits, no one doubts that this “something or other” cannot 
penetrate the solid matter of the diaphragm Is it necessary to sacrifice this 
commonplace statement 7 If we take the conception of Bohr and Heisenberg 
senously, then we would have to 

Mathematical logic offers a method of avoiding this unhappy consequence 
It has presented us with systems of multi-valued logic, that is to say, systems 
m which the duality of truth- values, ‘true’ and ‘false’, is replaced by a multi- 
plicity of values In particular, it is the three-valued logic which presents itself 
for the interpretation of quantum physics This logic includes an intermediate 
category between ‘true’ and ‘false’ which can be considered as denoting 
‘indeterminate’, a category which can serve to include the statements con- 
cerning the interphenomena 

A very interesting interpretation of this kind has been constructed by Mme 
P Fevner, who was the first to apply the results of multi-valued logic to 
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quantum physics The interpretation which I have proposed differs on certain 
points from that of Mme Fevner, and I permit myself to present here the 
general ideas on which this interpretation is based I * * * 5 

The use of truth-tables, a method developed originally for two-valued logic, 
is very convenient for the construction of a logic These tables indicate the 
relations between the truth- values of elementary propositions arid those of 
propositions compounded from the latter with the help of logical operations, 
such as those expressed by the terms ‘not’, ‘or’, ‘and’, ‘implies’, etc Their form 
is given in tables I and II The letter “T” denotes ‘true’, the letter “F” denotes 
‘false’, the letter “I” denotes ‘indeterminate’ The theorems, or tautologies , of 
a logic are those formulas which possess a T in each place of their column A 
comparative list of some tautologies of the two logics is given in table III 


TABLE IA 
Two valued logic 


a 

T 

F 


negation 

—a 

F 

T 


disjunction 
a b a\J b 

T T T 

T F T 

FT T 

F F F 


TABLE IB 
Two-valued logic 

implication 
aDb 
T 
F 
T 
T 


conjunction 
a b 
T 
F 
F 
F 


equivalence 
a = b 
T 
F 
F 
T 


I do not wish to enter mto a detailed discussion of these tables Allow me, 
nevertheless, to show you the method by which the three-valued logic treats 
the problem of radiation passing through two slits 

If no observation is made at the slits, one would say, using two-valued 
logic, that an individual particle observed on the screen has passed either 
through one slit, or through the other This statement, which belongs to an 

exhaustive description, leads us into causal anomalies, as we have just dis- 

cussed The restricted description, in the form of a three valued logic, replaces 
this disjunction by another, constructed with the help of three values, and 

called diametrical disjunction It has the following properties if the particle 
has been observed in the vicinity of one of the slits, the disjunction is true, 
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TABLE IIA 
Three-valued logic 


A 

T 

I 

F 



negation 
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complete 
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T 

T 

T 
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TABLE IIB 
Three-valued logic 


A 

B 

con- 
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I 

I 
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and if no observation has been made at the slits and the statement of passage 
is indeterminate, the disjunction is also true By employing this meaning for 
the word ‘or 5 we can thus say that the particle passes through one slit or the 
other, without arriving at causal anomalies The diametrical disjunction, 
which can also be called the equivalence of contraries, is written in the form 

B l =~B 2 (9) 

This statement, which is true, characterizes the passage of radiation across the 
two slits But we cannot denve from it the ordmary disjunction 

B 1 V B 2 (10) 

because this last disjunction may be indeterminate It would be different m 
two-valued logic here one could deduce relation (10) from relation (9) 

The language of three-valued logic thus permits us to formulate, as admiss- 
ible statements, all that we know as regards phenomena and interphenomena, 
without bringing forth causal anomalies It is only the relation between the 
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T1 Law of identity 

T2 Law of double 
negation 

T3 Law of triple 
negation 

T4 Relation between 
negations 

T5 Tertium non 
datur 

T6 Quartum non 
datur 

T7 Law of con- 
tradiction 

T8 Laws of de 
Morgan 

T9 First distri- 
butive law 

T10 Second dis- 
tributive law 

Til Contraposition 
Law 

T12 Dissolution of 
Equivalence 

T13 Reductioad 
absurdum 


TABLE III 
Tautologies 

Two -valued logic 
a=a 
a = a 


a\I a 


a . a 

a ,b = a V b 
a \J b ^ a , b 

a. {b\Jc) = a.b\/a.c 
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a 3 b =b 3 a 
aDb^bDa 

(a = b) 33 (a D b ) {b 3 a) 
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Three-valued logic 
A=A 
A =--A 
A=1 

A A 

As~A V ~ ~A 


AV~A\/~~A 

a~a 

A.~A 
A - A 

-(A.B)=-A V-5 
-(A\/B) = -A.-B 

A.(BVQ=A .BVA C 
A\JB C = 04 V5K04VC) 

>1 -*■ 5 = B y4 
A 3 B= — B 3 —A 

(A=B) = (ADB).(BDA) 

(A =B) S (X ^5) . (-.4 ^ - 5) 

04 3 ,3) 3 ^ 


two kinds of phenomena which is expressed in the form of a true proposition, 
while a statement concerning the mterphenomena separately receives the 
value ‘indeterminate’ 

Similar solutions for other problems involving causal anomalies can be 
developed, such as the problem of the energy barrier traversed by particles, 
and one can also formulate the relation of complementanty for two non- 
commutative quantities These results indicate that the three-valued logic 
offers us a form of language which allows us to speak of the quantum world 
without undesirable consequences 
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Let us try to summarize this analysis of the problem of unobserved objects 
The alternative between corpuscular theories and wave theories, which marked 
the two first phases of conceptions of the nature of light, has been replaced, 
as a result of the discoveries of M de Broglie, by a conjunction the word ‘or’ 
has been replaced by the word ‘and’ At the same time, this conjunction, 
which mdicates the third phase of the historical development of investigations 
of the nature of light, has been extended m such a way as to encompass the 
nature of matter Yet, a logical analysis shows that this word ‘and’, indicating 
the conjunction, does not belong to the language of physical objects, it refers 
to a duality of descriptions and hence belongs to the metalanguage, a language 
which deals with properties of linguistic systems with the help of which we 
describe the physical world One can even pass from the duality of descrip- 
tions to a plurality a class of equivalent descriptions can be constructed It is 
m the form of this class that modem logic treats the problem of unobserved 
objects, and the choice of descriptions is presented as a choice among exten- 
sion rules of language 

Although this plurality of descnptions is already applicable to classical 
physics, it is not of much importance there, among the equivalent descnptions 
there exists a normal system, which is convenient to employ, forgetting all 
the others By contrast, in quantum physics, the class of equivalent descnp- 
tions does not mclude a normal system Each description entails causal anom- 
alies if it is exhaustive, that is to say, if it attnbutes a well defined state to the 
mterphenomena To avoid the anomalies, restrictive descnptions can be con- 
structed which exclude statements about interphenomena from the domain 
of true assertions The three-valued logic offers us an adequate form of this 
kind of description and allows us to speak of the interphenomena m an 
indirect way, such that the relations between phenomena and mterphenomena 
are expressed by true assertions, while it is not possible separately to derive 
statements concerning the mterphenomena 

Does this result show that the true logic of quanta is three-valued 9 I do not 
believe that one can speak of the truth of a logic A system of logic is empty, 
that is to say, it has no empirical content Logic expresses the form of a 
language, but does not formulate any physical laws Nevertheless, one can 
consider the consequences for the language of the choice of logic, and, to the 
extent that these consequences depend at the same time on physical laws, 
they reflect properties of the physical world It is thus the combination of 
logic and physics which mdicates the structure of the reality which concerns 
the physicist A quantum physics under the form of a two-valued logic exists, 
but it mcludes causal anomalies, while a quantum physics which employs a 
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three -valued logic does not possess any such anomalies This conclusion, which 
is the result of all the experiments encompassed by the wave mechanics, 
expresses the strange structure of the microcosm, a structure which has so 
worried the physicist, but which he has learned to master by means of an 
ingenious system of equations and of experimental apparatus Here is the 
general result established by the work of the physicists, it remains only for us 
to accept it, although we are well aware that it is here again a question of 
certitude ‘humanly speaking’ 


3 THE DIRECTION OF TIME IN CLASSICAL PHYSICS 

In order to understand the contnbution of quantum mechanics to the prob- 
lem of time, one must begin by studymg this problem in classical physics We 
shall see that, on the one hand, wave mechanics includes a development 
destructive of the concept of time, while, on the other hand, wave mechanics 
has given this concept a new foundation, a foundation that classical mechanics 
could not furnish 

The concept of time comprises metrical properties and topological proper- 
ties The metrical properties have been treated, in our day, by the theory of 
relativity, I do not need to speak here of these well-known discoveries which 
have profoundly changed our ideas of the simultaneity of spatially separated 
events I wish to speak about the topological properties, and I would like to 
show that classical physics furnishes us with powerful instruments appropriate 
for analyzing the topological aspect of time, an aspect which determines so 
completely our conception of the physical world as well as the form of our 
psychological experiences 

The study of the topological problem of time requires that we carefully 
distinguish between the order and the direction of time The order of time 
corresponds to the order of points on a straight line, this one -dimensional 
extension is ordered without possessing a direction In other words, the points 
of a line are ordered with respect to the relation ‘between’, but one cannot 
say whether the line is extended from right to left or from left to right In 
order to assign a direction to the line, one must use other means, for example, 
one can choose one point and specify that it is situated to the left of a certain 
other point By contrast, if one is given three points, the line itself will deter- 
mine that which is situated between the other two In the same way, the 
order of events in time concerns relations expressed with the help of the word 
‘between’, while the direction of time assigns a sense to temporal lines, a 
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unique sense which manifests itself in the flux of time, in the conception that 
time goes from past to future 

It is well known that classical mechanics cannot furnish us with the direc- 
tion of time The differential equations of classical mechanics are of the sec- 
ond order, thus, given a solution, the replacement of the variable t by the 
variable — t leads to another solution A ball thrown into the air, a planet 
moving around the Sun, these are reversible phenomena the motion can 
occur m one or the other direction Thus, the observation of motion con- 
sidered as a mechanical phenomenon gives us no information about the direc- 
tion of the motion 

This result bemg well known, it has often been forgotten that classical 
mechanics can very well give us precision as regards the order of time If a ball 
goes from point A, via point B, to point C, mechanics lets us consider this 
motion as a transition from C via B to A , but we are required to keep B 
between C and A It is for this reason that classical mechanics presents us 
with a temporally ordered physical world In the framework of the theory of 
relativity, this order has become the source of the causal theory of time, 
according to which the concept of time originates from the causal order and 
is based on the following definition an event A precedes an event C if a signal 
sent from A arrives at C We know that this definition, because of the limiting 
character of the speed of light, leaves undetermined the order of certain events 
situated on space-hke world-lmes, for which ds 2 < 0 But apart from this 
restriction, this definition determines a temporal order of the physical world 
which corresponds to the order of our psychological experience 

The causal time of the theory of relativity is ordered, but it does not have 
a direction The Lorentz transformation is invariant with respect to time 
reversal If t is replaced by — t, and t' by — 1\ one obtams a new Lorentz 
transformation, describing a motion in the opposite direction This is why 
relativity, despite its reduction of time to causality, has contributed nothing 
to the problem of the direction of time 

A definition of the direction of time requires us to distinguish between 
cause and effect, that is to say, to add to the concept of causal connection a 
criterion which gives meaning to direction Such a criterion is furnished by 
the second law of thermodynamics, by the concept of entropy Let us examme 
the significance of this concept for the direction of time 

At the time of classical thermodynamics, there was no doubt that one had 
found, m the concept of entropy, an instrument which permits the introduc- 
tion of the direction of time m physical equations This optimistic opinion 
ran into serious difficulty when L Boltzmann gave the statistical formulation 
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of the second law of thermodynamics The difficulties came to be well known 
m the objection concerning the reversal of the motions of molecules if it were 
possible to reverse the individual motions of all the molecules, the gas would 
pass from a state of higher entropy to a state of lower entropy Such a situ- 
ation cannot be excluded if entropy is interpreted as a statistical property, 
because the individual motions of the molecules are reversible Moreover, 
such a situation ought to occur, in the history of an isolated system, as often 
as the corresponding situation of the passage from lower entropy to higher 
entropy This result follows from certain theorems established by J Loschmidt 
and H Poincare, it means that in the graph of entropy of an isolated system, 
there are, from time to time fluctuations, such that the number of peaks and 
of valleys is infinite and their quotient converges to unity 

It is very interesting to study the publications dealing with the objection 
of time reversal toward the end of the last century Boltzmann assures us that 
the inverse transitions occur very rarely m the history of an isolated system, it 
follows that one would be justified m saying that if a system is observed to be 
in a low entropy state, then one could conclude that it will soon pass into a 
state of higher entropy Unfortunately, the same conclusion follows as regards 
the preceding state, it can be shown that it is very probable that the system 
arises from a state of higher entropy The inference is applicable, symmetri- 
cally, to the future and to the past, it is thus impossible for us to define a 
direction of time usmg the entropy of an isolated system 

Let us put this result in more precise terms One must distinguish between 
an inference from time to entropy and an inference from entropy to time 
The first pertains to the following question suppose that the system is 
observed in a state A of lower entropy, what will be the value of the entropy 
m a subsequent state B 9 The answer is that it is extremely probable that this 
value is high This result allows us to predict the future state of the system 
The second mference pertains to the question, suppose that we have observed 
two states A and B of the system of which A has a lower entropy and B a 
higher entropy, which of the two states preceded the other'? The answer is 
that it is just as probable that A preceded B as it is that B preceded A This 
result follows from the symmetry of the first inference, regardmg which we 
concluded that a state of lower entropy would be preceded, in all probability, 
by a state of higher entropy We arrive at the result that the inference from 
time to entropy is admissible, as it is commonly acknowledged, but that the 
inference from entropy to time should be rejected and that it is impossible 
for us to define a direction of time for an isolated system 

There exists an isolated system which is of particular interest to us the 
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universe This system, without doubt, is completely isolated Thus our universe 
does not have any direction of time, this conclusion cannot be rejected if it is 
admissible to speak of the entropy of the universe 

But, is it admissible to speak of it 9 One can doubt it If the umverse is 
spatially infinite, the concept of entropy is not applicable to it We would, 
however, have no need to study this question The direction of time is some- 
thing which concerns the ensemble of our immediate environs, if we have to 
have recourse to distant nebulas, hidden in the profound depths of the uni- 
verse, in order to resolve the question of the direction of time, we would not 
be able to obtain an interpretation of the experience of habitual everyday 
time We have to examine anew the inferences which the physicist makes 
when he passes from entropy to time 

In fact, when he observes a given entropy state, the physicist refuses to 
conclude that this state has been preceded by another state having a higher 
entropy Suppose that you are shown two pictures cut from a film, one of 
them showing a house in good order, the other showing the same house after 
the effects of an explosion, you would know well m what direction the film 
was taken You would say that it is very probable that the orderly state, of 
lower entropy, preceded the state of disorder, of higher entropy, thus reject- 
ing the conclusion of Boltzmann accordmg to which the probability of this 
affirmation is but 50%, the same as for the mverse order of time How does 
one explain this refusal to accept the results of physical theory 9 

One runs up against difficulties when one wants to render precise the 
meaning of the word ‘probable’, since the latter is used so often in daily 
language A probability denotes a frequency, and a frequency refers to a class 
of events, or, more exactly, to a sequence of events, that is, to an ordered 
class Differences m the meaning of the word ‘probable’ are often explained 
by the differences among the sequences to which the word refers Let us 
examine the question from this point of view 

The probability calculated by Boltzmann refers to the history of an isolated 
system, and thus to a time ensemble By contrast, the probability used in the 
example of pictures of houses is not of this kind In the history of a house, 
there are not enough changes of state to warrant constructing a frequency, an 
explosion happens once, and the history of the house is finished If a fre- 
quency is to be reckoned, it concerns a plurality of houses, that is, it concerns 
a space ensemble The probability that we use to infer a direction of time 
does not refer to a time ensemble, but to a space ensemble, 

Let us study this ensemble There are many physical systems which ong- 
mate from larger systems and which subsequently get separated from the 
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latter, once separated, they remain pretty much isolated for a long enough 
period These systems, which I shall call branch systems , begin by being in an 
ordered state of lower entropy, and they proceed toward a state of disorder, 
of higher entropy The ordered state is not presented here as a result of chance 
in the history of the isolated system, but as a result of a mutual action between 
the system and its surroundings, the larger system proceeds toward a state of 
higher entropy, while a system of low entropy is created in the form of a part 
of the larger system 

The universe has plenty of branch systems of this sort Milk is poured into 
coffee and thus a branch system of low entropy is created, the sun’s rays heat 
a rock which, together with the snow around it, represents a system of low 
entropy tending toward temperature equalization, etc It is the ensemble of 
such branch systems which offers the possibility of explaining the form of 
probability used in the inference from entropy to time instead of saymg that 
it is probable that the ordered system is the unlikely product of a process of 
separation m the history of the isolated system, we say that it is probable that 
the system had not been isolated in the past and is a product of outside inter- 
vention For example, if we find a cigarette burning on an ashtray, we do not 
believe that this state was preceded by a state where the cigarette was all 
ashes, a state from which the present state had developed by an improbable 
separation of the chemical components of the ashes We would prefer to sup- 
pose that somebody had hghted the cigarette several mmutes ago, and thus 
that the present improbable state is the result of outside intervention We 
would say that this explanation is more probable than the preceding one This 
second occurrence of the word ‘probable’ refers not to a frequency in the 
time ensemble, but to a frequency computed in the space ensemble of branch 
systems 

The probability calculus provides methods for treating these two kinds of 
probability 

We construct a probability lattice 
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Each horizontal line represents the history of a branch system, and thus a 
time ensemble By contrast, the columns represent space ensembles Let us 
consider the probability of a lower entropy state for eachlme, this probability 
p has a very small value It is quite different with the columns m the first 
column, the probability p t of a state of lower entropy is quite high because in 
the column one is concerned with states of separation, of initial states of 
branch systems Little by little, the probability values p 2 ,P3, diminish 
and converge eventually to the probability p 

Usmg a notation developed elsewhere, 6 I write 

p(B k, y = P (12) 

for the probability of a state B in a horizontal line, and 

P{B k 'f = p, (13) 

for the probability of B in a column The repeated mdex thus indicates the 
direction in which the frequency is determmed The convergent lattice (1 1) is 
characterized by the relation 

lim P(B k, ) k = P(B kl ) 1 (14) 

l— too 

In the theory of probability lattices it is shown that such a lattice which 
describes a mixing process is characterized by certain special relations which 
cannot be deduced from the axioms of the probability calculus and which 
have to be considered as definitions of types of lattices From the standpoint 
of physics, this means that the type of lattice constitutes a form of empirical 
hypothesis, that is, that only experience can justify the choice of lattice used 
as a descnptionof physical phenomena What is m question here, in particular, 
is a property which I have called lattice invariance 1 and which can be formu- 
lated, m a simplified form, as follows 

P(A hi ,B k ’ l+n ) 1 = P(A ki ,B k ’ ,+n ) k («> 0) (15) 

These expressions denote relative probabilities On the left-hand side, we have 
the horizontal probability, that for which a state A of lower entropy is fol- 
lowed by a state B of higher entropy On the right-hand side, we have a verti- 
cal probability of the following form in the column i + n one chooses all the 
elements x k l+n (here k is vanable, i + n is constant) for which the element 
x kl of column i is found in a state A, and in the partial sequence thus defined, 
one counts the elements belongmg to state B If this frequency corresponds 
to the frequency determined m a line, indicated on the left-hand side, the 
condition of lattice mvanance is fulfilled 
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It can be shown that if a lattice composed of horizontal senes with dimin- 
ishing memory (like Markoff series), if it satisfies the condition of lattice 
invariance, it is always convergent and thus characterized by the relation (14) 
In other words, whatever the distribution of a state# in the first column may 
be, the later columns have a tendency to reproduce the ^-distribution existing 
in the honzontal lines 

Physically, this means that the space ensemble has a tendency to reproduce 
the time ensemble Since this statistical tendency does not follow from the 
axioms of the probability calculus, it expresses a natural law which is venfied 
by an immense number of observations and which is applicable to all the 
ensembles of physical systems, be they assemblies of molecules, or macro- 
scopic systems composed of a large number of molecules, or stars Let me 
speak here of a statistical isotropy , applying to the statistical conditions a 
term which, in optics, mdicates an equivalence of directions It is the statisti- 
cal isotropy which yields an explanation of the phenomena which express the 
direction of time 

For it is the statistical isotropy which determines that the branch systems 
all proceed in the same direction Let us suppose that half of these systems 
proceed m the mverse direction, startmg from a state of high entropy and 
proceeding toward a state of lower entropy It follows that the lattice com- 
posed of all the branch systems could not be isotropic the last columns, like 
the first ones, would mclude a large number of states of lower entropy, a 
result which contradicts the distribution of similar states in the honzontal 
lines The relation (14) would not thus be fulfilled We conclude that this sup- 
position is false Statistical isotropy expresses that property of the universe to 
which we owe the parallelism of the increase of entropy the totality of branch 
systems defines a single direction of time 

Once this result is established, it is easy to account for the inference from 
entropy to time If the frequency is determined vertically, that is, m a column, 
one finds only a small probability that a state of lower entropy be preceded, 
for the same system and thus on a honzontal line, by a state of higher 
entropy, at least, this result applies to the initial columns of the lattice We 
have thus succeeded m finding the answer to the objection of the reversal of 
molecular speeds The symmetry of the probabilities m regard to the future 
and to the past exists only for the time ensemble, it no longer exists for the 
space ensemble. And the direction of time can be defined m terms of entropy 
because the aggregate of branch systems has an asymmetry with respect to 
time, an asymmetry which comes from the parallelism of the increase of 
entropy 
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These ideas, it seems to me, furnish the solution to the problem of the 
direction of time in classical physics Whereas classical mechanics gives us 
only the order of time, statistical thermodynamics distinguishes between the 
two directions of this order and shows that they are qualitatively statistically 
different The irreversibility of the course of macroscopic events is compatible 
with the reversibility of the course of elementary events 

You might ask me just how does this solution differ from that given by 
Boltzmann 9 Let me add a few words about this Boltzmann was well aware 
that the entropy curve of an isolated system cannot define a direction He 
thus restricted the direction of time to an ascendant part of the entropy curve 
of the universe, and he remarked that the human inhabitants of the universe 
considered as positive time the direction for which their part of the curve is 
ascending He was well aware that this conception entailed the possibility of 
different directions of time for different cosmic epochs 

I have nothing to say against this last conclusion, indeed, I believe that a 
direction of time can be defined only for one cosmic epoch, and I reject com- 
pletely all attempts to treat cosmic time as a whole Thus, it seems to me that 
although the existence of a rise in the entropy curve of the universe is a 
necessary condition for a direction of time, it is not a sufficient condition, for 
it One must add the hypothesis of branch systems governed by the laws of 
statistical isotropy As soon as we add this hypothesis to the ideas of Boltz- 
mann, we come to understand the direction of time, we are able to account 
for numerous observed phenomena m our immediate neighborhood which 
manifest the direction of time Without this hypothesis, which is not a logical 
consequence of the fact that the entropy curve nses, we would not be able to 
explain the existence of such a direction 

I would like very much to present several other results which are deducible 
from the ideas just developed, and which concern something new the stat- 
istics of macroscopic phenomena In statistics of this sort, one counts as 
elements not the states of molecules but the states of macroscopic systems, 
and one can define a macroscopic entropy for them which resembles in many 
ways the thermodynamical entropy To give an example, one can take the 
process of shuffling m a game of cards, there are many natural processes 
which exhibit similar qualities A statistics of traffic accidents, for example, 
can be treated from this point of view, if you agree to call a traffic accident a 
natural event 

There exists a consequence which follows from the hypothesis of branch 
systems and which accounts for a certain difference between the positive 
direction and the negative direction of time If we observe an improbable 
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coincidence, we conclude that the two events are the products of a common 
cause For example, if two electric lamps are simultaneously extinguished, 
one concludes that a fuse has blown out, or that the current has been inter- 
rupted for the whole street, it would be too improbable to suppose that the 
two lamps burnt out at the same moment There is also an effect common to 
the two events, it becomes dark m the room and one stops readmg one’s 
newspaper But this common effect cannot serve as an explanation of the 
improbable comcidence, it is only the common cause which can offer an 
explanation, this is what I call the principle of the common cause 

This idea can be expressed m another way the total cause of a partial 
effect can be mferred, but the total effect of a partial cause cannot be 
inferred This is why it is easy to register the past, whereas it is very difficult 
to predict the future For example, one can deduce yesterday’s barometric 
pressure from the mark registered on the paper of a barograph, but if one 
wishes to predict tomorrow’s pressure, one must know some meteorological 
data concerning a much more extended region A definition of the direction 
of time can be based on these ideas 8 

What is at stake is the familiar enough difference between the positive 
direction and the negative direction of time, a difference intimately tied to 
the distinction between causality and finality, between explanation with the 
help of causes and explanation with the help of goals It is not easy to incor- 
porate it into the general statistical principle formulated in the second law of 
thermodynamics Nevertheless, by employing the hypothesis of branch sys- 
tems, it can be shown that the principle of the common cause, which governs 
a major part of our mferences and reveals our belief m a direction of time, 
follows from the second law and represents an application of the principle of 
isotropy to macroscopic statistics The proof makes use of the probability 
lattice already discussed It then follows that the complete abandonment of 
the principle of final causality, an abandonment which is characteristic of 
modem science, does not represent an arbitrary decision to accept a certain 
way of thinking, but is demanded by the second law of thermodynamics, 
which requires us to look always for a causal explanation 

Finally, these ideas can be related to a new branch of applied mathematics, 
to information theory, which has been developed in the works of C Shannon, 
W Weaver, N Wiener, and I von Neumann We can use the measure of 
information introduced m these works to define the direction of time m 
terms of a statistics of macroscopic events By combining the concept of 
information with the principle of the common cause, one can explam the fact 
that the past can be registered, but not the future One thus arrives at a theory 
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of registering instruments and one can show that the increase of information I 
mdicates the flux of time, the same direction (as that) characterized by 
thermodynamics by means of the increase of entropy 

There is a mutual relation between information and entropy information 
signifies negative entropy, and entropy can be interpreted as a measure of 
ignorance rather than of information A high entropy value mdicates an exten- 
sive class of possible molecular arrangements, and the inverse relation between 
information and entropy expresses but a well-known law of traditional logic, 
the law of the inverse relation between comprehension and extension 

This consideration requires that we add a remark concerning registering 
instruments In these instruments, the mcrease of information indicates 
the positive direction of time, thus this direction is indicated here by a dimin- 
ution of entropy This is possible because registering instruments are not 
isolated systems They are pieces of apparatus which accumulate order taken 
from their surroundings, in fact, their order reflects the order of the space 
ensemble of branch systems and informs us about acts of mtervention in the 
past, these being causal processes registered on the dial of the mstrument 
Why am I presenting you with these ideas in the course of an analysis of 
the logical foundations of quantum theory 4 * * * * 9 Surely, quantum phenomena are 
not macroscopic But it is not the quantum phenomena themselves which 
constitute the aspect of the physical world of our expenence, it is the conse- 
quences of these phenomena for macroscopic objects which create the system 
of relations governing the world of our expenence And these consequences, 
as regards the structure of time, proceed through the intermediary of the 
statistics of measurements and thus of the statistics of registered mformation 


4 THE DIRECTION OF TIME IN QUANTUM PHYSICS 

In classical physics, the problem of the direction of time presents itself m the 
form of a paradox while the course of molecular events is reversible, that of 
macroscopic events is not reversible The solution of the paradox is given by 
the statistical conception of macroscopic matter, a conception which offers 
us the possibility of constructing a specific distinction between the positive 
direction and the negative direction of time 

People have often hoped to find a different solution for quantum physics. 

People have thought of the possibility that elementary phenomena might be 

of an irreversible nature, the abandonment of determinism, it was believed, 

could be associated with a change of this kind because an indeterministic 
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mechanics would be exempt from strict laws which link the future to the past 
in the manner of a unique correspondence I would like to examine this prob- 
lem But before entering into the details, let us say immediately that the result 
will be negative, that the elementary quantum phenomena have been shown to 
be just as reversible as the molecular motions of classical mechanics Moreover, 
certain recent developments show that the problem of time in small dimensions 
is much more complicated than that of the molecules of classical mechanics 
These latter at least left us with the concept of the order of time, but it seems 
that the particles of quantum mechanics do not even admit of an order of time 
For this reason, the statistical theory of time is indispensable to quantum 
physics as well as to classical physics On the other hand we shall see that the 
combination of quantum phenomena with statistical theory brmgs us to some 
surprising consequences which present the concept of time in a different light 

Classical mechanics does not furnish a direction of time because its differ- 
ential equations are of the second order If we replace t by — tm a solution 
of these equations, we arnve at another solution But, things are different 
with Schrodinger’s equation because this equation is of the first order with 
respect to time 

Let us write Schrodmger’s equation m the form 


H 0 pM<l*t) = c 
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ih 
2? r 


(16) 


In fact, if \jj(g t t) is a solution of this equation, then i p(q 9 — t) is not a sol- 
ution, because this function satisfies the equation 

H opKd-i) = (17) 

By contrast, it is the complex conjugate \p*(q, — t ) which satisfies (16), while 
the complex conjugate t ) satisfies (17) This is easily seen if one puts 

= <Kq) e 2mvt (is) 

where <p(q) is a complex function which does not depend on t We thus have 

(19) 

and this function satisfies (16) But the functions <p(q ) and differ from 

each other, one can thus distinguish between them physically for example by 
calculating the distributions of a quantity which does not commute with q 
Can we conclude from this that Schrodmger’s equation defines a direction of 
time? 
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This conclusion would not be valid While observations can distinguish 
between 0 and 0*, they cannot distinguish between \p(q, t) and \p(q, — t), 
that is to say between (1 8) and the function 

Mq,-t) = me- 2mvt ( 20 ) 

which possesses the same factor <j>(q) as does \l/(q , t) As (20) satisfies equation 
(17), a distinction between \p(q, t) and \p(q , — t ) would be possible only if we 
could discriminate between the forms (16) and (17) But such a possibility 
exists only on the condition that we knew the direction of time The sign of 
the second member of Schrodmger’s equation mdicates the direction of time, 
it is true, but this sign presupposes the direction of time, and if we reverse 
this direction, we pass from the form (16) to the form (17) without encoun- 
tering any contradiction with experience 

To summarize, any determination of the direction of time with the help of 
Schrodmger’s equation would constitute circular reasoning it furnishes 
nothing other than the direction that has already been introduced by other 
means 

To put it another way, m quantum physics we depend on the methods 
of classical physics if we wish to ascertain the direction of time By apply- 
ing these familiar methods, we arrive at a sign of the second member of 
Schrodmger’s equation and there is no other method 

The course of elementary quantum events is reversible, the equations of 
quantum theory do not offer us the possibility of defining the positive direc- 
tion of time Here is the first result of our analysis A second result can be 
deduced, which seems even more destructive for the concept of time 

The identity of a physical object m the course of time is a relation which 
must be clearly distinguished from that of logical identity Everything is ident- 
ical with itself, this tautological principle of logic cannot give us any infor- 
mation about a physical object, because a physical object is composed of a 
sequence of successive states Each state is logically identical with itself, but if 
we consider the entire sequence of states as constituting a physical object, we 
are employmg a concept of physical identity which can be called gemdentity , 
making use of a term introduced by K Lewm 

As regards macroscopic objects, the application of this concept offers no 
difficulty One easily distinguishes one person from another and even one egg 
from another, because the eggs can be marked In the first section, I have 
pointed out the difficulties which anse for molecules, and I have discussed 
mdirect methods for defining the gemdentity of molecules The results of this 
discussion can be summarized as follows in classical physics, there is a natural 
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gemdentity of molecules, although it is not possible to determine, with the 
help of observations, the individuality of each molecule among the others In 
the Bose or Fermi statistics, one can speak of the gemdentity of molecules, 
but this gemdentity is arbitrary and can be introduced in different ways This 
means that, if two molecules collide, one can identify them after the collision 
as one wishes, it is not possible to distinguish experimentally a physical con- 
tinuity and a land of ‘crossing over 5 Gemdentity has thus become a matter of 
arbitrary definition Nevertheless, there remains a gemdentity in the following 
sense the number of particles is constant In this sense there remains a residue 
of individualism although one cannot distinguish the individual molecules 
one from the other, one can at least count them 

A deviation from this principle has been observed for photons But 
photons are not ordinary matter, they have no rest mass The deviation would 
be more serious if one could no longer count electrons This conclusion, 
which represents the end of individualism, has been drawn by E Stuckelberg 
and R Feynman 9 in recent works According to these authors, the world line 
of an electron can curve m such a way as to return toward the past, in certain 
periods of its existence, the electron would thus be displaced backward in 
time. This part of its motion, however, admits of a second interpretation one 
can speak of a positron moving forward m time Here then are two equivalent 
descriptions of the same phenomenon, one is just as true as the other, and there 
is no expenment that could discriminate between the two interpretations 

In the discussion of the problem of unobserved objects, we have spoken of 
the theory of equivalent descriptions, and we have shown that each exhaustive 
description of the mterphenomena, in quantum physics, entails certain causal 
anomalies The results of Stuckelberg and Feynman offer a new illustration of 
this principle of anomaly The path of an electron, in fact, belongs to the 
mterphenomena, the same is the case for the question of gemdentity Observ- 
able phenomena give us no information concerning gemdentity, if we speak 
of an individual (particle) which remains identical with itself during a certain 
time-period, we extend our language in such a way as to include statements 
concerning unobserved properties According to Stuckelberg and Feynman, 
this extension of language can be constructed in two different ways with 
respect to the direction of time either we have one individual particle moving, 
m part, in negative time, or we have two individual particles moving in positive 
time The first interpretation includes the causal anomaly of a particle going 
contrary to the flux of time, but the second interpretation has other anomalies 
of which we must now speak 

Feynman proposed his interpretation, m particular, with a view toward 
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interpreting pair-production In the presence of a gamma ray, an electron- 
positron pair is sometimes produced from nothing, the positron soon meets 
another electron, and both of them coalesce in such a way as to leave only 
another gamma ray We thus have three individual particles, two electrons and 
a positron, and their history is quite strange from the point of view of caus- 
ality, m that it includes the production of a pair from nothing, and then the 
annihilation of a pair This anomaly is eliminated, according to Feynman, if 
one replaces the three individual particles by a single particle, by an electron 
which in one phase of its existence moves backwards in time Obviously, one 
anomaly can be replaced by another, and one can choose, according to one’s 
taste 

This duality of descriptions is extremely interesting from the point of view 
of the logical analysis of time It indicates the fact that even the order of time 
is not an invariant property m the class of equivalent descriptions In the first 
interpretation, the electron coming from event A and the positron coming 
from event B constitute two causal lines directed toward the event C, where 
the two particles coalesce, m the second interpretation, these lines constitute 
only parts of a single line ACB For this second interpretation, C is thus 
‘causally between’ A and B , for the first, it is not In other words, the order 
of time is ACB , or if you wish, BCA for one of the interpretations, for the 
other, the order is either A C and BC , or CA and CB It is thus a question, not 
only of change m direction, but also of a change m the order of time 

Classical mechanics was not able to give a direction of time, but it did give 
us an order We would only have to assign a direction to a smgle causal line 
and a direction would be assigned to every lme Things are different with 
quantum mechanics, the direction of one causal lme can be reversed without 
reversing the others Thus one cannot construct a coherent order which 
permits the definition of a direction of time One would arnve at contra- 
dictory results m following the path ^4Ci?, one would find that A precedes 
B , m following another path, one would find that B precedes A. 

It seems that in the quantum domain, the concept of time loses its direct 
significance The variable t has always played a doubtful role m quantum 
mechamcs It acquires meaning only as one passes to macroscopic obser- 
vations If this is true, then not only the direction of time, but even its order 
will be a product of statistics Time would emerge from the chaos of elemen- 
tary events just as thread comes out of a skein with the help of a spinning 
wheel One must await the development of the theory of the atomic nucleus 
before one can speak definitively of that which we can anticipate today only 
as a possibility 
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As regards Feynman’s ideas, another remark presents itself The life of a 
positron is quite short, this is why electrons traveling backward m time do 
not play a great role m the statistics of electrons If things were not this way, 
it would be doubtful that an ordered time would result from atomic chaos 
Perhaps there would then be closed causal Imes m the macrocosm One could 
conclude that the existence of a hnear time is related to the difference between 
negative and positive electricity, to the fact that the electricity called negative 
prevails over that called positive, as far as the number of free particles is con- 
cerned According to the conceptions of Dirac, this superionty of negative 
electricity derives from the fact that all the negative energy states are occu- 
pied, while those of positive energy are generally free, the positron exists only 
m the form of a hole left open when an electron leaves its place m the sea of 
invisible matter These are pictures, but they express ideas which possess 
equivalents m mathematical equations A solution of these problems, which 
greatly occupies the thought of physicists, would be capable of clanfymg the 
problem of time 

However, it is the relations of the time of the macrocosm which determine 
the appearence of the time of our immediate experience In this respect, 
quantum theory presents us with a quite interesting conclusion, which resolves 
certain difficulties which anse m the analysis of the time of classical physics 

The measurement of a quantum entity is a process which projects quantum 
uncertainty into the macrocosm This results from the fact that a measure- 
ment represents an act of detachment, the elementary phenomenon, the 
arrival of a particle, directs the macroscopic phenomena mto a umque form, 
and these phenomena, dial readmgs, would be wholly different if the elemen- 
tary phenomenon were different This is why the measurement process can 
give us information about the elementary phenomenon And this is why it is 
impossible for us to predict the result of the measurement if it was preceded 
by the measurement of a quantity which does not commute with it, that is 
excluded by Heisenberg’s relation 

Hence there exist certain macroscopic phenomena which cannot be pre- 
dicted, but which can be registered Let us suppose that consecutive alter- 
nating measurements of two non-commutative quantities are made We will 
have a sequence of macroscopic events which cannot be predicted, but which 
can be registered This sequence offers us a very neat distinction between the 
past and the future the past is determined, but the future is not 

This thesis needs to be explained. The quantum uncertainty, in so far as it 
concerns only the elementary phenomena, has a dual aspect it turns toward 
the past m the same way as it turns toward the future If we have nothing but 
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measurements made at a certain moment, we can calculate neither the past 
values nor the future values of these quantities If the situation is not the 
same in our example, it is because we have registered the results of past 
measurements Hence we owe our knowledge of the past, not to quantum 
methods, but to macroscopic methods, to the methods involved in using 
registering apparatus 

But notice the surprising conclusion coming from this consideration The 
analysis of classical physics has shown us that one can register the past, but 
not the future The combination of this result with the uncertainty of Heisen- 
berg brings us to the consequence that one can know the past, but one can 
not predict the future 

In order to understand the meaning of this result, let us return for a 
moment to the determinism of Laplace For an intelligence superior to that 
of man, says Laplace, “nothing would be uncertain, and the future like the 
past would be present to his eyes ” It is not everyday experiences which gives 
birth to this thesis, on the contrary, it is the opinion of the man in the street 
that only the past is determmed, while the future is undetermined Laplace 
drew his thesis from classical physics, and if science has spoken, common 
sense has to keep quiet Nevertheless, modern science has switched sides, it 
has put itself on the side of common sense and furnishes us m a precise way 
the difference between the past and the future that the physics of Laplace 
could not recognize 

It is true that the physics of Boltzmann, if we add to it the hypothesis of 
branch systems, yields a certain structural difference between past and future, 
a difference which is expressed m the inferences directed, either toward past 
facts, or toward facts of the future We have discussed the fact that the partial 
effect admits of an inference to the total cause, while the partial cause, in 
general, does not admit of an inference to the total effect But this difference, 
although it permits us to distinguish between past and future, was not associ- 
ated with a difference of determination although one cannot register the 
future, one can predict it, by basing the prediction on the totality of causes 
Hence the future can not be called undetermmed, or, at least, if one is to 
consider it as undetermmed because a prediction is never absolutely certain, 
one will have to apply the same conception to the past, which also can not be 
deduced with absolute certamty Insofar as the question of certainty is con- 
cerned, there exists a symmetry between past and future, as long as one 
remains in classical physics 

It is no longer the same in quantum physics It is true that there exist past 
facts which can no longer be known because they have not been registered, 
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and there are future facts which can be predicted quite well, such as the 
movements of the planets, which are exempt from quantum uncertainty But 
notice the difference there exist future facts which are impossible to predict, 
while there are not any facts of the past which are impossible to know In 
principle, they can always be registered And I would like to suppose that the 
number of future events which depend, by way of detachment relations, on 
unforeseeable quantum phenomena is greater than is commonly believed I 
would not be surprised if it were possible to show that a great number of 
human actions are of this kind 

The distinction between the indeterminism of the future and the determin- 
ation of the past has found, m the end, an expression in the laws of physics 
Here is the important result which comes out of the union of classical statistics 
with the uncertamty relation of quantum physics The consequences for the 
time of our experience, for the time of every day, are evident The concept of 
‘becoming’ acquires a meaning m physics the present which separates the 
future from the past is the moment in which that which was undetermined 
becomes determined, and ‘becoming’ means the same thing as ‘becoming 
determined’ 

There remains one question for us to discuss What is the relation between 
the time of physics and the time of our experience 9 Why is the flux of 
psychological time identical with the direction of increasing entropy 9 

The answer is simple man is a part of nature and his memory is a register- 
ing instrument subject to the laws of information theory The increase of 
information defines the direction of subjective time The experiences of 
yesterday are registered in our memory, those of tomorrow are not, and 
they cannot be registered before ‘tomorrow’ has become ‘today’ The 
time of our experience is the time which is manifested by a registering 
instrument It is not the privilege of man to define a flux of time, each 
registering instrument does the same thing What we call the direction of 
time, the direction of becoming, is a relation between a registering mstrument 
and its surroundmgs and the statistical isotropy of the universe guarantees 
that this relation is the same for all mstruments of this kind, including the 
human memory 

Let us add a word concerning the term ‘now’ Symbolic logic teaches us 
that it is necessary to distinguish between the individual sign and the class of 
signs, called ‘symbol’ With regard to many words, the individual sign can be 
neglected, the word ‘house’, for example, has the same meaning in all its 
instances It is different for some words, like ‘now’, ‘here’, ‘me’, whose mean- 
ing changes with the individual signs Allow me to speak, m this case, of 
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reflexive signs , and of a token-reflexive sign , in using the word ‘sign’ in the 
sense of ‘individual sign’ 10 

An act of thought is an event and thus defines a position in time If our 
experiences always occur in the framework of a ‘now’, this means that each act 
of thought defines a reference point We cannot avoid the ‘now’ because the 
attempt to avoid it would mvolve an act of thought and thus would define a 
‘now’ A thought without a reference point does not exist, because thought 
itself defines it Grammar expresses this fact by the rule that each proposition 
must contain a verb, that is to say a reflexive sign mdicatmg the time of the 
event of which one speaks, for the tense of a verb has a reflexive meaning 

Token-reflexiveness applies also to the concepts ‘determined’ and ‘undeter- 
mined’ The word ‘determination’ denotes a relation between two states A 
and B , the state A determines, or does not determine, the state B It is mean- 
ingless to say that the state#, considered separately, is determined If we say 
that the past is determmed, or that the future is undetermmed, it is implied 
that this is relative to the present situation, it is relative to the ‘now’ that the 
past is determmed and that the future is not These words, and many others, 
thus have a token-reflexiveness It is true nevertheless that these words express 
an objective relation, for it is a physical fact that, if A is the state defined by 
the act of speaking, then a state preceding A is determmed with respect to A, 
while a state which follows A is not 

There would be much to add, but it is time to stop, and smce the subject 
of this article is limited to physics, I allow myself to forego going further into 
the discussion of the problems of subjective time It was my mtention to 
show that quantum physics has nothmg to fear from logic, that a logical 
analysis of the this portion of physics can be given without sacrificing either 
precision or rigor, and that an excursion into the domam of speculative phil- 
osophy is not needed in order to understand quantum theory By contrast, I 
believe that science requires us to construct a scientific philosophy, and that 
such a philosophy can exist only by an intimate cooperation with physics 


NOTES 


1 P S Laplace, Essai philosophique sur les probabihtes (Gauthier-Villars, Pans, 1921) 
P 3 

2 See my book, The Theory of Probability [1949f] , p 156 

3 I use the word ‘reasonable’ to suggest specifically ‘conforming to common sense’ A 
meaningful proposition is thus a proposition which has a meaning, yet it might not be at 
all reasonable 



278 


PHILOSOPHY OF PHYSICS 


4 David Bohm, ‘A Suggested Interpretation of Quantum Theory in Terms of “Hidden” 
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theone de l’onde pilote’, CR Acad 233, 641 (1951) 

5 The bibliography on multi-valued logics has been cited m my book Philosophic 
Foundations of Quantum Mechanics [1944b], pp 147-148 See this book for a detailed 
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6 See The Theory of Probability , op cit, and my article ‘Les fondements logiques du 
calcul des probabilites’, [1937b] 

7 Ibid , Equation (60) 

8 I thus take up again several ideas developed m a previous publication, ‘Die Kausal- 
struktur der Welt und der Unterschied von Vergangenheit und Zukunft’, [1925d, this 
volume, Chap 57 - Ed ] The mferences of which I have spoken are formulated there 
with the help of forkings of world-lines However, I have lately changed my opinions 
about the mathematical relations governing these forkings 

9 E C G Stuckelberg, Helv Phys Acta 14 , 588 (1941), and 15 , 23 (1942), R P Feyn- 
man, Rev 76, 149 (1949) 

10 I suggest the word ‘token-reflexive’ in my book Elements of Symbolic Logic [1947c], 
p 284 
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The theoretical scientist makes his discoveries within the pursuit of questions 
concerning explanation Given the results of observation and experiment, he 
looks for laws combining the observational data mto a consistent causal net 
The more general and comprehensive the laws, the greater their explanatory 
power However, in order to be accepted the law must not merely combme 
known data by way of a single rule , it is required to predict new data acces- 
sible to observational test The cntenon of scientific truth is the verification 
of predictions, and explanatory power is thus reducible to predictive power 

Yet scientific discoveries sometimes include other than observational 
implications They may lead to a revision of the foundation of science, of 
those fundamental principles m which we formulate the most general proper- 
ties of the physical world In short, they may include philosophical impli- 
cations Implications of this kind, however, are often not openly visible m the 
beginning, and it may take a long time until they are seen distinctly and 
formulated precisely In fact, the scientist himself is usually not immediately 
aware of the philosophic content of his discovery His attention is concen- 
trated on observational predictions, that is, on the truth of the new law, and 
he has no time to ask for its philosophical significance What his discovery is 
going to mean for philosophy, is a question whose answer he may rightfully 
leave to later investigation Science is positivistic in the sense that it puts 
empirical content first and logical analysis second Let us be happy that 
science is so inconsiderate in its attitude to philosophy If it were not, if the 
scientist were always fully conscious of all the logical implications of his 
work, he might be afraid to express ideas which contradict accepted philo- 
sophical principles — yet for whose discovery, at some later time, the philos- 
opher is grateful to him, crediting him with revolutionizing philosophical 
thought 

When Louis de Broglie first formulated those principles which mtroduced 
a new era mto the physics of the microcosm, neither he, nor anyone else, 
could realize what these principles would mean for the philosophy of nature 
De Broglie was concerned with finding better laws for the explanation of 
observational data, laws that connect known data and predict new ones The 
dual nature of radiation, its combination of wave and particle features, 
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suggested to him the idea that a similar duality might exist for the more solid 
matter from which elementary particles are built up The mathematical theory 
supplied the framework withm which this supposed new law of nature was 
plausible, and when his predicted waves of matter were confirmed by later 
experiments, it was obvious that his scientific intuition had guided his guesses 
in the right direction But the philosophical nature of these new waves was 
still completely unknown 

More than a quarter century has passed smce de Broglie’s epoch making 
discovery The combined work of a number of distinguished scientists has 
eventually transformed his creative idea into a new physics of the microcosm 
The names of Schrodinger, Bom, Heisenberg, Dirac, Bohr, and many others 
come into our minds when we look back to this quarter century of physics 
And we welcome the opportunity to express our best wishes to Mr de Broglie 
on his sixtieth birthday, in recognition for the discovery which marks the 
beginning of the dual conception of matter as being both a matter of particles 
and of waves 

The physical implications of de Broglie’s discovery, which have been derived 
during this period of continual change and improvement of the original version, 
are well known I should like to give at this place a short summary of the 
philosophical implications of his discovery, which have been developed withm 
the course of these twenty -five years For the philosophical result has turned 
out to be no less significant than the contributions of this period to physics 
In fact, if the physics of the atom is said to have revolutionized philosophy, 
this judgment is meant to summarize the consequences to which the duality 
of particles and waves has led 

I will begin with the changes in our conception of causality which have 
arisen from quantum physics The idea that all physical occurrences are strictly 
determined by causal laws had been regarded as the principal result of the 
physics of Newton, a result which had been taken over and even made more 
credible by the physics of Einstein Philosophers had seen m the principle of 
causality an a pnon law of the physical world, whether they regarded it, like 
Kant, as originating from human reason, or, like Spinoza, as an ontological 
property of the physical universe This so-called a pnon law has now been 
abandoned by physics, with Heisenberg’s relation of indeterminacy, the 
physics of matter waves has established the pnnciple that nature is governed 
by probability laws, but not by causal laws All that is left of stnct laws is a 
differential equation determining probabilities, but it does not mean reestab- 
lishing determinism if it is regarded as possible to predict strictly with what 
probability an event will occur And it does not help to say that ^-functions 
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can be regarded as physical states They can be so regarded But considered in 
terms of observables, ^-functions are statistical states, and this means, once 
more, that observables can only be statistically predicted If causality is to 
mean a rule governing observable phenomena, it has been abandoned by 
quantum mechanics - there is no escape from this conclusion 

However, the scientific philosopher will not find this conclusion as revol- 
utionary as it may appear to philosophers of metaphysical inclinations Ever 
smce Boltzmann’s statistical interpretation of the second law of thermo- 
dynamics, a transition from causal to statistical laws has been a possibility 
that could not be disregarded In fact, a more careful wording of the principle 
of causality had led to the result that causality is meaningful only as a state- 
ment about a limiting process concerning probabilities Given a certain 
description of the present status of the physical world, we can predict its 
future status with a certain probability, and this probability is mcreased if the 
initial description is replaced by a more detailed one It was assumed that m 
this way the probability of the prediction could be made to approach the 
limit 1 as close as we wish The principle of indeterminacy restricts this pro- 
cess of approximations to a limit below 1 , this is the logical significance of 
Heisenberg’s principle Historically speaking, the quantum mechanical 
indeterminacy appears as an evolution rather than a revolution of physical 
principles 

This interpretation is made more evident when the convergence of prob- 
abilities toward 1, assumed in classical physics, is analyzed more carefully It 
then turns out to be always coupled with a statement of divergence of prob- 
abilities Given a description A x which predicts the future at the time 1 1 with 
a certain probability Pi, we can find a more detailed description A 2 which 
predicts the state at t% with a probability p 2 higher than p x But we can also 
find a later time t 2 such that A 2 predicts the state at this time merely with 
the probability p or an even lower probability There exists both a con- 
vergence and a divergence of probabilities, m the face of which it appears 
highly implausible that there exists an ultimate description which, though 
unattainable for us, predicts the physical states at all times with certainty 
But this is what determinism maintains Even m classical physics, the evidence 
for determinism can only be called very meager, and the quantum mechanical 
transition to probability laws appears as a natural extension of a classical 
causality which is conceived as a statement about convergence of probabilities 

If it is the result of such considerations that the indeterminism of quantum 
physics is not surpnsmg to the philosopher of science, there exist philosophi- 
cal consequences of another kind which neither the philosopher trained in 
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scientific method nor the scientist himself could anticipate I refer to the 
peculiar result concerning the dual nature of matter, expressed in the dualism 
of particles and waves 

What is matter 9 This question is as old as western philosophy The Greeks 
already answered it by the mvention of atoms, and modern science, since 
Dalton’s day, has accumulated overwhelming evidence for the atomistic struc- 
ture of matter Its answer to the question seemed therefore definitive, and 
nobody thought that it could ever be revised 

It is true, the physicist does not say that matter does not consist of atoms 
He even has discovered quite a few new atoms, smaller than those of the 
chemist and therefore not atoms in the narrower technical sense But he also 
found that all these particles, in certain conditions, behave like waves, and 
when he is asked whether they really are material particles^ he answers that 
this is an embarassmg question and that he would prefer not to be asked such 
questions 

This means that the answer requires more philosophy than the physicist 
needs for his practical research It means that the answer cannot be given 
within the framework of philosophical conceptions that have arisen withm 
every-day life or withm classical physics It means that we have come to a 
point where the traditional concept of a physical object existing in an undis- 
turbed reality of its own has turned out to be inadequate Only a philosophy 
which is willing to revise its fundamental concepts about physical reality can 
give an answer to this question 

The logical problem hidden behmd the question is that of unobserved 
objects Are the things still there, and are they the same things, when we do 
not look at them 9 This question has raised such philosophical problems as 
that of solipsism Are things more than perceptions 9 Berkeley answered that 
they are not, they exist, however, when we do not perceive them because 
God perceives them Kant answered that they are, but only because there are 
things in themselves, so-called noumena, behind them which must forever 
remain unknown to us Do we have to accept these answers, leaving us only 
the choice between theology and irrational belief 9 

Fortunately, the scientific philosopher has found better ways of interpret- 
ing physical reality He has seen that questions of the kind considered are 
questions of language and mvolve certain rules which allow us to extend the 
language of observables to that of unobservables Such rules he calls extension 
rules They have the logical status of conventions, and thus are not true or 
false They can be replaced by different conventions, then we arrive, not at a 
different reality, but merely at a different description of reality Given the 
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same physical world, there exists a class of equivalent descriptions Each of 
them is true, and it makes no sense to ask which of them is really true 

This does not mean that there are no false descriptions A description is 
true, or false, as soon as we add to it the extension rules which are assumed 
for it, l e , as soon as it is complete And the question arises whether a certain 
extension rule can be earned through at all Given a certain extension rule, is 
there any true description satisfying this rule 7 This is an empirical question 

In application to quantum phenomena, this means that we have to ask 
whether we can construct a language for them by the same rule that we use in 
the physics of everyday life This is the rule the unobservables are governed 
by the same laws as the observables We can speak of unobserved houses 
because we introduce the rule that they follow the same laws as observed 
houses Can we carry through the same rule for the unobservables of quantum 
physics 7 

It is here that the problem of waves and particles arises When we say that 
matter consists of particles, we mean to say that not only the observables, the 
phenomena, show the discrete pattern of localized occurrences, but that the 
same applies to unobservables, to interphenomena When we say that radiation 
spreads m the form of waves, we mean that, between the localized source and 
the localized place of observation, radiation is not localized, but fills a large 
volume of space That is, the terms ‘particles’ and ‘waves’, in order to be 
meaningful, presuppose certain extension rules, and without specifying these 
rules, no description of matter can be given 

We can regard it as the result of quantum physics that it is impossible to 
describe unobservables by the use of the rule that they follow the same laws 
as observables Every complete descnption of interphenomena leads to causal 
anomalies, to relations that can be regarded as action at a distance This is 
what makes quantum reality essentially different from ordinary reality And 
this is the logical issue which Bohr has attempted to describe m his famous 
principle of complementarity When he argues that each interpretation, the 
particle as well as the wave conception, is only partially adequate and requires 
the use of the other to make up for its deficiencies, this conclusion can be 
translated into the statement that both mterpretations have their causal 
anomalies, but each at a different place This is why each complements the 
other 

Using the terminology of logical analysis, we would say that our usual 
extension rule, tacitly assumed for the language of everyday life, breaks down 
in the microcosm That is why the microcosm appears so strange to us, so 
incomprehensible We have to make this extension rule explicit, we have to 
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make it clear why we can speak of unobserved houses, when we want to 
understand why we cannot, m the same sense, speak of unobserved quantum 
occurrences This is the logical reason for the duality of waves and particles 
Both constitute equivalent descriptions, but neither one is capable of describ- 
ing unobservables in terms of the same laws that govern observables, because 
no such description is possible at all 

Those who ask whether matter consists of particles or of waves, forget that 
the answer may be that it is both, and those who say that matter can be 
described both m terms of particles and of waves, must not forget to add that 
neither description holds m the sense tacitly assumed for objects of the 
macrocosm The reality of quantum objects defies the concepts developed in 
our daily business with objects of our environment Speaking of things that 
remain the same when nobody looks at them is a reasonable language for the 
world of large dimensions, but we must not believe that the same language 
can be applied without qualifications to small dimensions The rules of 
language do not represent philosophical truths, they originate from habits 
acquired in interaction with our environment And when such rules turn out 
to be inadequate for the language of the microcosm, we have to replace them 
by better rules This is what the philosopher has learned from the puzzles of 
quantum physics 

A language of better rules, which appears to be adequate for quantum 
mechanics, is constructed m terms of a three-valued logic In addition to the 
categories of truth and falsity, this language employs a third category, called 
indeterminate, which applies to unobservables Usmg this three-valued 
language, we can describe quantum mechanical reality m such a way that we 
say all we know and yet do not commit ourselves to misrepresenting the 
status of unobservables That is, we do not use a terminology misleading the 
listener — and ourselves — to regard microcosmic entities as substances in the 
sense of the physical bodies of the macrocosm The terms ‘particles’ and 
‘waves’, in the macrocosmic sense, cannot be applied to quantum objects 
because they presuppose extension rules that are not applicable to such 
objects If we use a three-valued language, these terms change their meaning 
to the extent that they become indistinguishable, because they no longer 
include determinate statements about what happens between observations, 
about interphenomena 

There is another philosophical issue upon which quantum mechamcs has 
shed light that is the problem of the direction of time The solution which 
quantum physics offers for this problem is rather surprismg, because m some 
sense it destroys time, in another, it confers upon time a direction which 
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leads to a pronounced distinction between past and future, a more radical 
distinction than could be made m classical physics 

When we want to understand this situation, we have first to distinguish 
carefully between order and direction of time The points on a straight line 
are ordered, but the line has no direction Order refers to between relations 
given three points on the line, we know which one is between the two others 
But we cannot tell which of the outer points comes first, and which one 
comes last, either one can be regarded as being the first A distinction as to 
first and last can only be made when a direction is known 

The equations of classical mechanics confer upon time an order, but not a 
direction When a ball is thrown from A by way of B to C, the opposite 
motion is described by the same differential equations as the original one 
This familiar result follows because the differential equations of mechanics 
are of the second order, if, m a solution of these equations, we replace *f by 

r,’ we arrive once more at a solution This means that thefce equations do 
not determme a direction of time But they do determine an order for both 
solutions, the arrival of the ball at B is temporally between the arrivals at^l 
and at C 

Classical mechanics, therefore, knows a time order, but its processes are 
reversible, and therefore it does not supply a time direction If atomic pro- 
cesses are governed by the rules of classical mechanics, they are reversible and 
define for the microcosm merely an order of time The problem of how to 
derive a direction of time for the macrocosm from a merely time-ordered 
microcosm was solved by Boltzmann the macrocosmic direction of time is of 
a statistical nature This means, it is not impossible, but very improbable that 
mixing processes go backward, even when they are composed of reversible 
elementary processes 

However, Boltzmann’s solution cannot assign a direction to time as a 
whole When we regard the universe as a closed physical system, developments 
from improbable to highly probable states, or from low to high entropy, are 
not more frequent than those in the opposite direction, m fact, both are very 
infrequent, the system being in states of equilibrium most of the time Only 
while the system is on a long upgrade does its time possess a direction It 
appears that the world m which we live is on such an upgrade, therefore we 
experience a time direction Should our universe, eons from now, start to 
develop along a down grade, it would once more possess a time direction, 
which however is opposite to the present one Boltzmann makes it clear that 
living bemgs in such a world would experience as future the direction which 
we call the past, although subjectively speaking, their experiences are like 
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ours In other words, there is no absolute time direction, a direction of time 
can only be sectionally defined That these sections of upgrades or down 
grades are connected so as to be parts of a continuous lme, has a meaning 
because time order is defined even for reversible processes and thus order 
extends through the horizontal parts from upgrade to down grade 

The time direction existing for the upgrade manifests itself, for the human 
observer, in many individual systems which for a short period remain practi- 
cally isolated from the main system When we find such systems m an improb- 
able state, ie, a state of low entropy, we conclude, not that they have 
developed mto this state m isolation, but that shortly before they were still 
connected with the mam system This is the reason that isolated systems 
define the same time direction as the umverse they were not isolated all the 
time, but derive from interaction processes It is impossible to define a time 
direction by reference to completely isolated systems We owe our time direc- 
tion to the existence of systems that are partly isolated, partly in interaction 
with their environment 

Although Boltzmann’s solution accounts for a direction of time in our 
world, it leaves to time a certain symmetry both the past and the future are 
stnctly determined, because the elementary processes are controlled by 
mechanical laws When it appears to us as though only the past is determined, 
whereas the future is not, it is merely our ignorance which makes us believe in 
this distinction In principle, the future can be predicted to the same degree 
of exactness as the past, no limits are drawn to this exactness 

This is the structure which classical physics supplies for time Time as a 
whole possesses merely an order For sections of the total time, and only for 
the macrocosm, there exists a time direction But even on these conditions, 
the flow of time does not represent a transition from a determined past to an 
undetermined future It is an illusion springing from ignorance when we 
believe that the future is undetermined, as far as determinism is concerned, 
there is no difference between the future and the past 

Let us now examine the changes which quantum physics has mtroduced 
into this picture They result from the fact that the elementary processes are 
no longer regarded as following the laws of classical mechanics Rather, they 
are assumed to be controlled by the laws of quantum mechanics Although 
these laws differ greatly from the previous ones, as far as their mathematical 
structure is concerned, they correspond to them m one essential point they 
do not make the elementary processes irreversible It is true, they introduce 
probabilities mto a realm where classical mechanics spoke of certainty, the 
paths of elementary particles are controlled merely by statistical laws But the 
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probabilities for these paths are symmetrical with respect to past and future 
Suppose that u and v are non-commutative quantities, and that a measure- 
ment has shown the value u t to exist, then we can compute the probability 
p lk of finding the value v k in a measurement of the quantity v Let p kl be the 
opposite probability, 1 e , the probability of measuring u t after the value v k 
has been measured, then the theory shows that p lk =p kl For this reason, 
elementary processes do not define a time direction for quantum physics 

In this respect, quantum physics does not differ from classical physics In 
another respect, quantum physics seems to deny the very property which 
classical mechanics had still left to the time of the macrocosm it appears that 
the elementary processes of quantum physics do not even possess an order 
They do not tell us between-relations This, at least, is the result of certain 
investigations made by Stuckelberg 1 and Feynman 2 According to these 
authors, a positron can be regarded as an electron going backward in time As 
a consequence, pair production and pair annihilation can be conceived as 
events in the history of only one particle, an electron, in such a way that 
there are no pairs of simultaneous particles, but ‘successive’ states of one 
particle The electron travels first from A to B, where it changes its time 
direction so as to travel backward m time toward C, from where it turns 
forward toward D Taken along the world line of this electron, the event B is 
between A and C, and the event C is between B and D However, when we 
mterpret B as pair annihilation, B is not between A and C, the world lmes AB 
and CB bemg counterdirected Similarly, when C is regarded as an event of 
pair production, C is not between B and D 

It is different, of course, if observations of these four events are made, for 
instance, if the whole process is photographed in a cloud chamber The obser- 
vations are macroscopic events, and as such are time ordered and are even 
distinguishable as earlier and later But the elementary process itself does not 
supply a time order 

This means that the unobserved quantities, the interphenomena, of quan- 
tum physics do not supply a time order I would like to regard this result as 
but another causal anomaly holding for interphenomena Some of their world 
lines can be reversed, leaving others unchanged, and the lines can be pieced 
together so as to become a world line of one particle instead of being lmes of 
three particles However, smce causal anomalies do not show in the phenom- 
ena, this result does not bear upon observables, and in so far, then, the loss of 
time order in the microcosm has no implications for the macrocosm 

Perhaps we shall have to conclude that, in quantum physics, not only time 
direction, but even time order is generated in the macrocosm The microcosm 
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is a chaos without a linear order of events, but out of this chaos is bom time 
This would make even time order a statistical concept For macrocosmic 
time, this would not make much difference, although it may involve changes 
for the conceptual structure of quantum mechanics If time order is not 
defined for quantum processes, the meaning of the variable t requires a new 
interpretation 

Turning to macrocosmic time, which still retains a direction of the kind 
constructed by Boltzmann, we now must point out an important conclusion 
derivable from the quantum nature of elementary processes According to 
Heisenberg’s indeterminacy , it is not possible to predict the result of measure- 
ments with more than probabilities Measurements are macroscopic processes, 
therefore, there are macrocosmic events of the future, which at the present 
time are not knowable There is no way to increase the probability of the 
prediction, we can only wait and see how the measurement will turn out In 
this sense, such future events may be called undetermined at the present time 

Now it is true that the symmetry of the quantum mechanical equations 
leads to similar conclusions for past events When we measure now the quan- 
tity v ki we can only say with some limited probability what value u l existed 
before But here we have other ways of knowing if the quantity u has been 
measured before, we can wnte the result down Thus we can know the past, 
namely, by recordmg it, but we cannot know the future 

Why can we not record the future 7 Because recording mvolves irreversible 
processes, it is a macrocosmic affair We are led back here to the statistical 
time direction of Boltzmann’s gas theory Quantum mechanical systems owe 
their time direction to an interaction with their environment, performed 
through the measunng process, in this respect, their time direction is defined 
in the same way as that of other subsystems in this physical world But it 
turns out that this direction, in combination with the quantum mechanical 
indeterminacy, leads to a peculiar distinction between past and future, a 
distinction unknown to classical physics certam events of the future are 
unpredictable, even to a superman of Laplacian abilities, whereas all events of 
the past can be strictly known if only they are recorded In this sense, the 
past is determmed, whereas the future is not 

It may perhaps be objected that this distinction applies only to such 
macroscopic events which depend on the quantum mechanical uncertainty 
This is true* But the fact that there are such events is sufficient to draw a 
sharp line of demarcation between past and future We do not claim that all 
future events are unknowable Everyday life provides us with many examples 
of pretty reliable predictions But this consideration shows that quantum 



51 THE WAVE-PARTICLE DUALISM (1 9 53) 


289 


physics leads to a macrocosmic time direction for which the future is dis- 
tinguished from the past as the realm of undetermined events from the realm 
of the determined ones And perhaps there are more events depending on 
quantum mechanical processes than is usually believed Such processes, m the 
form of trigger action, may for instance play an important part in genetics 
Since human history depends largely on the influence of individual person- 
alities, the indeterminacy of quantum processes may thus be reflected m the 
impossibility of predictmg histoncal events In contrast, that histoncal events 
can be recorded is a familiar fact 

The time direction springing from quantum mechanics, of course, is sub- 
ject to the limitations holdmg for that of gas theory It exists only for the 
macrocosm, and only for sections of the total time of the universe But it 
appears that quantum processes confer upon this time a certain property 
which the time direction of classical physics did not possess, that they make 
time-flow an act of becommg m which potentiality is turned into actuality 

These are some sketchy remarks m which I have tned to summarize the 
philosophical results of quantum physics They all have grown from the con- 
ception of the dualism of particles and waves, formulated for the first time m 
de Broglie’s great discovery Like a tree grown from its roots, the theory of 
quantum physics derives from this fundamental discovery And bemg itself an 
irreversible process, this evolution of ideas records the original idea from 
which it sprang This is the award which the history of quantum physics 
confers upon Mr L de Broglie 


NOTES 
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52a THE PHYSICAL PRESUPPOSITIONS OF THE 
CALCULUS OF PROBABILITY 


[1920c] 

I APPLICATION OF THE LAWS OF PROBABILITY TO THE 
OBJECTS OF REALITY 

At present, two different groups of scholars are working with probability 
laws On the one hand, there are the mathematicians who, starting from the 
simple basic laws of the theory, develop complex forms of calculation, estab- 
lish relations facilitating the solution of intricate problems, and also introduce 
new concepts, such as dispersion, mean-square error, compound probability, 
and so forth On the other hand, there are the statisticians in every branch of 
science — physics, psychology, sociology, and so forth — who gladly take over 
the complex apparatus of the mathematicians, not, however, m order to cany 
it to completion, but in order to apply it to actual objects, m order to derive 
methods from it suited to the presentation of particular empirical states of 
affairs This distinction between working methods corresponds to a profound 
and substantial difference, the same difference that separates pure mathemat- 
ical research from all its applications There can be no doubt but that the laws 
of probability represent a complete mathematical system, just as do the prin- 
ciples of the infinitesimal calculus or the principles of geometry, the strict 
certainty attendant upon these spheres must likewise be attributed to the 
principles of probability insofar as they represent closed relations, conceptual 
chains made up of combinations of elementary concepts Let the reader recall 
Bernoulli’s theorem for calculating the frequencies and the dispersion of 
simple repeated series, which, from the mathematical point of view, is nothing 
more than an enumeration of combmations No one has ever called into ques- 
tion the correctness of this theory of combmations All the greater, then, 
have been the doubts about the application of the laws of probability to the 
objects of reality The statisticians of the various individual sciences have 
never been able to appeal to the mathematical rigor of theoretical probability, 
for the question whether real objects are subject to the relations calculated 
has not been resolved The situation here is similar to that in geometry no 
one doubts the correctness of the geometrical principles taken in themselves, 
but no judgment is possible on mathematical grounds as to whether they 
describe real objects , whether the space m which we measure physical objects 
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is three-dimensional and Euclidean This question can be decided only through 
the methods of physics and philosophy 

Geometry has the advantage of possessing a well-developed system of 
axioms, and it is possible today to replace the question as to the validity of its 
theorems with the question as to the validity of its axioms If real space con- 
forms to these axioms, it must also conform to all geometrical theorems, 
however, for purposes of investigation it is vastly simpler to pose the problem 
of the validity of the axioms alone To be sure, the probability calculus also 
possesses a system of axioms, but these are complete only as the foundation 
of the purely arithmetical relations of this calculus In their application, how- 
ever, probability laws are intended to describe real events, to make definite 
assertions concerning temporal sequences, and therefore another group of 
axioms must exist, distinguished by its inclusion of the concept of time, that 
deals with the application of the probability laws to real events and which we 
will for that reason designate axioms of applicability In contrast to the 
mathematical axioms, they may also be described as physical axioms, provided 
we construe physics in the most general sense, as the science of spatio-temporal 
events 

The present author earned out the construction of this group of axioms in 
another work, to which the reader is referred for a more thorough justification 
of the ideas discussed here 1 In the present article, the results of past investi- 
gation will be given and the essential features of the method of derivation 
demonstrated As laws of probability are invariably laws of approximation, 
such that with an mcreasing number of repetitions the required distnbution is 
more and more closely approached, the axioms of applicability must also be 
formulated as laws concermng a relation of approximation We will discover 
that these axioms are reducible to a single axiom At present, to be sure, it is 
not possible to deny that certain physical hypotheses, such as Boltzmann’s 
ergodic hypothesis for the basis of molecular statistics, may also contain 
other presuppositions, and to this extent the investigation may not yet be 
regarded as closed Furthermore, the present investigation has been confined 
to physical problems, and we are therefore not m a position to make any 
judgments about the application of the probability calculus in psychology 
and sociology Nevertheless, it will prove to be demonstrable that the axiom, 
once established, has a philosophical significance gomg beyond the boundaries 
of narrow probability calculus and that its validity is very closely bound up 
with the concept of knowledge in physics This question will be discussed m a 
forthcommg issue of this journal [1920e, this volume, Chap 53] the present 
article, however, will be confined to establishing the axiom 
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II THE AXIOM OF APPLICABILITY OF PROBABILITY 
PRINCIPLES, HYPOTHESIS OF A PROBABILITY FUNCTION 

A game of dice offers a simple example of the physical realization of prob- 
ability laws The six possible positions of the die are designated as possible 
cases, and each position is considered equiprobable This classification of the 
possible cases into a number of equiprobable cases is characteristic of all 
probability calculations Cases are said to be equiprobable if, m a series of 
repetitions of the event, those cases are realized an equal number of times, 
that is, e g , if each side of the die comes up an equal number of times The 
problem is this from whence do we get the right to claim that particular 
cases, e g , the showing of the sides of the die, are equiprobable 7 

Attempts have been made to define equiprobability in such a way that it 
does not include any assertion as to the repetition of the event, m the belief 
that the problem of large numbers could thereby be separated from the prob- 
lem of probability In these theories, equiprobability is defined instead as con- 
sisting of a certam physical structure, for instance, the spatial symmetry of 
the die, and the proposition that upon repetition the number of occurrences 
of each side becomes more and more nearly equal is rejected But, of course, 
the problem cannot be circumvented by such definitions True, equiprob- 
ability, so defined, no longer poses a problem, its presence can be physically 
established, for we can tell by making measurements whether the sides are of 
equal size and whether the center of gravity is in the middle But the striking 
fact remains that equal frequency over a senes of repeated cases corresponds 
to precisely these geometrical-physical relations That this is a fact is assumed 
in every application of statistics, and this is the fundamental problem with 
which we are faced It is, too, only through the existence of such a frequency 
relation that we can justify that feelmg of expectation which we usually 
associate with the concept of probability and wluch permits us to regard as 
improbable, e g , the occurrence of the same throw twice in a row Once it is 
established that such a combination occurs less often than others, the feelmg 
of expectancy with which we anticipate the probable while dismissing the 
improbable is psychologically justified The feeling cannot, however, be based 
upon geometrical-physical relations Still less can this feelmg be used m 
definmg probability, say, by defining as equiprobable those relations that 
‘generate in us the same unhesitating sense of expectation’ Definitions of this 
sort, which use as their starting point the effect upon the observer, mislead us 
mto viewing the establishment of probability as a purely subjective antici- 
pation, the contents of which depend upon the state of our subjective 
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knowledge at a particular time The conception overlooks the fact that there 
actually exist objective states of affairs that can be exhaustively described by 
means of probability laws, for instance, the regularities shown in throwing 
dice The job of explaining how knowledge of such objective states of affairs 
gives rise to certain feelings of expectation must be left to psychology, it has 
nothing to do with the regularity of probability 

We will therefore define as equiprobable those cases that, with repetition, 
converge more and more closely toward an equal number of realizations, and 
we must establish which physical presuppositions must be made before such a 
phenomenon can occur 



Fig 1 Reduction of equiprobability to the continuity of a curve 

Let us take roulette as an example of a probability mechanism Poincare 2 
studied this game, tracing it back to a very simple assumption The rotating 
pointer will run through its cycle a large number of times before it stops at 
one position We can measure its path by means of an angle if, after the first 
complete cycle, we start counting from 360° and continue until we reach 
degree £2, at which the pointer has stopped If £2 were slightly greater, by the 
amount A£2, which corresponds precisely to the width of a colored segment, 
the pointer would stop on the other color If we imagine this path to be 
increased once again by a factor of A£2, the pointer will again stop on the 
first color, and so forth If we spin the pointer a number of times, the path £2 
will be different every time, for the force with which the pointer is propelled 
is never exactly the same twice But whether red or black will be shown 
depends solely upon the interval A£2 in which the pointer comes to rest Let 
us now imagine that, during a large series of experiments, we count for every 
individual interval A£2 exactly how often the pointer stops in that particular 
interval, and let us suppose this quantity h to be divided by the total number 
N of tries, so that we obtain the relative frequency h/N of the interval This is 
graphically presented in Figure 1 Here the intervals A£2 are shown as equal 
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segments along the abscissa £2, and the relative number of hits h/N is presented 
for every interval by the narrow rectangle-like stapes nsing from it The 
irregular form of the curve mdicates that the pointer by no means shows each 
value £2 equally often, on the contrary, it shows a preference for a certam 
area m the middle, seldom indicating very small or very large values of £2 The 
number of cases in which the pointer stops on a black sector is given by the 
sum of the shaded stripes, the number in which it stops on red, by the sum of 
the other stripes Here each sector of the roulette wheel itself corresponds to 
a sum of stapes in the figure, and the colors, red or black, correspond to a yet 
larger sum Nevertheless, any two contiguous stripes are of almost equal size 
Every small shaded stripe corresponds to a smaller unshaded stripe, and every 
large shaded stnpe corresponds to a still larger unshaded stripe, thus, when 
the two kinds of stripes are separately totalled up, the totality of shaded 
plane surface turns out to be almost equal to the totality of unshaded plane 
surface The smaller the division A£2 (and, therefore, the greater the number 
of intervals), the more nearly equal they will be, and it can easily be demon- 
strated that the two plane surfaces become precisely equal m the limit for 
infinitesimal Aco The only necessary assumption is that the curve m Figure 1 
is continuous throughout, that is, it may not be abnormally discontinuous 
But its form is otherwise irrelevant, it may rise and fall and may have any 
kind of curvature To be sure, the sum of the rectangles must always remain 
finite, and the curve at both ends must therefore run asymptotically relative 
to the abscissa axis, l e , very large and very small values of £2 may only occur 
very rarely 3 If these preconditions are fulfilled, it follows that the pointer 
will land on red as often as on black, thus the equiprobabihty of the two 
colors has been reduced to the existence of a curve such as is assumed above 
What is the significance of this curve 9 We must keep clearly in mind that 
its existence was in no way established We simply said that we would count 
up the number of spins and record them m accordance with the procedure 
outlined above Strictly speaking, we do not obtain any curve at all m this 
way To begin with, we can only draw over each A12 a rectangle, the surface 
area of which is equal to the relative number of strikes h/N for this interval, 
and the top edges of these rectangles will then form a series of steps If we 
mcrease the number of tries N, the steps will begin to even out, if we then 
imagine the intervals A£2 to be smaller, the senes of steps will more nearly 
approach a curve We may not initially select excessively small A£2 for this 
graphic procedure If, for instance, the number of Af2 is greater than the 
number N of spins, it will be impossible for the pointer to strike each A£2, so 
that there will be many places in which a rectangle = 0 would need to be 
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sketched in, making the steps highly irregular Only when the number of tries 
is made greater will a regular series of steps reemerge, approaching more 
closely a continuous curve than the previous series But we will never obtain a 
genume contmuous curve with a finite number N of tries — and fmite quan- 
tities are all that we have at our disposal If we nevertheless assume the exist- 
ence of a continuous frequency curve for the spins of the pointer, it signifies 
our acceptance of the hypothesis that, m the outlmed graphic procedure, an 
increase in N will be accompanied by convergence towards a continuous curve 
with asymptotic ends Curves (£2) of this nature are known as probability 
functions, since the probability P that fZ will lie in the interval between £2j 
and £Z 2 - that is, the relative frequency h/N for any mterval - is given by the 
following equation 

n 2 

= P = [ <X£2) d£2 

(The integral for lim N=°° emerges from the summation of the rectangles ) 
The equiprobability of the two colors in a game of roulette may be said to be 
reducible to the hypothesis that a probability function exists for the angle of 
revolution of the pomter 

This discovery constitutes substantial progress with respect to the problem 
of probability We were previously faced with the problem of explaining the 
equiprobability of the red and black sectors At that time, this equiprobability 
seemed to be some mysterious characteristic of the colored segments, and 
there was no apparent reason why such a sweepmg assertion should be made 
about these segments Indeed, some thinkers have attempted to make a philo- 
sophical principle out of the absence of any reason, assertmg that the seg- 
ments must be equiprobable because there is no reason for any segment to be 
preferred This ‘principle of insufficient reason’ neglects to notice that there 
is also no reason to declare the segments equiprobable and that the opposite 
could therefore also be inferred, drawing inferences on the basis of the absence 
of reason is always very hazardous. The hypothesis of the probability function 
gets us out of this difficulty with one fell swoop For this hypothesis removes 
the required charactenstic from the segments and transfers it to the rotatmg 
pomter, it asserts something about the nature of the rotation, whereby the 
segments simply take on the role of making visible the peculiar nature of the 
phenomenon of the rotation, of depicting it in particularly sharp and intuitive 
form We now have sufficient reason indeed to call the segments equally prob- 
able, namely, because they are equally broad If they were of different sizes. 
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the intervals A£2 would also not be equal, and the frequency of the colors 
would be given not by 1 1 , but by some other relation The segments simply 
produce a particular division and coordination of the various angles of rotation 
of the pointer The numerical value of the group relations that occur durmg 
the process is determmed by the size of the segments With this shift in the 
problem, the principle of insufficient reason vamshes 

The problem is not, however, thereby resolved, for the new hypothesis 
must first be justified It is altogether different from other physical hypoth- 
eses, furthermore, it cannot be tested by employing the usual physical 
methods, as it cannot be established by means of measurements It asserts the 
existence of a regularity in nature that is expressed in the enumeration of 
quantities, and in this, too, it goes far beyond all experience, for it assumes a 
limit for an infinite number of observations But we may already mention, as 
the advantage of this hypothesis, that it possesses the form of a continuity 
presupposition and does not prescnbe any quantitative relations We need no 
longer assume that equiprobability is to be attributed to finite intervals Our 
hypothesis does not claim that all values for the angle of rotation £2 are equi- 
probable, but only that infinitely contiguous values are equiprobable The 
superiority of this hypothesis lies in its requiring an assumption not about the 
specific value of the probability function <p(£2), but only about its continuity, 
m order to explain the equiprobable cases that form the basis of the prob- 
ability calculus — a fact that will prove significant for the philosophical aspect 
of the problem However, our immediate task is to demonstrate that the same 
presupposition is also sufficent for the resolution of other problems 


III CONTINUITY OF THE PROBABILITY FUNCTION AND THE 
PHYSICAL FOUNDATIONS OF SOME GAMES OF CHANCE 

Games of chance have always been regarded as the ideal case of probability 
calculus It has become common to use them as examples in explicating the 
laws of probability, for nowhere are the presuppositions of that remarkable 
theory of combmations presented in the probability calculus - the individual 
equiprobable cases and those exhausting all possible values, their unlimited 
capacity for combination and the regularity of their occurrence - so clearly 
and distinctly displayed as in this renowned arena of chance Such games 
appear, mdeed, to be the very symbolization of those rules for calculation 
which form the structure of probability calculus, while their physical nature 
remains of very little mterest and importance. This situation changes only 
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when we seek out, as we did for roulette, the physical presuppositions which 
promote these phenomena - which are, after all, only empirical - to models 
of mathematical operations In the pursuit of this goal, we have succeeded in 
discovering that axiom of applicability of the probability principles which it 
was our aim to find from the very first and which we are now able to formu- 
late as the hypothesis of a probability function 

Given the great similarity between all games of chance, it is easy to demon- 
strate that this hypothesis also applies to all other games of chance, m addition 
to roulette Let us take, for instance, the game of tossmg a coin Here there 
are two possible and equiprobable cases heads and tails But once again, the 
essential hypothesis lies not in the com, but in the nature of the phenomenon 
of its motion The span of time from the tossing of the com to its landing, 
which is different for each toss, is now represented by the factor fZ, which 
would be entered m the figure as the abscissa The division into mtervals 
results from the rotation of the com, the com lands eithet in the interval 
characterized as heads or m that characterized as tails, depending upon 
whether the time of the fall is relatively longer or shorter To be sure, the 
rotation of the com does not occur with uniform speed, and the mtervals are 
therefore not of equal size But we may assume that the speed changes con - 
tinuously, so that contiguous mtervals are very nearly of equal size A figure 
illustrating this game would therefore look somewhat different from Figure 1 , 
as the division A£2 constantly increases in the direction of the right-hand side, 
but because of the approximate equality of contiguous A£2, the same infer- 
ence can be made as to the equality of the shaded and unshaded stripes Like 
the sectors of the roulette wheel, the two sides of the com simply take on the 
classifying of the landmg times, their separation mto two groups, and the 
existence of a probability function for the landing time remains the character- 
istic hypothesis (The fact that we must also presuppose the contmuity of the 
speed of rotation is not a hypothesis characteristic of the probability calculus 
Physics always makes assumptions of this nature about the factors it studies 
they signify that the magnitude of a physical factor cannot change discon- 
tmuously but must run through all the intermediate values It is therefore 
permissible for us to make use of this presupposition without thereby intro- 
ducing a new element mto the problem On the contrary, it is to be expected 
that the general assumptions invariably employed by physics will be applied 
to the field of probability laws as well Our task is not to establish these 
assumptions, but to discover those special presuppositions required for the 
validity of the laws of probability.) 

The same observations apply to throwing dice The factor represented by 
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the probability function is once again the tune of fall, and the rotation of the 
die divides into continuously increasing intervals, the contiguous intervals 
being almost equal The only difference is that the intervals must be divided 
into six groups, corresponding to the six sides In the figure, we would have 
to shade a senes of six contiguous stripes m different ways, starting again 
with the same shadings for the next six But it is possible to give a completely 
analogous demonstration showing that the six areas consisting of identically 
stnped bars become equal to one another in the limit for infinitesimal inter- 
vals That the precision mcreases with smaller intervals is a fact acknowledged 
in practice, for it is generally supposed that the distributions become more 
regular as the die rotates faster For this game of chance, too, then, the 
hypothesis of a probability function proves to be a sufficient presupposition 
It is vital throughout that the hypothesis demand only continuity of the 
probability function, while presupposing nothing about its special form 

There are cases to which we ‘instinctively’ attribute a probability function 
of the form 

f(x) = constant 

It is important that we be able to deduce this form, too, from the mere conti- 
nuity of a probability function, but for another factor For purposes of illus- 
tration let us once again make use of roulette Earlier, we measured the angle 
of rotation m excess of 360° and assumed the existence of a continuous prob- 
ability function y?(£ 2) (See Figure 1 ) Every red or black sector already corre- 
sponds to a sum of intervals Af2, and if we divide the sectors not into two 
groups, but, as in tossing dice, into as many groups as there are sectors, the 
same sum of shaded stripes and, therefore, the same probability, results for 
every individual sector We need no longer go as far as the greater sum of the 
red and black sectors Were we to make the sectors of unequal size, a propor- 
tionally larger striped plane segment and, therefore, a correspondingly larger 
probability would attach to the larger sector That is, the probability is pro- 
portional to the angle of the sector, and if we do not count the angle in 
excess of 360°, designating it by 0, this signifies that 

| tie) d0 = i k-e, 

where K represents a constant From this it follows that 

^(0) = k = constant 

For the factor 0, then, we obtain a probability function of the special form 



302 


PROBABILITY AND INDUCTION 


y?(0) = constant, if we assume for the factor £2 a probability function ^(12) of 
any arbitrary form Under certain circumstances, then, the hypothesis of con- 
tinuity is a sufficient presupposition for the emergence of a quite special 
probability form. 


IV EXTENSION OF THE HYPOTHESIS OF A PROBABILITY 
TO THE COMBINATION OF SEVERAL MUTUALLY 
INDEPENDENT EVENTS 

The probability calculus does not rest content with establishing the equiprob- 
ability of the individual cases Rather, it really begins to take shape only 
when it constructs combmations of these cases and calculates the probability 
of any given combination from the known probabilities of the individual 
cases Here, the ‘rule of compound probability’ is employed this rule asserts 
that the probability of a combination is equal to the product of the individual 
probabilities if the cases in question are mutually mdependent (theorem of 
multiplication) The question now arising is, what physical hypothesis must 
we make in order to render this method of calculation valid 7 Yet before we 
approach it, we must explain m greater detail what mdependent events are, 
for this concept is vital to the vahdity of the law 

We describe a physical event by settmg in relation to one another its 
characteristic elements For mstance, we note that a falling stone has a certain 
velocity and compare it with the duration of the fall so far, the resulting 
relation f—vt presents a description of the fall We may say that the vel- 
ocity is a function of the duration of the fall, or more simply, that it is depen- 
dent upon the time of the fall, and the process of learning in physics can 
actually be described as a search for dependent factors and the nature of their 
dependency upon one another The number of relations of dependency is 
very great, so great that it is quite impossible ever to exhaust them, but among 
them are certain ones that stand out in that they constitute the predommant 
characteristics of events in the umverse, substantial knowledge is to be gained 
even if we confine ourselves to these relations For mstance, in our example 
of the falling body, there is also a relation between the velocity and the den- 
sity of the air, which influences the degree of friction, yet it can be demon- 
strated that great changes m the density of the air correspond to only minor 
changes m the velocity of the fall, and it is therefore permissible to ignore 
this relation m favor of the previous one We would, to be sure, include these 
influences if we were constructmg a more precise theory of free fall, but 
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they signify a dependency of relatively low degree and remain m this respect 
distinct from the first dependency However, the degree of dependency can 
sink still lower For instance, the velocity of the fall is also dependent upon 
the position of the moon with respect to the earth, for this influences the 
gravitational field But large changes in the position of the moon correspond 
to such very small changes in the velocity of the fall that we do not, m prac- 
tice, consider dependency to be present In principle, of course, we must bear 
in mind that there is no such thing as an independent physical factor For 
there are no closed systems, every system is connected at the surface with 
other systems, which are in turn connected with others, and so forth, so that, 
ultimately, all systems are related to one another But there are demonstrably 
very low degrees of dependency in some cases — indeed, there is no limit to 
the lowness possible — and it has become customary m physics to designate 
such slightly related factors as independent We will contmue to define 
independence, or, more properly, a low degree of dependence, as being present 
when negligibly small changes in one factor correspond to great changes m 
another 

We can define the independence of events in an analogous way Let us 
imagine, for example, two bodies falling to the ground side by side We may 
characterize each of the two falls by presenting coordinates of the center of 
gravity as a function of the time by reporting, for instance, that at a particular 
time the body is at such and such a position, and so forth In these relational 
equations, there will appear, in addition to time, other factors of particular 
magnitudes that influence the function, for instance, the initial height and the 
air’s resistance Similarly, the coordinates themselves are physical factors and 
are presented by means of the equation as independent of the other factors 
What is not , however, shown in these equations is any dependence between 
the coordinates of the one body and those of the other, no matter what the 
position of the one body, the coordinates of the other are not influenced by 
it Strictly speaking, this is not quite correct For instance, one of the bodies 
will give rise to an air current that at the same time exercises lateral suction, 
pulling the other body off course, so that the coordmates for this body dis- 
play different times that vary in accordance with the proximity of the first 
when it rushes by Yet the degree of dependency between these factors is so 
very low that they may be regarded as independent. Accordingly, we will 
designate two events independent if the characteristic determining elements 
of the first, e g , the coordinates, are independent of the determining elements 
of the second, l e , if only infinitesimal changes result even though the deter- 
mining elements of the second take on quite different values 
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Armed with these basic definitions, we can now tackle the problem of com- 
pound probability Let us suppose that two corns have been dropped on the 
ground side by side and inquire mto the probability that both will come up 
tails According to our definition of probability, this means the same as asking 
how often, in a senes of repetitions, this combination will occur relative to the 
other possible combinations Insofar as our hypothesis of a probability func- 
tion is valid, we know that heads and tails are shown with equal frequency for 
each coin, now, is it possible to mfer from this that the combination tails-tails 
will occur m exactly one quarter of the cases, as it ought, in accordance with 
the familiar formula 7 The following consideration shows that we cannot make 
such an inference Suppose the first com is tossed repeatedly and the results 
prove to be such that they correspond to the law of a probability function for 
this com Now, if the second com were also tossed and invariably showed the 
same side as the first, the results would likewise correspond to a probability 
function, but for the combination there would result the very peculiar law that 
heads-heads and tails-tails would be the only combmations that ever occur 
We would then have a distribution m which each individual event is regulated 
by a probability function, yet which does not correspond to the rule of 
multiplication for probabilities This proves that the hypothesis of probability 
function is not a sufficient condition for the rule of multiplication 

Let x and y be the values for the time of fall of the first and second coins 
Let us now make the following hypothesis There exists a probability function 

in which a probability is coordinated to every combmation of values x,y m a 
way corresponding exactly to that we defined for the simple probability func- 
tion, 1 e , the probability that x will lie between the boundaries a and b and, 
at the same tune, >> between the boundaries c and d will be given by the double 
integral 

b d 

P = j j <P(x,y) d* d y 

a c 

Given this presupposition we are able to derive the rule of multiplication 
of probabilities Let us suppose the values x to be entered on the AT-axis and 
the values y on the 7-axis, each axis bemg divided mto intervals 4 to which 
there corresponds a network of rectangles [Figure 2] Imagme the appropri- 
ate probability - that is, the probability that x will occur precisely in this 
interval Ax at the same time that y occurs m the corresponding Ay — to be 
represented by a prismatic column over each rectangle The tops of these 
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Fig 2 Probability of the simultaneous occurrence of two mutually independent events 


columns will lie along a curved surface also, we will presuppose that this 
surface is continuous, although the curvature may be of any sort, and that for 
remote distances it approaches the x-y plane asymptotically The stripes for 
the intervals in the x-y plane are alternately shaded, as before Let us now 
observe the portion of the figure singled out by the four heavy lmes, where 
the white rectangle corresponds to the combination tails-tails, the criss-crossed 
rectangle to the combination heads-heads, and the two rectangles with one- 
way shading to the two mixed combinations Since y(x,y) is represented by a 
continuous surface, the prismatic columns over these four rectangles become 
practically equal when the intervals are sufficiently small, and even if the 
columns at different points along the plane are of completely different heights, 
the four sums resulting from addition of the columns over rectangles of ident- 
ical shading will be practically equal At the limit for infinitely small intervals 
they will be exactly equal These sums are finite because, owing to the asymp- 
totic course of the surface, the space between it and the x-y plane is finite 
The probabilities of the combmations correspond to these sums, for the com- 
bination tails-tails the result is J, for the mixed combination, i + and 
for heads-heads it is again J 

However, we can derive a further result from our presuppositions To do 
so, we must stipulate that, along with the existence of our old 

hypothesis applies, 1 e , that, in addition , for each factor,* as well as y, there 
exists a probability function /(*) (or, as the case may be, f(y)) that simul- 
taneously determines the distribution of these factors. We may then derive for 
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Y?(x } y) the special form v?(x, y) -fix) •/(», which prescribes the rule of 
multiplication for probability functions if we also assume that the two factors 
are independent of one another 5 

To carry out the proof, let us initially stipulate that x = x 0 - const , so 
that the function assumes the form ip(x 0 ,y) There thereby arises a distri- 
bution of combinations x Q ,y such that x is the same throughout and only y is 
a variable, thus the distribution applies only toy The number of values y for 
any given interval is, however, equal to the number of values (x 0 ,y) Now if 
the events are independent, it is true by definition that the values y are not 
influenced by the values x Thus the same distribution y must occur regard- 
less of whether x vanes, x — x 0 remams constant, or the event x does not take 
place at all Therefore the distribution of y represented by y(x 0 ,y) must 
correspond in every point to the distribution given by /(y), and thus be pro- 
portional to it However, the factor of proportionality k may depend uponx 0 
but not upony It is therefore characteristic of independent events that 

<fi(xo -y) = k(x 0 )f(y) 

As this is true of any x = x 0 (again the stipulation of independence), it 
must be an identity, so that we may write 

fix y) = Kx)f(y) 

The same holds if y =- y 0 remams constant while * is a variable, so that it is 
also true that 

tfx’y) = f(x)k(y) 

From this it follows that 

k(x) = f(x), k(y) - f(y), 

That is to say 

'fix -y) = f(x)f(y) 

The stipulation that the two events be independent is vital to this proof Let 
us imagine, for example, a body rolled back and forth at random on a rough 
patch of ground, so that its position is determmed by a probability function, 
and imagine that another body, which glides along the ground m jumps is 
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joined to it by means of a flexible connection A probability function will 
exist for the second body as well, and even a probability function $(x,y) for 
the combination of their positions But this function will not possess the 
special form f(x).f(y) Instead, certain combinations in which the spatial 
distance from x to y corresponds to the average length of the connection will 
be favoured For in this case the condition of independence is not fulfilled It 
is only natural that this should be entered as a requirement for our proof, for 
it is also presupposed by the accepted probability calculus for the rule of 
multiplication 

Thus the rule of multiplication forces us to broaden the hypothesis of 
probability function and extend to combinations of several independent 
variables It is evident that we may not stop at the number two, for com- 
binations of several events must also conform to a rule Here again, however, 
we need demand only that the function be continuous, not that it possess 
some particular value The special form of the product for the particular 
instance of mdependence is derivable from the general form Incorporat- 
ing the extension into the original concept, we may now state the following 
principle The existence of a probability function for one or more variables 
represents the sufficient condition for the applicability of the probability 
laws 

It is noteworthy that we can derive the rule of multiplication of prob- 
abilities that can be depicted after the pattern of the tossed com merely 
on the basis of the contmuity of <p(x,y) That is to say, we do not, for 
this purpose, need to employ the special product form of ip(x,y), viz , the 
rule of multiplication for probability functions It appears, therefore, that 
the first rule of multiplication, unlike the second, does not require the 
presupposition that the events are independent But this is erroneous The 
very contmuity of ip(x,y) presupposes that there exists no relation of 
dependency between the intervals of the one quantity and those of the other, 
l e , that a ‘tails’ interval in the one series does not entail a ‘tails’ interval in 
the other If this were the case, a decrease m the intervals would never be 
accompanied by a convergence of the prismatic columns, this being prevented 
by the contmuity of the function This is the only form of independence 
required for the multiplication of simple probabilities Otherwise, the values 
may mdeed be dependent upon one another, and, given a suitable distribution 
of intervals, the schema for simple multiplication could likewise be derived 
from the mechanism with the flexibly joined bodies It is only the rule of 
multiplication for the functions that requires the mdependence of all the 
events 
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V PROBABILITY FUNCTIONS IN THE THEORY OF ERROR IN 
MEASUREMENT (THE GAUSSIAN ERROR FUNCTION) 

Probability functions play a prominent role in the theory of observational 
error This theory has the task of calculating from numerous varied measure- 
ments the magnitude that agrees most closely with the value sought for To 
this end, it must make an assumption regarding the distribution of the errors 
in measurement, and even though it can make only very general conjectures 
about these errors, it must derive quite particular forms of the law of distri- 
bution if it is to produce any results at all We must bear m mind here that 
the error involved in a single measurement rests upon the mteraction of a 
great many sources of error (elementary errors) The most significant solution 
to this problem is the Gaussian error function, which makes the probability 
of an error exponentially dependent upon its magnitude 6 

Various presuppositions may be used for the derivation of this special 
form For purposes of our discussion, the vital fact is that the Gaussian law 
can be constructed upon the basis of the following three conditions 

1 The frequency of every elementary error is determined by a probability 
function of some form or other 

2 These functions are calculated m accordance with the rule of multipli- 
cation 

3 A large number of mutually independent errors of the same order of 
magnitude must interact 

It is apparent that the first condition is identical with our first hypothesis 
and that the second can, after the stated derivation, be reduced to the 
expanded hypothesis for the probability function for combinations In con- 
trast, the third condition does not represent a presupposition restmg on prin- 
ciple, but rather an assumption that pertains only under certain circumstances 
Whether or not these conditions are present may be established empirically, 
and only where they do will the Gaussian law apply For this law is a special 
form that in no way represents a umversal principle and that ought not to be 
pushed to the foreground of our discussion The law derives its practical sig- 
nificance from the fact that modern instruments for measurement embrace, 
by virtue of their complex structure, innumerable sources of error, thereby 
fulfilling the third condition — hence the frequency of its application 

The situation is much the same for the so-called hypothesis of the arith- 
metic mean, according to which the mean value of the measurements corre- 
sponds with a higher degree of probability to the required magnitude This 
law is fulfilled wherever the Gaussian law of error is applicable, for it follows 
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from this by means of a very simple mathematical operation But this implies, 
too, that it is connected to the same conditions as the Gaussian exponential 
law, if the third condition does not apply, the arithmetic mean is also not 
applicable There is therefore no pomt m referring to the hypothesis of the 
arithmetic mean It is better to reserve the term ‘hypothetical’ for the more 
fundamental presuppositons 

It follows that the theory of error, too, does not include any fresh hypoth- 
eses for the applicability of probability laws Rather, it leads us back to those 
presuppositions that we already developed from simple examples of prob- 
ability distributions With this we shall end our study of physical problems of 
probability We have reached the conclusion that all these problems include a 
charactenstic hypothesis, which we have been able to formulate as the prin- 
ciple of the probability function and which constitutes the law of probability 
Our next task will be the testing of the justification of this hypothesis The 
critique of the hypothesis will provide the answer to the philosophical prob- 
lem of probability 


NOTES 


1 Ztschrft f Philos u philos Kntik [1916a] 

2 Poincare, H Calcul des Probabilites, (Gauthier-Villars, Pans, 1912), p 149 

3 The proof may be carried out, provided only that the curve be mtegrable and that the 
integral from — « to + °° possess a finite value Thus the demand for continuity is some- 
what excessive, yet it expresses the required charactenstic most clearly and will therefore 
be employed throughout this article We ought, more precisely , to speak of the continuity 
of the integral 

4 For the sake of simplicity, we will show all the intervals as of equal magnitude, 1 e , we 
imagine the velocity of rotation of the coins to be constant The same result can, of 
course, be denved for the more general presupposition of continuity for this velocity 

5 As I did not formulate this proof clearly enough in the work mentioned above, I am 
presenting it here in its complete form 

6 This function runs as follows 


<p(x) 


h -h 2 (x-a ) 2 
—=Z • c 7 

Vrc 


where x is the magnitude of error, a the systematic error, and h the degree of precision 
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52b APPENDIX 

A LETTER TO THE EDITOR ON THE PHYSICAL 
PRESUPPOSITIONS OF PROBABILITY CALCULUS 

[1920d] 

A discussion with Mr von Laue has prompted me to amend by the following 
note my article on the physical presuppositions of probability calculus, pub- 
lished this year in Naturwissenschaften [1920c] 

In that article, I derived the rule of multiplication for probability factors 
from the existence of a probability function y?(x,y) without presupposing the 
special product form 

v(x,y) = f(x)f(y) 

I was able to demonstrate that this special form applies m the case where 
both events are independent, and I gave it the name, rule of multiplication for 
probability functions However, I mdicated that, if their intervals are classified 
m a certain way, dependent events also lend themselves to the production of 
a mechanism conforming to the rule of multiplication for independent prob- 
ability factors 

In carrying out the proof, I made use of a transition to a limit (cf Figure 2 
in the article), yet I did not stress clearly enough how this transition may be 
physically realized If, for instance, the variable factors x and y are the times 
of fall for two coins, the decrease in the intervals Ax and Ay may not be 
carried out by means of geometrical operations, but only by increasing the 
velocity of the rotation of the coins, the case of falling coins is distinguished 
m this respect from a game of roulette, m which the intervals may be decreased 
by dividing the wheel into smaller sectors As there are no infinitely great 
velocities, no physical mechanism will ever do more than approximate an 
equal distribution 

Further reservations may be aroused by the claim that the rule of multipli- 
cation of probabilities is to apply even to events that are not independent 
Let us suppose, for example, the two falling corns to be joined by means of a 
rigid, guided connection in such a way that, say, the time of fall for the first 
is always smaller by the same amount than the time of fall for the second 
The rule of multiplication will then not apply to the combinations of heads 
and tails But there will also not exist a continuous function ^(x,y), instead, 
this plane degenerates mto a curve the projection of which in thex — y plane 
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is a straight line Only when the connection between the two events vanes 
itself in such a way that it assumes definite values through a probability func- 
tion will it be possible to assign a frequency to every combination at 
least within a finite area of the plane, only then, that is, will there exist a con- 
tinuous function v?( x,y) On the other hand, it is evident that the rule of 
multiplication maybe derived for heads and tails even for this type of variable 
mdependence, provided that, by increasing the velocities of rotation (which, 
by the way, need not be the same for the two corns), we reduce sufficiently 
the intervals Ax and Ay For the degree of dependence at which the rule of 
multiplication for probability factors is still applicable is adequately character- 
ized by the existence of i p(x,y), and the total independence of the two events 
and, with it, the rule of multiplication for probability functions need there- 
fore not be realized Here, too, by the way, we will not find it possible, in 
deriving the rule of multiplication for heads and tails, to avoid the transition 
to the limit by increasing the velocity of rotation 

The same transition to the limit, carried out through an mcrease in the 
velocity of rotation, is also required for the derivation of the special form 

y(Q) = constant 

For a precise presentation of this problem, I refer the reader to Section III m 
the afore -mentioned article [in Note 1 ] 

I am all the more grateful to Mr von Laue for occasioning this expansion 
in view of the fact that philosophical analysis of physics has fallen badly mto 
disrepute through the blunders of some philosophers The proofs required by 
such analysis cannot be too carefully formulated 


April 15, 1920 
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[1920e] 

I REGULARITY AND CAUSALITY 

The uncertainty of opinions regarding the validity of the laws of probability 
stems from the apparent contradiction between these laws and the accepted 
methods of acquiring physical knowledge The basic method of physics 
consists in tracing observable events to relations of dependency, in depicting 
the present events as the effect of a past event and the cause of a future 
event The resultant causal chains are considered to be unambiguously deter- 
mined functional connections, and even where they have not succeeded m 
discovering causal chains, physicists steadfastly maintain that they exist in 
principle and will ultimately be discovered In contrast, the probability 
calculus makes assertions about non-causal connections, demands, indeed, the 
causal independence of its objects as a condition of the validity of its pro- 
positions In games of dice, for instance, it is presupposed that the individual 
throws are independent of one another, the causal cham leading to the result 
for each single throw is totally disregarded, and the resulting distribution of 
the throws is designated expressly as a chance distribution, as a ‘game’, in 
contrast to the causally connected course of other natural events It looks, 
then, as though probability and causality are mutually exclusive, as though 
they introduce mto physics the question, ‘Chance or law 7 ’, forcmg the 
physicist to declare himself for the one or for the other 

We must, therefore, state at the beginning of our investigations that it is 
a mistake to view these two alternatives as incompatible, that there is, m 
fact, no irreconcilable contradiction between these two concepts Even if 
causal dependence is a methodological presupposition of physics, it is by no 
means the only possible form of a functional relation of dependency The 
relation, Tf A , then B\ does not, as such, assert that A is the cause of B 
Rather, the concept of cause presupposes, in addition to the relation of 
temporal sequence, quantitative relations such that a quantitatively deter- 
mined B invariably corresponds to a quantitatively determined A If, for 
instance, the gravitational force of the sun is designated as the cause of 
planetary motion, this signifies that the magnitude of this force quantitatively 
determines the degrees of motion But there are other conceivable functional 
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relations, eg, ‘If A varies within an interval a, then B vanes within the 
interval /3 * The existence of this relation presupposes by no means that a 
particular value B within the interval 0 corresponds to each value A withm 
the interval ol An assertion of this nature would also represent a law of 
nature, although it would certainly not be a causal law If, along with causal 
laws, we were to formulate natural laws of this second type, no contradiction 
would be involved For the second type of regularity certamly does not 
exclude the first, it is, for instance, entirely possible that, withm the intervals, 
a certain B corresponds to each particular A There are also other possibilities, 
for instance, there might be no causal connection between^ and B, while an 
entirely different factor C might stand m causal correspondence to A , a factor 
D in correspondence to B , both factors bemg unaffected by this law As long 
as the law of the second type does not specifically exclude the first (causal) 
dependency, as long as all contradictory presuppositions concerning depen- 
dence withm the interval are avoided, the two kinds of regularity are com- 
patible 

If, then, the laws of causality are different in kind from causal laws, it does 
not follow from this fact in itself that they stand in contradiction to 
causality Regularity is a more general concept than causality That there 
exists a law for games of dice that determines the distribution of the throws 
without at the same time assigning a cause to the individual throws does not 
contradict the principle of causality For the law leaves quite open the 
question of which factor is to be coordinated with the individual throw as its 
cause, just as we left this question open in formulating the law for the varying 
values withm the mterval On the contrary, no one doubts that a causal cham 
could be established for the individual throw which would lead precisely 
to this particular result But, again, that does not alter the fact that the 
totality of throws is subject to a law of distribution The laws of probability 
may be expressed m this form If certam conditions vary withm certam 
intervals (e g , the time of fall, the velocity of rotation of the dice, etc ), 
then other values (the sides of the dice that turn up) will vary within certam 
intervals according to a certam law The absence here of any assertion of 
causality does not signify denial of its existence 

To be sure, it is not enough to demonstrate that, in addition to regularity, 
other forms of regularity may exist in nature without contradictmg it It 
must also be shown that the particular form of probability relation, the 
‘special law’ in the afore-mentioned definition, does not m any way contra- 
dict the principle of causality We are m a good position to establish this 
point, for, m an earlier article 1 , we set forth the physical presuppositions 
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of the probability calculus and are quite familiar with that special law We 
found it possible to segregate those of the presuppositions that are ordinary 
experimental physical results capable of bemg subjected in detail to the 
methods of scientific observation These include the spatial equivalence of 
certain shapes, such as the sectors of the roulette wheel, the independence 
of the individual events (we can easily establish, for instance, whether two 
falling stones influence one another or not), and the presence of a greater 
number of disturbing influences, discussed in connection with the theory of 
error We were able to demonstrate that, m addition to these, there is one 
remainmg assumption that cannot be tested by physical methods, but which 
signifies a regularity m nature and may be regarded as a law of probability 
We formulated it as the hypothesis of a probability function, because we find 
contained in it that which is actually problematic in the theory, we can reach 
a decision concerning the entire theory merely by subjectmg this hypothesis 
to critical scrutmy We will proceed immediately with the investigation of 
the compatibility between this hypothesis and the principle of causality m 
order to present the possibility of the laws of probability Only afterwards 
will we turn to a demonstration of their necessity for physical knowledge 


II THE COMPATIBILITY BETWEEN THE LAW OF PROBABILITY 
IN THE FORM OF THE HYPOTHESIS OF A PROBABILITY 
FUNCTION AND THE LAW OF CAUSALITY 

What is the significance of the principle of the probability function 9 The 
import may be set forth as follows 

If, when a certain change is made in the initial conditions, a certam physical 
factor x is repeatedly observed, the frequency of its individual values may be 
coordinated with a continuous curve (x) through the expression 

where a — b are the limits of an interval of the factor x, h represents the 
number of values falling within the interval, and N represents the total 
number of repetitions (Note that, for the sake of simplicity, we are discuss- 
ing here only one variable, later on we shall extend our remarks to several 
vanables, which will not alter the situation in any fundamental way ) 

The first question is, what is meant by repetitions of the same factor ? 
Only an event can be physically realized, thus only an event, a temporal 
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sequence of physical changes , can be repeatedly realized Nonetheless, we 
describe an event by establishing its determining factors, its parameters, 
and representing their fluctuations as a function of time or of their mutual 
values For instance, the parameters determining the revolving roulette 
pomter are, besides the angle of rotation O (frequently reckoned m mult- 
iples of 360°), the length of the pomter, its mass, the friction, and so forth 
Each of these parameters may be regarded as a factor repeatedly realized 
through the repetition of the event, an assertion corresponding to the above 
formula could be constructed for each one of them That we smgle out the 
angle of rotation £2 m roulette stems solely from practical considerations, 
this factor is visible and can be intuitively grasped, its division mto intervals 
is immediately given through a simple geometrical construction, the colored 
sectors, and facilitates an intuitive depiction of the law of probability 2 
Making a selection from among the observed factors does not, then, present 
any fundamental difficulties But now another uncertamty arises What 
right have we to designate the angle of rotation £2 of the roulette pomter as 
the ‘same’ factor undergomg repeated presentation 9 We know that the 
individual numerical values for this angle are different each time Certamly 
we may say that this angle is always determined by the same parameters 
the initial impulse of the revolution, the mass of the pomter, the friction 
between it and the axis But that merely postpones the problem the question 
then arises why these are ‘the same’ factors, smce after all, their numerical 
values must fluctuate if different values £2 are to occur 9 In order to become 
mdependent of the fluctuations in the human strength with which the pomter 
is impelled, let us imagine a machine that undertakes the initial impulse, let 
us further imagine it to be constructed with such precision that the determin- 
ing factors are held as constant as is possible Let us even suppose that this 
machine is maintained by an engineer of superhuman skill, so that the para- 
meters in question really do have precisely the same value every time — Even 
then, no one will doubt that the angle £2 will vary The reason is that these 
three parameters are not the sole determinants of the rotation There are 
always other determining factors For instance, the resistance of the air 
will have an influence, if we wished to maintain it at a constant level, we 
would have to hold the air pressure, temperature, and humidity constant 
Even if we succeeded in doing this, there would still be other, yet more 
minor factors, such as the vibration of the machine and the attraction of 
adjacent masses In a word, it is impossible to reproduce all the conditions 
without quantitative vanations We shall call the sum of this infinite number 
of factors the irrational remainder of determinants and their individual 
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components the remainders It will, accordingly, be impossible to give 12 
the same value every time Thus if it is to be meaningful to refer to the ‘same’ 
angle 12 the identity may not be determined by quantitative equality We 
shall declare, instead, that as long as the fluctuations of the machine remain 
within certain narrow boundaries, the resultmg angle of rotation remains 
‘the same’, and in this sense we may also refer to variations of ‘the same’ 
factor This is not to say that these fluctuations must always remain below 
the level at which measurement is possible, the deviations in the angle of 
rotation £2 are, for instance, quite capable of measurement This definition 
is, of course, of a temporary character and will eventually be replaced by a 
more precise definition 

We are led at the same time to explain what is meant by the variation in 
the initial conditions that is mentioned m the above definition It consists 
of fluctuations ansmg from the totality of measured and unmeasured deter- 
minants which, therefore, always maintain their irrational remamder If we 
demand, by hypothesis, that £2 assumes particular values through a con- 
tinuous function, this implies (smce £2 represents the product of all measured 
and unmeasured factors) a corresponding assumption regardmg the inter- 
action of all of the infinite number of determining factors, i e , that this 
interaction produces, m a particular way, a continuous distribution of the 
values Df 12 Thus we find that the hypothesis of a probability function 
represents an assumption concerning the irrational remamder of the factors 
determining a value 

The above interpretation shows clearly that this hypothesis mvolves no 
contradiction to the principle of causality For the principle of causality 
applies specifically to the measured individual determining factors, demand- 
ing their unambiguous dependency, as to the irrational remamder, it can 
only make the assertion that, as analysis progresses, the remamder will 
increasingly be resolved into individual causally dependent determinants, 
although it will never be exhausted The hypothesis of probability, on the 
other hand, is an assertion about the sum of all remaining factors — and this 
is a matter beyond the scope of the causal principle The assertions contained 
in these two principles concern, in fact, quite different objects, they can both 
represent laws of nature without contradicting one another 

Furthermore, no contradiction to the causal principle is to be found m 
the independence of individual events demanded by the probability calculus 
We showed in the earlier investigation that we ought more accurately to 
speak of diminishing degrees of dependence rather than independence, and 
this concept is entirely compatible with causal dependence Two events are 
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independent m this sense if the determining factors (parameters) of the one 
event do not change substantially when the factors determining the other 
event assumes different values Thus the position of the focal point of a lens 
is considered independent of the intensity of the light, even though a certain 
dependence does exist The light absorbed by the lens will warm the glass 
in proportion to its intensity, thus altering its geometric dimensions and 
displacing its focal point, yet minor changes in the location of the focal point 
correspond to such great changes in the intensity of the light that we may, for 
all practical purposes, speak of independence In probability calculus, too, 
such low degrees of dependence are to be considered tantamount to indepen- 
dence For instance, two dice falling side by side are to be regarded as 
virtually independent, even though the air current brought about by one die 
influences the course taken by the other 

In this connection, a comment concerning the concept of chance is m 
order A probability distribution such as occurs with the throwing of dice 
is called a product of chance because it has nothing to do with the causal 
determination of the individual throws Accordmg to our analysis, the ele- 
ment of chance is to be sought essentially m the pecuhar tendency of the 
physical remamders to display a continuous distribution In order for this 
continuity to engender that distinctive regularity m the distribution of 
individual cases, it is further necessary to create a division into small intervals 
and a classification of these into several groups, as we have seen 3 , we must 
bear in mind that even a small increase A£2 m the angle of rotation in roulette 
corresponds to a new color Thus chance emerges when minor changes in the 
one value result in major changes in others (Minor changes m £2 result in 
discontmuous changes m the color over which the pointer comes to rest, and 
a falling die turns over many more times if the time of fall increases ever so 
slightly) Note the contrast between this formulation and the definition of 
independence, there the reverse was the case, large changes in one factor 
resulting in only minor changes m another (For mstance, major changes in 
the mtensity of the light produce only an infinitesimal dislocation of the 
focal pomt ) This contrast is striking, for chance, as opposed to causal deter- 
mination, is frequently defined as independence Clearly, there are two 
possible ways of passing to the limit transition through the lowest degree of 
dependence leads to the concept of independence, transition through the 
highest degree of dependence leads to the concept of chance Both of these, 
chance and mdependence alike, represent idealizations that cannot be fulfilled 
in reality because they essentially contradict the principle of causality They 
are meamngful as limiting concepts because they may be approached without 
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restriction Yet the great difference between these two concepts remains 
undiscovered so long as the method leading to their limits is not pointed out 


III THE PRINCIPLE OF REGULAR DISTRIBUTION AS A 

NECESSARY PRESUPPOSITION OF PHYSICAL KNOWLEDGE 

Now that we have shown that the law of probability, in the form of the 
hypothesis of a probability function, does not contradict the law of 
causality - that is, that it is possible in conjunction with it - we shall demon- 
strate its necessity for the concepts of physical knowledge in an entirely 
different connection For this purpose, we must analyse the basic meaning 
of a physical judgment 

There are two fundamentally different kinds of judgments from the 
epistemological standpoint In the first kind, the object is posited as a mental 
fiction, and fictions are connected to one another by means of the judgment 
Mathematical propositions belong to this category Their objects are fictions, 
artificial constructs of the mind, they are not real objects like those existing 
outside the mind, which we can experience, but are established solely as a 
result of mental constructs, and all propositions about them form relations 
that are meaningful only within the mental sphere It is therefore vital for 
these judgments that their object be precisely determined, that it be exhaust- 
ively defined by the mental construct The relations expressed in the judg- 
ment can thus take mto account all the charactenstics of the object and 
attain unshakable validity The compelling nature of the mathematical 
judgment is universally acknowledged, it is grounded in the fact that the 
object of the judgment is stipulated and that this mental stipulation permits 
of an exhaustive definition We shall designate this class of judgments 
stipulative judgments 

In contrast to these are all those judgments having an object existing in 
reality Physical judgments are to be accounted among these What is real 
is fundamentally different from what is thought, it is somethmg that cannot 
be defined any further - for that would agam mean thinking - but can 
only be experienced in its distinctive nature We receive information con- 
cerning the reality outside our ego through the perceptions of our senses, 
and it is therefore characteristic of natural objects that they come mto 
our conceptual sphere upon the basis of some perception or other The 
connection may also be mdirect, no one has yet seen the side of the moon 
that is turned away from us, but its existence is considered a certainty 
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because a mental connection is established between it and other perceptions, 
i e , perceptions of the side that is visible Here we note, to be sure, that 
logical relations enter into propositions about reality, and a more thorough 
investigation is needed into the nature of this connection Yet the fact 
remains that the object itself does not represent a mental fiction, but some- 
thing foreign to thought, something given We will designate this second 
class of judgments reality judgments 

That physical judgments may also be clothed in the form of conditional 
propositions would appear to contradict this distinction If the sun is out, 
it is warm But it would be a mistake to believe that the object is posited 
along with the settmg up of the presupposition Only the assumption that it 
exists is posited, the object sun, however, remains that shining body which 
can be visually pointed out, which we can perceive Unlike the mathematical 
object, this body is not defined by stipulation Suppose we say, “If an angle 
at the circumference lies on the diameter, it is a right angle ” The angle is 
defined by the antecedent, which adds to the concept of an angle at the 
circumference (which itself is likewise defined by a series of such proposi- 
tions 4 ) another distinctive mark, which, m conjunction with the others, 
exhaustively defines the object In the above judgment concerning the sun, 
on the other hand, the antecedent does not express any determination of the 
object, rather, the hypothetical formulation simply expresses the fact that 
the realization of the consequent is connected with the realization of the 
antecedent The hypothetical form, then, has a completely different signi- 
ficance m the two judgments, and we must not be misled by their gram- 
matical similarity 

We might attempt to define the physical object similarly to the math- 
ematical by hstmg its determining factors For instance, we could define 
the terrestrial sphere as a sphere possessmg a particular oblateness, yet we 
cannot thereby exhaust the actual terrestrial sphere, the form of which is 
far more complicated and is also subject to changes in time A complete 
definition would require an account of the totality of the infinitely many 
laws of nature that play a role m determining it But that is an impossible 
undertakmg If, in settmg up the definition, we confined ourselves to the 
essential characteristics and set the resulting definition into the judgment — 
if, for mstance, we transformed the judgment, “The earth imparts to the 
bodies at its surface the acceleration 981”, mto the judgment, “A sphere 
possessing the particular mass m and the particular radius r imparts to the 
bodies at its surface the acceleration 981” — the distinctive feature of the 
physical judgment would be lost, and the proposition would be reduced 
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to a mathematical judgment We are invariably confronted with this choice 
either we define the objects exhaustively through their determining 
features — m which case we know nothing as to their occurrence in reality — 
or we take the objects to be those physical things that we can only indicate 
ostensively — m which case the judgment loses the compelling character 
of a mathematical judgment 

Nonetheless, physics employs a similar procedure We are well aware that 
it makes use of the principle of the [ideal] force of a sphere m explaining the 
gravitational force of the earth But the novelty of its presentation does not 
consist in the mathematical relation representing the force of a sphere, but in 
the application of this particular mathematical relation to the real, natural 
earth, this is the characteristically physical element m the principles of 
physics It coordmates mathematical relations to objects presented to the 
senses, its method consists in this To be sure, we must not imagine this co- 
ordination to be an exceedingly simple affair, m which, say, the mathematical 
form of a sphere is coordinated to the terrestrial sphere The very term 
‘terrestrial sphere’ assumes prior stipulation of the coordmation The earth is, 
in the end, nothing but a collection of sensible impressions, a visible ‘some- 
thing’, and this ‘that over there’, which can only be ostensively indicated, is 
coordinated to the mathematical sphere Physical knowledge consists in this 
m the intellectual imposition of a certain mathematical structure upon the 
chaos of perceptions What is ordinarily called a physical object is itself such a 
coordinated mathematical structure. We must bear clearly m mmd that, even 
if all propositions about physical events consist of mathematical relations 
between various mathematical structures, that which is truly physical about 
them remains the coordmation of the resulting mathematical complex to 
certain perceptions The systems of physical equations represent coordin- 
ations of this kind For instance, Maxwell’s equations are coordinated to 
those real events that we describe as electrical, while the Emstemian 
equations for gravitation correspond to the real events we call mechanical 

Why must we coordinate these particular equations to these particular 
sensible events 9 We know that we certainly cannot exhaustively represent 
the events by means of the equations Why, then, do we not arbitrarily 
select some other equations 9 The answer is that there is one more peculiar 
fact, namely, that the real things behave approximately like the mathematical 
fictions with which they are coordinated Even though the earth is not a 
sphere, the acceleration calculated for a sphere is approximately the same as 
that measured at the earth’s surface This characteristic fact forms the basis 
of all physical judgments 
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Approximation rests upon a comparison of numbers It is therefore 
essential to the physical judgment that it define numbers, the approximate 
correctness of which can be measured This would appear to contradict the 
usual presentation, accordmg to which physics searches for functional con- 
nections - accordmg to which, that is, physical knowledge represents, not 
the magnitude of a factor, but the law of its variations m conjunction with 
another factor We might argue, for instance, that the fact that the magnitude 
of the earth’s acceleration, g — 981, is not an item of physical knowledge, 
which we achieve only with the law representing ^ as a function of the 
radius, for which 981 is no more than one particular value It is true that this 
law represents causal knowledge, for we estabhshed earlier that the meaning 
of causal regulanty consists in the quantitative dependence among factors, 
Yet m every function there appear certain constants which must be numer- 
ically determined if the function is to be defined, if the law is to have a 
definite meaning In the function that represents g as dependent upon the 
earth’s radius there occurs the gravitational constant k, it must be possible 
to assign to it a numerical value if the causal law concernmg g is to have a 
certain defined significance That is why the determination of numerical 
constants cannot be separate from physics proper, it belongs to the presen- 
tation of causal laws just as much as does the imparting of the functional 
form And the factor g itself may play the role of such a constant, in the 
law of falling bodies s = 2 gt 2 it occupies just the same position as k in the 
Newtonian formula for gravitation Its numerical value must be definite 
if the law of falling bodies is to represent the actual behavior of falling 
bodies 

This idea may be expressed in such a way that the physical judgment 
entails two kinds of coordmations for the objects of reality first, a func- 
tional form, as, e g , the coordination of the form s = \gt 2 to falling bodies, 
and, second, certain numerical values, as, e g , g= 981 Causality guarantees 
that a functional form exists, but is it also able to guarantee that certain 
numerical values exist for a given group of objects 7 

It would appear that causality can achieve this as well For it attempts 
to justify the particular numerical value by presenting it as, in turn, 
causally determined, as itself a function of other factors Thus it represents 
g as being determined through the magnitude of the earth’s radius and re- 
solves the gravitational constant k into a function by pointing out in the 
more general Einsteiman equations for gravitation those special circumstances 
that bestow upon k the particular Newtonian value This is, m fact, the 
process for expandmg knowledge employed by the causal principle But m 
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the light of the ideas discussed in the preceding section, we must declare 
that the causal principle does not suffice for the establishment of the definite 
magnitude of special numerical values There we showed that causality can 
never do more than indicate individual determining factors, while the definite 
outcomes invariably consist of the sum of infinitely many influences — and it 
is this very sum about which causality tells us nothing This sum could be of 
any magnitude whatsoever, and every measurement could indicate a com- 
pletely different value for the constants, without contradicting the law of 
causality, for the neglected remainders might at any time begm to exert an 
influence and, again m accordance with strict causal laws, alter the values If, 
for instance, the sun were to suddenly spin off great masses m the direction 
of the earth, the magmtude of g would change The mass of the sun is already 
contained as a value m the equation g = 981, but it appears there as a com- 
ponent m the sum of very minor ‘disturbing’ influences having no substantial 
influence upon g To be sure, we could supply yet another causal explanation 
for the change in g But this would fail to explain why there is not, in general, 
a sudden mcrease in the disturbmg influences, why it is consequently per- 
missible to ignore them and assign to actual bodies at the earth’s surface the 
number 981 Yet, let us repeat once agam, there is no point to giving the law 
a hypothetical formulation such as If the influence of the disturbmg factors 
remains small, the law of falling bodies is applicable and the numerical value 
of g is 981 For the physical judgment is thereby reduced to a mathematical 
judgment The real earth is not a sphere possessing the radius r and the mass 
m, but ‘that thing there’, capable only of ostensive definition, which we 
perceive with our senses and which holds a position in the totality of events 
in nature 

Whence do we derive the right to coordmate certain numerical values to 
certain real things 7 It does not anse from the principle of causality, but 
requires the addition of another principle containing a hypothesis concernmg 
the appearance of certain numerical values and, therefore, concernmg the 
influence of the remainders This principle is the hypothesis of a probability 
function 

In the previous section, we learned that this hypothesis presents, in fact, 
an assumption about the sum of the remainders For it asserts that, while it is 
possible for this sum to be of any magmtude whatsoever - and hence is 
compatible with the causal principle - there exists a law for the frequency of 
the outcomes, certain individual values, the normal values, occur very fre- 
quently, while others, the extreme values, occur with infinitesimal rarity This 
assertion is expressed m the asymptotic course of the curve at both ends The 
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hypothesis asserts further that infinitely contiguous values occur with equal 
frequency, that we may, that is, assign to every infinitesimal interval a 
definite relative frequency this is the stipulation that the curve be contin- 
uous This is a necessary addition, for without it the law would not be cap- 
able of confirmation We cannot count the frequency of the occurrence of 
individual numerical points because we cannot show the values as numerical 
pomts, but can only include them within limits This hypothesis produces 
an appropriate assumption concerning the numerical values of physical 
constants If there existed a completely precise analysis of real thmgs, we 
would be compelled, m accordance with the causal principle, to grant the 
proposition that a certam outcome, once determined, must be capable of 
repetition at any time and at any place As we cannot attribute continuous 
equality to the outcome, the generalization that naturally comes to mind is 
that some law, even if not this law , exists for their distribution in space and 
time This assumption is tantamount to the principle of a probability func- 
tion Let us note that it does not prescribe any definite form for the law of 
distribution, that particular forms, such as/(jc) = constant, are rather to be 
inferred from the general presupposition in conjunction with particular 
circumstances This principle does not follow from the causal principle, but 
neither does it contradict it It must, rather, be placed alongside the prin- 
ciple of causality if physical knowledge in the form of the coordmation of 
definite functional laws and constants is to be possible at all 

A correspondmg law applies to the frequency of combinations of two 
outcomes, for if a law of nature contains two or more constants, a corres- 
pondmg assumption must be made concernmg the frequency of the occur- 
rence of this combmation Otherwise, it will not be possible to coordinate 
these constants to the relevant group of real objects This is the origin of 
the probability function of several variables 


IV THE ANALOGY BETWEEN CAUSAL LAWS AND 
PROBABILITY LAWS AND THE IMPOSSIBILITY OF THEIR 
EMPIRICAL CONFIRMATION 

We have now mdicated the philosophical position of the laws of probability 
It rests upon an epistemological principle completely parallel to the prin- 
ciple of causality The principle of the regular connection of all events which 
is represented by causality is not sufficient as a foundation for physical 
knowledge Another principle must come mto play, bmdmg events to one 
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another laterally, as it were, this is the principle of regular distribution It 
may also be formulated as the principle of a probability function and is 
identical with the hypothesis required for the standard probability 
mechanisms 

From this standpomt we are able to resolve a difficulty we encountered at 
the outset of our investigations At the beginning of Section II, we inquired 
after the source of our right to designate a physical factor as the same factor 
m vanously repeated events, given that its numercial value is different each 
time We were satisfied for the time bemg with the answer that the deviations 
m numerical values had to remain within certain limits, although we also had 
to admit that very great deviations were occasionally possible Now that we 
have established the place of the principle of distribution in relation to the 
concept of physical knowledge, we are at last in a position to give a precise 
answer to the question By reversing the described connection, we may assert 
that a mathematical parameter represents one and the same physical factor if 
its observed numencal values conform to a contmuous function of distri- 
bution This signifies that the deviations are usually small, yet it does not 
exclude occasional major deviations so long as they do not fundamentally 
disrupt the schema of distribution Thus the introduction of the laws of 
distribution as the basis of scientific classification is required for the solution 
of the problem of the identity of physical factors 

We might raise the question whether this principle is to be called empirical 
m the sense in which we regard ordinary physical observations as products of 
experience The principle of energy, for instance, is a result culled from 
experience, observations have taught us that the physical factor known as 
energy maintains the same magnitude in all events The reverse is also con- 
ceivable, energy might, for example, increase continuously, as is known to 
be the case with another physical factor, entropy Likewise, attempts have 
been made to establish the causal principle on an empirical basis It is claimed 
that all our observations show every event to have its cause and its effect, the 
universal law of causality was laid down because this was established in so 
many instances In any case, the argument continues, causality is not logically 
necessary, it is equally conceivable for the same event to have different 
effects This point must certainly be conceded The principle of causality is 
not logically necessary, no more is the principle of distribution logically 
necessary, for it is certainly possible to conceive of nature running its course 
m a completely irregular fashion But it is a mistake to suppose the philo- 
sophical possibilities to be completely exhausted by the two categories, 
logically necessary’ and ‘empirical’ The great service rendered by Kantian 
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philosophy was the introduction of a new form of question into the problem 
of knowledge Kant asks Which principles are distinguished by being a 
necessary constituent of our knowledge of nature 7 He calls such principles 
conditions of knowledge because a knowledge of nature is possible only 
through them, and he replies as follows to the question regardmg the position 
of the law of causality Certainly it is conceivable that nature might run its 
course without any functional dependencies, but if there exists any know- 
ledge of nature, the principle of causality is valid, for without it all such 
knowledge is impossible These principles that are not logically necessary 
(analytic) but are nonetheless necessary for empirical knowledge are called 
by Kant synthetic a priori judgments Their validity cannot be established 
empirically, by means of individual observations, but stands and falls with 
the possibility of knowledge as such and must likewise be called a tran- 
scendental fact We could undoubtedly acquire physical knowledge if the 
principle of energy were not valid, we would simply end up with different 
equations But knowledge would be impossible if the law of causality were 
not valid, for we would be unable to establish any quantitative functional 
relations whatsoever This distinction produces a new classification of natural 
laws, singling out certain of them as a prion valid Expanding the Kantian 
idea, we must now declare the law of distribution to be an a pnon principle 
of knowledge in just this sense. For it is likewise a necessary presupposition 
of knowledge, and we may say If physical knowledge exists, then the prin- 
ciple of distribution is valid 

The analysis undergone by the concept of probability through its form- 
ulation as the principle of distribution or as the principle of a probability 
function places the observed regulanties in a new light We now understand 
why physical laws are described as merely probable It is because no assertion 
can be made regardmg their special form m individual cases, a statement 
about their frequency can only be made after repeated realizations, and this 
statement leaves the numerical value of the individual case undetermined 
The so-called philosophical probability of the validity of the laws of nature 
is brought together with physical probability by means of the principle of 
the probability function. On the other hand, we can understand why it is 
that the regulanties of distribution, which we have observed in games of 
chance, the theory of error, and the like as laws of physical probability, 
must recur again and agam, and why it is that in every investigation it has 
been necessary constantly to distinguish them from ordinary physical laws 
Some thinkers have, to be sure, proposed various theories about these 
regularities, but have not been able to furnish a proper basis for them, they 
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have failed to notice that what they have come up against is a principle of 
knowledge that can only be judged from an epistemological standpoint, 
that cannot be verified or refuted by individual experiences because its 
significance lies much deeper, m the very essence of knowledge Seen from 
this viewpoint, all attempts at experimental investigation of the laws of 
probability calculus must appear absurd Such attempts have, to be sure, 
been made For instance, one scientist earned out 120,000 throws of the 
dice m order to establish whether an equal distribution would actually be 
produced The astonishing result was that one side came up more often 
than any of the others - but the experimentalist concluded from this result 
that the die had an irregular center of gravity, rather than that the laws of 
probability were false It is telling that this scientist was altogether incapable 
of resisting the a pnon power of the principle It is the same here as with 
the principle of causality if we encounter an incompatible state of affairs, 
we alter the special form of the principle used for explaining this state of 
affairs, but not the principle itself This possibility invariably exists for 
both the causal principle and the principle of distribution In this connection, 
Marbe’s attempts to refute statistical regularities through observations and to 
replace them with rhythmical laws 5 also seem fruitless Even if he were to 
confirm the existence of such rhythms, Marbe would never be able to con- 
clude any more than that certain conditions giving nse to the rhythms are 
present in special relations pertaining to the object under observation There 
are mdeed objects, e g , m psychology, m which alertness is a function of 
success 6 , in these instances the stipulation that the individual events be 
independent, which we laid down as a special condition for ^^probability, 
is not fulfilled, and consequently the particular form of regularity is altered 
But Marbe’s research is not even adequate from the standpoint of math- 
ematical probability theory, as has been established after a most thorough 
fashion by R von Mises 7 As these investigations have not even been earned 
out in a methodologically satisfactory manner, philosophical criticism may 
bypass them 

Philosophical considerations led to our viewing the laws of probability 
as objective laws of natural events holding a position analogous to that held 
by laws of causality We may therefore no longer see in them laws of em- 
barrassment, escape routes sought out by the physicist when he lacks more 
precise knowledge of the connections involved Laplace expressed the idea 
that a human being possessing perfect mental faculties would have no further 
need of probability laws, being able to comprehend the totality of events 
by means of causal laws Let it be noted that this super-intelligent creature 
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would be proceeding in a highly unpractical manner if he took precise 
account of every smgle throw of the dice, refusing to make use of the regu- 
larity contained m the equal distribution of the sides For not even the 
very wisest of intelligent beings could alter this state of affairs, his precisely 
calculated throws would also conform to the distribution schema To limit 
ourselves to causal laws is to renounce one portion of the description of 
nature In his well-known lecture on dynamic and statistical regularity, 
Planck carried out a thorough demonstration of this duality of methods, 
we are now able to understand it from a philosophical point of view, for we 
have established a parallel interpretation of the two principles of connection 
and distribution for the concept of knowledge Our critique incorporates 
probability laws mto physics as a branch on an equal plane 

We are mdebted for the result to the combination of two methods of 
investigation the axiomatic method, which guided us to a precise form- 
ulation of the axiom of the applicability of probability laws, and the critical 
method, whereby we scrutinized the position of this axiom with respect to 
the concept of knowledge To be sure, we were only able to apply these 
methods to physics, and it is therefore not yet possible to form definitive 
judgments concernmg the validity of probability laws in other fields, such as 
psychology and sociology But we may safely predict that what has revealed 
itself to be a philosophical principle m the one case will not turn out to be 
an empirical law m the others It would appear that here, as with other 
problems, physics has taken the lead solely because of its more advanced 
levels of mathematical formulation 


NOTES 


1 [1920c] (translated in this volume as ‘The Physical Presuppositions of Probability’) 
This article develops the axiomatic foundations of the following philosophical investi- 
gation, and its results will therefore be presupposed here 

2 Ibid , section II, paragraph 4 

3 Ibid , Figure 1 

4 Cf the very clear discussion of implicit definitions m Schlick , Allgemeine Erkenntms- 
lehre, (Springer, Berlin, 1918), p 30 ] English translation by A E Blumberg, General 
Theory of Knowledge (Springer, New York and Vienna, 1974) - Ed ] 

5 Marbe, K ,Die Gleichformigkeit in der Welt , (Munich, 1916) 

6 Cf my review of Sterzmger’s Zur Psychologie und Naturphilosophie der Geschick- 
hchkeitsspiele , m Naturwissen 7, 644 (1919) 

n Naturwissen 7,168(1919) 
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[A Letter from Erwm Schrodinger to Hans Reichenbach] * 

[1978b- 54] 

January 25, 1924, Zunch 
I can best delineate my attitude toward this question by characterizing in a 
few words my position respecting the problem of causality, without, of 
course, saying anythmg basically new 

The profound problem of causality seems to me to lie in the following 
question Why do we always expect completely similar circumstances to pro- 
duce results that are completely the same - not only after many repetitions, 
but even with the very first repetition 9 Why does a different result compel m 
us the conviction that the circumstances must have changed, if ever so little 9 
We can reconcile ourselves to the conjunction of minimally altered circum- 
stances with very strong influence upon the result, but can never admit to the 
slightest change in the result in genuinely unaltered circumstances 

I call this the puzzle of inductive mference I do not believe that we can 
m any real sense resolve it If we contemplate it for any length of time, we 
begin to get an extraordinarily uncomfortable feeling, arising not from half- 
witted musing but from a sort of mental dizziness, we keep thinking we have 
got hold of the problem, but then become aware that we are constantly 
moving in ever-narrowmg circles 

We find ourselves thmkmg, “I have observed hundreds and thousands of 
times that the same circumstances lead to the same results, I can see perfectly 
well that the world m which I live is subject to ‘causal’ order I won’t submit 
to the folly of believing things are different in any given particular case But 
why would that be foolish 9 This is the very question with which I started, 
under another guise I have been trymg to support the general procedure of 
induction by means of a particular inductive mference - like Munchhausen, 
who tried to pull himself out of the bog by his pigtail — But I really do find 
it foolish, and furthermore, I’m right It is quite obvious that I am right m 
concluding from the fact that the same circumstances have produced the 
same result m so-and-so many completely different instances that this must 
be generally true Thousands of people have made this mference and found it 

* [This letter of Winter 1924 was printed in Erkenntnis , 3 (1932) as an appendix to 
Reichenbach ’s article [1932d] - Ed ] 
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to be confirmed throughout their lives, so I, too, will ” and now the very 
pigtail is pulling itself out of the bog by its own little pigtail, and so it goes 
gracefully along ad infinitum 

Thus we really cannot escape the fact that we invariably draw inductive 
inferences, that these inferences are extremely useful, that the organization of 
the whole of our lives depends upon inductive reasoning The millions of 
times in which experience has confirmed our expectations may certainly lead 
us to the resolution to contmue on m the same way, but why it does so is a 
matter for which we can only offer a tautological explanation 

Perhaps we can put the problem another way Under what circumstances 
would we not end up with inductive reasoning and the concept of causality 7 
Surely in cases m which we lack the material on the basis of which we actually 
draw the inference (even if we are unable to justify it), 1 e , if we lived m a 
chaotic world in which we did not invariably observe similar results following 
upon similar circumstances (To be sure, it is hard to believe that rational 
creatures would develop m such a world) The retort might be, “But we m 
fact live m a world which is not chaotic ” This would be a repetition of the 
circular reasonmg illustrated above And yet it may turn out that the idea of 
causality does have some connection with realism after all Only because we 
view our world as something real, havmg an enduring existence, do we come 
to ascribe to this ‘something real’ the characteristics of causal connectedness 
Of course, what lurks behmd the idea of ‘something real that is relatively con- 
tinuous’ is just the original question Why can past experience say something 
about future expenence now 7 Because of the ordered nature of the real, 
which is to be conceived of as continuous 

(By the way, you will see from my maugural address [given m 1922, 
reprmted in Die Naturwissenschaften 17, 9 (1929)], which I have taken the 
liberty of enclosing, that I have no very great faith m this supposed character- 
istic of order ) 

Now for a few comments on your study I must take exception because of 
the small degree of cogency with which, m an actual case, the ‘governing 
sequence of functions’, let alone the ‘ complete governing sequence of func- 
tions’ can be derived I myself would say that the sequence is not really given 
extensionally at all, that is, it is not even extensional It would be extensional 
if, for example, the form of the function were fixed and only certain param- 
eters had to be adapted to it As you know, which these are can be inferred 1 
from given observational data by means of the method of the least square 
The discovering of the correct functional form, for which there is absolutely 
no set method, is, in fact, based upon chains of mference that lie deeply 
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buned in the shadowy realms of instinctive guessing - But that you know 
yourself 1 

What I have called the ‘insoluble puzzle of induction’ is, of course, included 
in your ‘probability inference’ You say yourself (Section 3) that very little 
light has been shed on this problem as yet 

But now to the matter I consider most important You say (Section 4), 
“Causality exists when the governing sequence exhibits type I ” 

Given the present state of physical knowledge, I have no doubt that, if 
applied to an actual case, le , to the observation of molar (not molecular) 
events, the sequence would exhibit type II 
By this I mean two things 

(1) Disregard, for the moment, the so-called fluctuating phenomena Then, 
provided that more and more are accumulated or that they are sufficiently 
dense in the first place, the points of observation will he, in their two- 
dimensional aspect, along a surface rather than a curve , this is because of 
observational error Now these errors are really there, they are not to be 
willed away It is clear that if we accumulated observations m a purely mech- 
anical manner by, e g , observing the ordinate values for excessive abscissa 
values more and more closely together, and attempting successively the con- 
struction of the functions of the governing sequence, these would eventually 
fluctuate wildly 

Now, you may say, the observer will be clever enough to see what is hap- 
pening, he will regard deviations from these values as small enough to be 
ignored and will not construct the function according to them But what is 
apphed to the ordmate must be applied to the abscissa Actually, both are 
defective the ‘observing of the excessively high abscissa values’ is fictitious, 
too The observer will have to admit to himself that once he has attamed a 
certain density of observations he gams nothing through further accumulation 
of observations for establishing the form of the function (including the num- 
ber and type of the parameters occurrmg in it), but only for the precision of 
the parameters Thus the sequence necessarily conforms to type I after a 
finite number of steps Or rather, after this point, the only question that can 
remain is the much simpler one whether perceptibly equivalent ordmates are 
observed m conjunction with perceptibly equivalent abscissa values And that 
was the original question (same circumstances, same result?) In this case — 
the very one that we generally believe to be the case — the sequential schema 
simply cancels itself out, without havmg provided us with any criterion 

(2) This time, let us not disregard the fluctuating phenomena, to which 
virtually every measurable physical value is subject in principle Instead, we 
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shall leave aside for the moment all observational errors, or at least regard 
them as sufficiently small relative to the real fluctuations, quite enough 
realizable cases of this land exist Under these circumstances, our observer 
will discern a sequence of type II in a pure state and will, through further 
inspection of his instruments, be able to convince himself that observational 
errors are not present Will he, for that reason, deny causality at all for the 
phenomenon under investigation 7 He studies the state of affairs, comprehends 
it, sees that his points of observation group themselves around a certain func- 
tion just like observational errors, and derives a totally precise law (e g radio- 
active decay a = tf 0 e~ xt ), not only for the middle curve, but even for the 
fluctuations — this last being, of course, really a statistical law 

Given these considerations, which I don’t believe to be open to attack, 
most reasonable judges would, I think, regard your arguments like this 
Reichenbach’s sequence criterion is of no use If we take into account the 
limited precision of observation (which it would be senseless to disregard), it 
necessanly leads to type I, except that real fluctuations exist that perceptibly 
exceed observational error On the other hand, fluctuations always exist in 
principle it is, m principle, always possible to increase the precision of obser- 
vation so greatly that they become noticeable In the end, we are really 
always led to type II It would appear, then, that the problem of causality 
cannot be solved on empirical grounds, that the procedures actually used by 
scientists vindicate mstead the philosophers of the a pnon causality is an 
indissoluble constituent of our mode of comprehension which we cannot 
avoid applymg to every object of observation, no matter what its nature 
But this is surely not the only possible position We could decide to retain 
your sequence criterion But in that case, present-day experience would m all 
probability speak against causality, most likely in all cases I find it of great 
mterest that your careful, impartial analysis led to this result, which you 
surely did not intend I would say that your sequences of functions are what 
the mathematicians call semi-convergent The pomt of greatest stability deter- 
mines the physical law, but this law is of a statistical, not a causal nature — as 
is shown by the later divergence of the sequence Suppose we accept this 
second conception — essentially that of Franz Exner — and implement it 
throughout our vision of nature, as will probably happen within a few decades 
I am far from having a clear idea of the structure which our vision of nature 
will then assume Of course, we could not get along without a certain conti- 
nuity in the elements making up the vision, otherwise, the world of the suc- 
ceeding second would be completely mdependent of the world of the second 
before (In the principles of the conservation of energy and momentum, we 
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are probably already in possession of an important component of this conti- 
nuity ) What I want to say is this We must not believe that the ‘puzzle of 
induction’ will either disappear or be resolved m this vision Into what corner 
it will retreat cannot be said with certainty Armed with the law of large num- 
bers, we will be able through our picture to pursue the justification of the 
expectation of the same results under the same circumstances right back into 
the sphere of atomic events, we are even able to do this today As I see it, we 
will need laws which mdicate, for sharply defined circumstances, a whole con- 
tinuum of possible results - possibly, with certain restnctions regarding con- 
tinuity, all possible results The ‘puzzle’ will then have been reduced to the 
fact that frequent repetition of sharply defined initial conditions produces a 
quite definite distribution of results over this contmuum, eg,a uniform dis- 
tribution — We certainly cannot know whether this view, which is obviously 
modelled on games of chance, will prove to be useful In any case, an axiom 
no less mysterious than causality is bound to slip m somewhere, problems do 
not solve themselves 
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[The following is an excerpt from a three-part essay, originally published in Erkenn tnis 
The first part briefly outlines the historical development of the concept of probability 
beginning with its application to games of chance and concluding with its current use in 
quantum physics 

The second part discusses the problem of explicating the concept of probability It 
contends that the subjective theory, according to which probability refers to the state of 
our knowledge, is inadequate and must be replaced by the objective theory which expli- 
cates probability as the limit of the relative frequency of physical events 

The third part, which follows m translation, is concerned with the justification of 
probability statements —MR] 

Let us now turn to the problem of the justification of probability statements 
Why are we entitled to believe that probability statements are true 9 There are 
two aspects to this problem The first concerns the ground for specific metri- 
cal assertions, for example, that the probability of the occurrence of a given 
face of a die is 1/6, the second concerns the justification of more general 
probability statements, m particular, the rule of mduction 

Traditionally, the problem of the justification of probability statements 
was considered primarily m connection with an analysis of specific probability 
statements This procedure has not always been conducive to a solution of 
the problem, in the case of games of chance, the origin of the probability 
metric is obscured by the symmetry of physical conditions It is well known 
that a consideration of games of chance led to the suggestion that probability 
metrics always be constructed on the basis of equiprobable cases The origin 
of this equiprobability was usually connected with a rather questionable prin- 
ciple, the so-called principle of insufficient reason According to this principle, 
we must consider the six faces of the die equiprobable because there is no 
reason to prefer one of them The untenabihty of this principle, which mani- 
fests itself in the occurrence of all kinds of unfortunate expressions such as 
‘equipossible cases’, has been pointed out frequently in the literature 1 

Nevertheless, the probability metric for games of chance is rather easily 
justified It seems to us that the solution consists in reducing the mechanisms 
of games of chance to probability functions, this method was first suggested 
by von Kries and Poincare, and has been elaborated by the present author for 
the purpose of finding a general solution for the problems of the probability 
* From Modem Philosophy of Science Selected Essays, ed and tr by Mana Reichenbach, 
Routledge & K^gan Paul, London, 1959, pp 67-78 Copyright © Maria Reichenbach 
1959 except in U S Copyright ©mUS by Maria Reichenbach 
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of games of chance and the theory of errors [1915b, p 22] It can be shown 
that equiprobabihty in games of chance is reducible to the assumption of a 
continuous probability function 2 Let us take the game of roulette as an 
example if we assume that a contmuous probability function determines, for 
repeated spinnings of the wheel, the frequency with which a given angle 
(measured in multiples of 2tt) of rotation of the indicator occurs, then the 
division of the wheel into red and black sectors is equivalent to a division of 
the arguments of the probability function into small equal intervals It can be 
demonstrated mathematically that the sum of the areas of the odd-numbered 
sectors is approximately equal to the sum of the areas of the even-numbered 
sectors, and that for a given probability function this approximation increases 
as the width of the sectors decreases In this manner, the metrical assumption 
of the equiprobabihty of red and black m the game of roulette can be reduced 
to the topological assumption of the existence of a contmuous probability 
function 3 Corresponding assumptions hold for all other games of chance 
The mysterious occurrence of equiprobabihty m games of chance is thus 
revealed as the consequence of an assumption which is accessible to epistemo- 
logical analysis The existence of continuous probability functions is assumed 
m other areas of physics as well, especially in the theory of errors The equi- 
probabihty of discrete cases m games of chance is due to the paraphernalia of 
the games which are constructed m such a way that they lead to a division of 
the probability functions into alternating equal intervals Thus equiprobabihty 
does not pose a special epistemological problem, rather, the problem is posed 
by the existence of contmuous probability functions 

The analysis of the kmetic theory of gases can be carried through from the 
same point of view In this instance, too, it is the assumption of the existence 
of continuous probability functions which plays the decisive role, the specific 
form of these functions is of secondary importance With regard to the theory 
of gases, the specific form of the probability function is frequently explained 
by reference to certain physical conditions, such as those described by Liou- 
ville’s theorem, etc These conditions, like those underlying games of chance, 
lead from a contmuous probability function to equiprobabihty Yet neither 
in the theory of gases nor in games of chance can equiprobabihty be presup- 
posed a priori , this becomes obvious in recent elaborations of the theory of 
gases Boltzmann has derived Maxwell’s distribution law for velocities from 
the equiprobabihty of all permutations of the molecules in the velocity space 
Modem quantum theory has shown that this assumption is not correct, and 
that it must be replaced by another assumption which does not distinguish 
between the various permutations of individual particles This new assumption 
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was mistakenly interpreted as contradicting the a prion principles of the cal- 
culus of probability, yet the discovery of equiprobable cases has nothing to 
do with the calculus of probability Only experience can determine whether 
any given cases are equiprobable Equiprobability can either be obtained from 
a given statistic pertaining to the problem under consideration, or can be 
derived from certam physical facts in combination with a hypothesis about 
certain probability functions as in the theory of games of chance The deter- 
mination of the probability metric is ultimately not a problem of justification 
but of discovery The actual probability metric is a fact which has to be dis- 
covered or which can, at best, be mferred from other facts 

The reduction of a probability metric to probability functions constitutes 
a great advance in the epistemological analysis of the problem of probability 
Whereas probability laws used to be considered as representing a special kind 
of regularity distinct from the causal regularity of nature, it can be shown on 
the basis of the theory of probability functions that this distinction is only 
superficial, and that probability laws and causal laws are logical vanations of 
one and the same type of regulanty We shall explain this result briefly For a 
detailed presentation, we must refer to earlier writings of the present author 
[1915b, p 48] 

The characterization of the causal laws of nature as strict laws is justified 
only for certain schematizations When all causal factors are known, then an 
effect can be predicted with certainty, such an idealization would be irrelevant 
for science without the addition of further assumptions It is impossible to 
know all causal factors, we can only select a limited number of relevant factors 
and use them to predict future events, but must neglect factors of lesser influ- 
ence It is usually assumed that the influence of the less important factors is 
small, and that we can therefore predict the future within certain limits of 
exactness This formulation is inadequate, however, and misses a fundamental 
point in the epistemological situation Actually, we can only maintain that it 
is highly probable that future events will he within certain limits of exactness 
For instance, if we calculate the path of a projectile, we cannot be certam 
that the influence of simultaneous shocks in the interior of the earth upon 
the direction of the gun-barrel will be small, as a matter of fact, such shocks 
always occur At the moment of firing, this influence may have the force of 
an earthquake, and thus produce a result outside the limits of exactness 
Furthermore, no solution is provided even if we interpret the laws of nature 
as conditional statements because we can only mention a finite number of 
relevant factors m the antecedent, and the rest remains unspecified On the 
other hand, if we were to stipulate that no disturbing influences above a 
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certain strength occur, the resulting conditional would be certain but it would 
be deprived of its factual character The statement would then assert the 
logical triviality that a future event will he within certain limits of exactness if 
it does not he outside them There is no way out of this dilemma, either the 
statement is absolutely certain, m which case it is logically true (1 e analytic), 
and does not state anything about reality, or it is a descriptive statement with 
factual content (1 e synthetic), in which case it can be asserted only with 
probability 

The assertion of causal laws is warranted only if probability laws are 
admitted The hypothesis that events are causally connected must be sup- 
plemented by an hypothesis about the probable effect of neglected factors, 
only the combination of these two hypotheses enables us to make statements 
about reality I have called these two hypotheses the principle of connection 
(causality) and the principle of distribution (probability) Only the combi- 
nation of these two principles completely accounts for the assumptions of 
science 

The application of the principle of distnbution is most conspicuous in the 
theory of errors, where the application of probability functions is well known 
The fundamental importance of this application failed of recognition because 
the theory of errors was thought to be a means of ensuring exactness But the 
form of a law of errors such as Gauss’ should make it obvious that the small- 
ness of the error can be assumed only with high probability, and that arbi- 
trarily large deviations can never be excluded with certainty The theory of 
errors clearly demonstrates the supplementation of causal laws by probability 
statements, but such a supplementation is necessary even when we are not 
concerned with such narrow limits of exactness since even the highest prob- 
ability is not identical with certamty The statement that a street is between 1 
and 100 yards long must therefore be regarded as a probability statement of 
the same sort as the statement by the geometer that the street is between 
74 346 yards and 74 348 yards long, that the first statement has a much 
higher probability than the second constitutes only a difference m degree, not 
a difference in principle 

This last point again demonstrates the significance of reducing the equiprob- 
ability in games of chance to continuous probability functions When we con- 
sider the red and black sectors, equiprobable in roulette, our assumption about 
the physical world does not differ in kind from that made by the geometers 
or physicists when they measure physical magnitudes We assume that as a 
result of repeated spinnings, the frequency of a physical magnitude — the angle 
of rotation of the roulette wheel mdicator — is determined by a probability 
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function, the physicist makes similar assumptions when he predicts the path 
of a projectile, and compares his prediction with observational results Thus, 
the enigma of equiprobable cases is solved The assumption of equiprobability 
is replaced by a more general assumption which is the indispensible sup- 
plement to the principle of causality 

From such a pomt of view, we must revise our conception of the nature of 
physical laws, abandomng the old idea that while events are strictly deter- 
mined, the finite mmd of man has only an approximate knowledge of them 
The old view claimed, m effect, that a limit exists even though we cannot find 
it since we are always part of the sequence of events which tends towards a 
limit But in fact the only empirical phenomenon is the sequence itself, and 
statements about the limit are admissible only in so far as they can be trans- 
formed into statements about the convergence of the sequence toward a 
limit This positivistic principle must be maintamed m the face of all idealistic 
philosophies, for it is the basis of the precision and import which belong to 
modern science in contrast to metaphysical speculation Therefore we must 
replace the traditional formulation of determinism by the following more 
modest formulation there is a description of nature which enables us to pre- 
dict the future with probability, and it is possible to bring this probability as 
close to 1 as we wish by a more precise consideration of the relevant param- 
eters This statement says considerably less than does the assertion of deter- 
minism No matter how closely the probability approaches 1 , we can never 
speak of strictly determined events, and it is therefore meaningless to use the 
language of determinism when speaking about the limit itself, such assertions 
necessarily remain empty 

At the same time, the revised formulation of determinism leads to a gen- 
eralization of the concept of causality, a generalization which seems to 
coincide with the conception of causality prevalent m modem physics It is 
not necessary to assume that the probability can be brought as close to 1 as 
we wish, it is possible that there may be a lower limit Even this lower limit 
may be unattainable in practice, then it would be the case that for every 
attained level of exactness, there is a more exact level The possibility of a 
limit less than 1 had been suggested by the present author m 1925 [1925d, 
pp 133-75] , and has m the meantime been substantiated in quantum mech- 
anics Heisenberg’s Principle of Indeterminacy must be regarded as such a 
generalization of the concept of causality We should like to elaborate 

Usually the significance of Heisenberg’s considerations is said to consist m 
the fact that the disturbance of the object by the means of observation can 
no longer be neglected I do not think that this formulation is very fortunate 
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Or the one hand, this disturbance is not unique to quantum physics, even in 
macroscopic physics one has long been accustomed to the fact that the means 
of observation cause certain changes m the object observed which cannot be 
neglected On the other hand, macroscopic physics has found methods of 
circumventing this difficulty disturbances by the means of observation are 
included in a given theory, and all mferences take into account the disturbance 
of the phenomena The physicist is used to taking the influence of the ther- 
mometer into account when he measures the temperature of a solution m 
order to calculate its specific heat, in spite of this influence, or rather because 
he knows about it, he can determine the specific heat It would be wrong to 
argue that in macroscopic physics observational disturbances can be eliminated 
in principle, in the first place, this is not true, and m the second place, it is 
not necessary There are theoretical methods which enable us to draw infer- 
ences concerning the physical world from the disturbed phenomena by utiliz- 
ing a theory about the instruments of observation Applied to quantum mech- 
anics, this means that if an electron is deflected by the means of observation, 

1 e by a light ray, this fact does not make observation impossible in principle, 
the influence of the light ray must simply be incorporated into the theory, 
and must be taken into consideration in any inference based upon such obser- 
vations The sharp demarcation between the objects of observation and the 
means of observation is an idealization applicable to certam macroscopic 
phenomena, but it cannot be regarded as a necessary presupposition of the 
exact sciences 

The significance of Heisenberg’s Principle of Indeterminacy seems to us to 
he in a different direction The crucial point is not that the observed event is 
compounded of object and means of observation, but that it is impossible to 
uniquely determme the objective state of affairs (which may include the 
so-called means of observation) on the basis of the observed phenomena 
According to Heisenberg, we are able to determine either the position or the 
velocity of an electron as precisely as we wish, but cannot determine both 
these parameters simultaneously as precisely as we wish An increase m the 
probability of one parameter is always accompanied by a decrease m the prob- 
ability of the other in such a way that the product of the two probabilities 
does not increase Here we have an exact analogue of our generalization of 
the principle of causality The probability of a comprehensive description of 
an objective state of affairs, one which includes all relevant parameters, does 
not converge toward 1 as the exactness of the observation incr eases, but con- 
verges toward a lower limit. 

These remarks should be taken as more or less provisional, so far we do 
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not possess an exact epistemological analysis of quantum physics upon which 
we can base a final formulation On the other hand, we can already conclude 
from what we said above that the present situation need not be regarded as an 
epistemological crisis The replacement of causal laws by probability laws has 
been deemed a failure of scientific method Indeed, the issue has acquired 
moral overtones The physicist has been charged with the duty of searching 
for more precise methods even though none are at hand at the moment This 
mterpretation seems to stem from a neglect of the fundamentally probabilistic 
character of science The concept of probability is so indispensable for the 
foundations of science, including classical physics, that it must be given the 
same epistemological status as the concept of causality What we are experi- 
encing today is merely the explicit recognition of this epistemological fact, 
unfortunately, misinterpretations of the concept of probability have hindered 
the acknowledgement of its fundamental importance Even classical physics, 
if it is not to deteriorate into metaphysical speculation, can maintain strict 
causal determmism only as the assertion that the probability of prediction 
can be brought as close to 1 as we wish If this view is accepted, a generaliz- 
ation asserting that the limit of the converging sequence is less than 1 appears 
feasible If physics were compelled to accept such an assertion, this acceptance 
would not be due to any deficiency m its observational methods, but to an 
objective property of the physical world Nothing would be a greater mistake 
than to reproach physics for such a result On the contrary, the discovery of 
this fundamental feature of the microcosm and the development of concep- 
tual methods that can do justice to this property of nature must be hailed as 
achievements of the highest order 

We turn now to the final epistemological question How do we know that 
probability laws hold 9 Why are we justified in assertmg probability laws 9 We 
should like to pose this question in its most general form It goes beyond the 
problem of justifying the choice of a specific probability metric, as explained 
above, the latter problem raises no special epistemological difficulties since 
we are able to account for a probability metric m terms of probability func- 
tions whose specific form is simply an empirical fact Our present investigation 
concerns the general question how do we know that probability functions 
determine events, why are we justified in believing m the regularity of repeated 
events, a regularity postulated m the theory of errors, m games of chance, m 
the kinetic theory of gases, etc 9 These questions touch upon the problem of 
induction which is at the core of the theory of probability Why are we justi- 
fied in inferring that the observed relative frequency in a sequence of events 
will be preserved m a future continuation of the sequence 9 
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The historical discussion of the problem of induction has clearly revealed 
that the inductive inference is not logically necessary It is Hume’s ment to 
have recognized this fact and nothing essential has been added to his discovery 
Hume has also shown that it is impossible to justify induction by experience 
because any such inference presupposes induction on a higher level This 
epistemological fact cannot be denied, and philosophical theories which do 
not accept it cannot be taken seriously For this reason, we shall discuss only 
two philosophical treatments of the problem of induction which have been 
developed m response to Hume’s criticism 

The first of these theones is the conventionalist attempt to solve the prob- 
lem of induction Accordmg to this conception, the principle of induction is 
not a statement about the physical world, but merely constitutes an ordering 
principle of science Therefore, scientific theories are to be constructed by 
interpreting observational data in accordance with the principle of induction, 
if exceptions to the principle of induction are observed, the theory under 
consideration is to be declared false and must be supplemented by additional 
assumptions which satisfy the principle It is certainly correct to say that such 
a flexible procedure is used m constructing theones, yet we do not think that 
it is possible to base a justification of induction upon this practice The fol- 
lowing consideration will help to clarify this objection A given observational 
state comprises a finite number of observational data, and it may be possible 
to interpret the data by means of theories in such a way that the relative fre- 
quency observed within a finite sequence satisfies the principle of induction 
However, in this way it is impossible to justify the belief that additional 
observational data will preserve this frequency A simple example will illus- 
trate this consideration When a physicist has plotted a number of observed 
points on a co-ordinate system, he can always draw a simplest curve which 
approximately connects these pomts and which shows the least possible oscil- 
lations But why does the physicist draw the simplest curve through the 
points^ He might just as well draw a different curve, one that oscillates several 
times between two neighbouring pomts, such a curve would correspond to a 
complicated physical hypothesis which is nevertheless compatible with the 
given observations The physicist has a good reason for preferring the simplest 
curve, he believes that the simplest curve is that curve which approximates 
the results of future measurements If this is correct, then the conventionalist 
solution is not tenable From the conventionalist point of view, one might 
just as well choose a curve through the measured pomts that always oscillates 
twice between any two of them, if the resulting curve is not confirmed by 
subsequent measurements, it can be replaced for the mcreased number of 
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observational data by another curve which connects the additional observed 
points in a similar manner From the conventionalist point of view, the pref- 
erence for the simplest curve is unreasonable There is a definite reason that 
prompts the physicist to choose the simplest curve he believes that only the 
simplest curve will enable him to make predictions This belief cannot be 
justified on the basis of conventionalism 

The second theory we shall discuss attempts to justify induction as a prac- 
tical rule According to this theory, the justification of the principle of induc- 
tion is not a problem of epistemology because the principle of induction has 
nothing to do with the content of science Allegedly, it is not the task of 
science to make predictions, science is only supposed to order the given 
observational data, and it is of no concern to science whether predictions of 
future observations can be based upon this order The problem of justifying 
predictions is a practical one Only after we have ceased to theorize, and seek 
to influence the world actively, be it by making experiments, be it by means 
of technology, be it by performing the simple tasks of daily life, does the 
principle of induction come into its own Therefore the belief in the principle 
of induction is not a problem of science, but of ethics 

It is our opinion that this attempt at solving the problem is also untenable 
To regard the principle of induction as extra-scientific is to render unintelli- 
gible the preference of science for that order which it actually employs We 
can illustrate this point by our previous example, it would be impossible to 
understand why science uses the simplest curve connecting the measured 
points instead of a more complicated one if induction were an extra-scientific 
principle Such a view would deprive the scientific ordermg procedure of its 
very aim It is the aim of science to formulate statements which apply to the 
physical world, but this aim can be achieved only by means of the principle 
of induction, for it is this principle alone which enables us to distinguish 
between arbitrary conceptual constructions and empirical theories Why has 
science abandoned the phlogiston theory of combustion m favor of the 
theory of oxidation 7 There is no single observational fact that is not equally 
compatible with either theory if the principle of induction is neglected The 
theoretical assumptions of the phlogiston theory are more complicated, but 
the theory itself is not refuted Although Lavoisier’s observation of the 
increased weight of a burned body is regarded as the expenmentum crucis in 
establishing the oxidation theory since a burned body should decrease in 
weight if a hypothetical heat substance were escaping from it, the increase in 
weight can still be reconciled with the phlogiston theory if certain assumptions 
are added, for instance, one might assume that there are certain hypothetical 
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force fields which attract phlogiston, and that it is the upward pull of these 
forces upon a body containing phlogiston which accounts for the difference 
in weight between a burned body and an unburned body The physicist may 
call such assumptions highly improbable, yet he cannot exclude them without 
the use of mduction 

Now we can recognize the central position which the principle of mduction 
occupies in science the pnncple enables us to judge the truth of scientific 
theories To eliminate it from science would be to dispense with any decision 
about the truth or falsity of theones m science, m this case, there would no 
longer be any basis for distinguishing scientific theories from the fanciful 
creations of the poet 

We said that the principle of mduction provides us with the means of 
judging the truth of scientific theones To be more precise, we should say 
that it serves to decide their degree of probability The alternatives in science 
are not truth and falsehood, instead, there is a continuous scale of probability 
values whose unattainable limits are truth and falsehood We shall employ this 
idea in presenting our own conception of the problem of mduction 

We admit that probability inferences cannot be justified logically, indeed, 
we have previously admitted much more probability statements are not even 
meaningful unless the principle of mduction is presupposed We have seen 
that the principle of mduction plays a decisive role in the interpretation of 
probability statements since predictions that observed relative frequencies 
will be preserved m the future presuppose the principle of induction The 
explication of the meamng of probability statements throws new light upon 
the problem of the justification of mduction Probability statements are not 
meaningful within a two-valued logic that requires every statement to be 
either true or false There is a correspondence between Hume’s exposition of 
the problem of justification and our analysis of the problem of interpretation, 
it turns out that one cannot justify the assertion of probability laws if two- 
valued logic is regarded as the only criterion for testing our knowledge of 
reality Both the problem of interpretation and the problem of justification 
remain msoluble if only two-valued logic is presupposed in science Yet we do 
not mfer from this fact that the justification of probability statements is 
impossible We merely mfer that the assumption of two-valued logic alone 
will not help It is not possible to justify the system of scientific statements 
simply on the basis of deductive logic together with observational reports, 
this is our epistemological result 

When we are asked why, under these circumstances, we continue to believe 
in probability laws, we have but one answer we cannot help believing in 
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them The requirement that the ultimate foundations of our knowledge of 
the physical world must be justified has turned out to be untenable, rather, 
the task of epistemology is to discover the ultimate foundations by means of 
analysis If one is not content with this discovery, if one requires that the 
theory of probability be reduced to logic, one makes an unreasonable demand 
that seems to stem from a misconception of the epistemological status of 
logic The foundations of logic cannot be justified either The contention that 
the laws of logic need not be proved because they are empty overlooks the 
fact that ‘empty' means nothing but ‘corresponding to the laws of logic alone 5 , 
and that such a justification would be circular For our belief m logic there is 
no justification but the fact that we simply cannot think differently Anal- 
ogous considerations hold with respect to probability we cannot help but 
believe in probability laws 

These remarks are closely connected with our previous discussion of the 
interpretation of probability We found that a probability statement is mean- 
ingful only if the principle of mduction holds, therefore the statement that 
probability laws do not hold is itself meaningless unless the principle of 
induction holds This important fact results from our analysis of the problem 
of interpretation To say that probability laws do not hold is equivalent to 
predicting that the observed relative frequency of sequences of events will not 
be preserved m the future, that the regularity implied by the principle of 
mduction does not hold - and this statement is empirically meaningful only 
if it can be decided inductively, le if the principle of mduction holds The 
statement that probability laws do not hold is selfcontradictory and makes no 
sense We do not maintain that we have justified probability laws by this argu- 
ment, this is no more a justification of probability than showmg that every 
violation of the laws of logic leads to contradiction is a justification of logic 
It is no justification because the occurrence of contradiction can be regarded 
as proof of inconsistency only if we have already assumed that the laws of 
logic hold There is no justification of logic We can only say that to challenge 
its foundations is not even possible Similar considerations apply to probability 
laws, we cannot justify them, but we cannot imagine them not to hold 

Our answer to the problem of justification is therefore not an answer to 
Hume's question Rather, the attempt to give a logical proof of probability 
statements is an impossible one like squaring the circle Just as the failure to 
square the circle did not undermine mathematics, so the failure to justify 
mduction does not impair probability, the problem of squaring the circle was 
eliminated on the grounds that its formulation was inadmissible, and Hume’s 
problem can be resolved on the grounds that the demand for a justification of 
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probability statements in terms of deductive logic is unreasonable Instead of 
concemmg ourselves with the pseudo -problem of justifying induction, we 
would rather analyze the methods of science, such an analysis shows that the 
concept of probability is an indispensable component of all empirical state- 
ments We are able to construct a probability logic which provides the con- 
ceptual framework for all empirical knowledge, but though we can analyze 
this framework, we cannot justify it As surely as we believe that statements 
about the physical world are meanmgful, so much are we entitled to trust m 
the significance of the concept of probability 


NOTES 

1 H Reichenbach, [1915bl §31, R v Mises, Wahrschemlichkeit, Statistik und Wahr- 
heit , Vienna, 1928, p 63f 

2 More precisely the function is mtegrable according to Riemann 

3 More precisely if one knows that the probability function can be mtegrated according 
to Riemann, one can always choose a sufficiently narrow division of sectors so that the 
deviation from equiprobability will be smaller than a given e In order to assert that a 
given division satisfies the conditions of equiprobability Within the limits of exactness 
± e, one must know that the probability function does not oscillate too much It is an 
empirical fact that the probability function for actual roulette games does not oscillate 
too much, and that this property disappears when the indicator is spun very lightly 



56 THE PRINCIPLE OF CAUSALITY AND THE 
POSSIBILITY OF ITS EMPIRICAL CONFIRMATION* 

[1932d] 


Preliminary remarks by the author 

The present essay, written in 1923 in Stuttgart, could not be published at the time 
due to adverse circumstances The manuscript circulated among a small group of philo- 
sophers who were interested m precise conceptual analysis of epistemological problems 
In the meantime, a development has taken place m quantum mechanics in the course 
of which the conception of the principle of causality presented has been accepted In 
addition, the epistemological positions of apnorism, conventionalism, and probabilism 
analyzed m this essay concern problems that play an important role in the present 
epistemological discussion of quantum mechanics These facts induce me to publish 
the manuscript m unchanged form, even though some of the suggested ideas have 
been elaborated in the meantime m other works of mine Concerning these later 
publications we refer to the bibliography m Erkenntms 2, 190, (1931) [See items 
1916a, 1920c, 1920e, 1925d, 1929g, 19291, 1929m, 1930g, 1931i, and I932f of the 
Bibliography] 


1 CAUSALITY AS A COMPLEX OF PRINCIPLES 

The problematic nature of the discussion of causality is due to the fact that 
the term ‘causality’ covers a number of principles that are generally not 
sufficiently distinguished, even though they constitute completely different 
assertions One might almost say that, in its most general form, the principle 
of causality merely designates the scientific method of ordering given obser- 
vational data in a certain way, and thus leads to the assertion that there is a 
certain regularity in nature In this form, which neglects the various ways m 
which scientific data are ordered, the assertion is not accessible to precise 
analysis Therefore, all critics of the principles of causality have tried to 
formulate it m a more exact manner, with the result that they have always 
dealt only with parts of the complex, and have neglected the fact that their 
criticism could at most do justice to these parts The present paper likewise 
intends to analyze only a part of the complex, although perhaps the most 
important one In order to avoid the mistaken view that these investigations 
exhaust the total content of the complex, we shall first give a brief survey 
of the vanous principles which are subsumed under the concept of causality 
This survey will indicate specific differences among these principles, and 

* From Modem Philosophy of Science Selected Essays , ed and tr by Maria Reichenbach, 
Routledge & Kegan Paul, London, 1959, pp 109-134 Copyright © Mana Reichenbach 
1959 except in U S Copyright ©inUS by Maria Reichenbach 
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the need for treating them separately We do not claim that the enumeration 
is exhaustive 

(1) In the first place, the principle of causality asserts that natural events 
are connected, or at least can be connected, in such a way that from known 
events unknown ones can be predicted The practical significance as well as 
the unique epistemological position of the principle of causality rests upon 
this assertion which we shall call the inductive principle of causality The 
predictability of unobserved events by means of observed ones is the central 
problem of causality 

The procedure that is used m this context depends on the existence of 
functional relationships The core of the principle of causality has therefore 
been seen in the assertability of functional relationships This view is correct, 
but only if one adds that such functional relationships link the unobserved 
state with the observed one It is obvious that observed events can be brought 
into a functional relationship smce the problem is merely that of connecting 
a finite number of data by means of an approximate function 1 Yet the 
peculiar result is that the same function always occurs for the observed cases 
when the phenomena show certam properties This re-occurrence would be 
irrelevant, and would signify nothing but a registration of subjective exper- 
iences, were it not for the inference that the same function applies to all such 
cases What this mference means becomes clearer if we say that the same 
function applies to all those cases which we shall experience in the future 
But we need not touch upon the subjective aspect of epistemology, we can 
interpret the ‘all’ as referrmg to objectively existmg events never observed by 
us This extrapolation transforms the registration of subjective experiences 
into an objective law of events 

On this basis, the assertion that causality has always held in the past has 
sometimes been distinguished from the assertion that it will hold m the 
future Only the second assertion has been called inductive This distinction 
is not correct It can likewise only be inferred inductively that causality has 
existed m the past We have merely observed that the same function has 
been satisfied for the experienced cases, but this is not an assertion about all 
past events The assertion that causality has held in the past means that the 
unobserved cases in the past have satisfied the function The lme of sep- 
aration does not he between past and future, but between observed and 
unobserved events The statement about observed instances — we shall call 
it a reproductive description m contrast to an inductive description (Section 
4) — cannot therefore be considered part of the principle of causality smce 
it does not state anything about objective events, but only something about 
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the structure of the data upon which we base the assertion about the events 
This is the reason that we do not construe a statement about observed data 
as logically parallel to the inductive principle of causality 

The functional relationship arises from inductive considerations alone 
Therefore, we speak of an inductive principle of causality, the term ‘principle 
of causality’ may express the fact that the mduction is performed by means 
of a functional relationship which determines the unobserved events The 
inductive principle of causality says that by means of a functional relation- 
ship unobserved events can be predicted from observed ones, no matter 
whether the unobserved events lie m the future, or in the past, or happen at 
different space pomts simultaneously with the act of observation The 
specific problem of causality originates m this assertion about unobserved 
events Can the principle of causality be tested empirically, or does the 
assertion have a different epistemological significance 7 It is the purpose of 
the present investigation to answer this question, in order to do so, we 
must first develop a rigorous formulation of the mductive principle of 
causality 

(2) In addition, the principle of causality asserts that for the course of 
events only the existmg ‘things’ and ‘forces’ are important, not the position 
of the events m time and space This assertion is equivalent to denymg the 
causal relevance of space and time In other words, the space-time co- 
ordinates do not occur explicitly in the laws of nature They often occur 
implicitly, for instance, when the motion of falling bodies is represented as a 
function of time, but the space-time co-ordinates can always be eliminated by 
a transformation of the statements mto differential laws This assertion 
pertains more to the properties of space and time than to those of causality, 
yet it is regarded by many as mseparable from the inductive principle of 
causality (Cf Section 4 ) 

(3) Frequently, the principle of causality asserts that effects can spread 
only through contmuous propagation in space An effect which starts at a 
space pomt A at the time t will not be observable after a time At outside 
a sphere with the radius r and A as its center, r mcreases contmuously with 
At, and r = 0 for At = 0 This law is called the principle of action by contact 
Occasionally, it is formulated m connection with the mductive principle of 
causality in the following way events in a finite volume V can be calculated 
for all times if the state m the interior of V is given for one cross-section, and 
the state at the surface of V for all times 2 The principle of action by contact 
is expressed in the assumption that effects from outside can reach V only by 
way of its surface This principle is accepted by modem physics, it is closely 
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connected with the transition to differential laws and the field concept Yet 
it would be a mistake to believe that there is a necessary connection between 
this principle and the inductive principle of causality, even though it has been 
contended that events inside V would be chaotic if all external processes had 
an immediate effect upon the interior of V In order to overcome this diffi- 
culty, it would be sufficient to assume that every effect decreases greatly with 
the distance from its origin, and that no finite time interval would be needed 
for its propagation In this case, external influences in V would be small 
compared to internal ones, and would constitute only minor disturbances 
Under these circumstances, a knowledge of the surface conditions would no 
longer suffice for a calculation — this condition expresses the violation of the 
principle of action by contact — but for any desired exactness of the calcu- 
lation within the frame of probability statements, the knowledge of a certam 
volume surroundmg V would be sufficient Newton’s theory of gravitation 
corresponds to such an assumption Even quite different assumptions could 
save the inductive character of a determination of the events within V 
because these events can be calculated, in any case, only with probability 
Since the principle of action by contact can be divorced from the induc- 
tive principle of causality, it can be tested empirically if the mductive prin- 
ciple is used for its confirmation It is obvious, therefore, that the principle 
of action by contact is not a necessary presupposition of knowledge 

It is erroneous to infer from the principle of action by contact that there 
must exist a finite upper limit for all velocities of propagation Although this 
assertion is made in the theory of relativity, it is not derived from the prin- 
ciple of action by contact, but is based on specific empirical grounds From 
the principle of action by contact, one can only infer that every effect 
spreads with a finite velocity, possibly without a finite limit 

(4) Finally, causality asserts that there is a temporal order of events the 
cause precedes the effect m time This assertion has caused much confusion 
due to its imprecise formulation First, it became associated with Zeno’s 
familiar paradoxes of the contmuum, and led to the conclusion that temporal 
sequence means simultaneity in the infinitesimal, cause and effect were said 
to happen simultaneously We refer to Russell’s works 3 for an explanation of 
these paradoxes, the paradoxes have no bearing upon the problem of caus- 
ality Secondly, the temporal order of the relation of causality has become 
the source of metaphysical and anthropomorphic interpretations Causality 
has been seen as a mysterious relation of ‘being contained m each other’ 
projected into time, the effect is said to be potentially contained m the cause, 
to emanate from, and to be actually identical with, the cause In short. 
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some philosophers became enmeshed m obscure conceptual constructions 
instead of formulatmg structures of order Other philosophers, who rejected 
these metaphysical trappings, wanted to deny the temporal order of causality 
altogether, and tried to reduce causality to the assertion of a functional 
relationship in the sense of the mductive principle of causality They did not 
notice that they thereby neglected a part of the principle of causality 

We can formulate the assertion concemmg temporal order contained in the 
principle of causality as follows it is possible to assign uniform time indices 
to all natural events m such a way that the cause always precedes the effect in 
time Temporal sequence is defined by the relation of cause and effect, this 
relation can be discovered on the basis of certain criteria We arrive at an 
objective statement by companng all of the particular time relations obtained 
in this way, and the significance and the practical value of this temporal order 
consists in its overall consistency This is the meaning of the given formula- 
tion It is not a necessary condition, but depends on certain assumptions 
concerning physical events that can be formulated as axioms Whether these 
axioms are actually satisfied can be tested empirically For a justification of 
these remarks, I refer to my Axiomatik der relativistischen Raum-Zeit-Lehre 
[1924h] The assertion of the temporal order of causality can thus be dis- 
tinguished from the inductive principle of causality Whether it holds in reality 
is a matter of experience 

Now we recognize that assertions 2-4 supplement the mductive principle 
of causality, but have no independent status They always presuppose the 
inductive principle of causality With respect to the possibility of empirically 
confirming the principle of causality, which we shall discuss in the following 
sections, only the mductive principle is important We shall therefore often 
speak m the subsequent discussion simply of the principle of causality when 
we mean its mductive core 


2 THE DISCOVERY OF GOVERNING FUNCTIONS 

We shall now proceed to develop a rigorous formulation of the mductive 
principle of causality We shall be guided by the procedure that the physicist 
uses in order to establish an individual law He begins by formulatmg a 
function, which he first maintains as an hypothesis, and then tests by experi- 
ments The hypothesis will be regarded as true or false depending on whether 
or not the test supplies quantitative confirmation 
We write the function to be tested in the form 
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F r (Pi P r ) ( 1 ) 

where p x p r are parameters that characterize the process We can conceive 
this function as describing a surface in the r-dimensional space of the para- 
meters pi p r , a set of values p x p r we call a point p of this space Now 
we wish to compare the function with the observational data For this 
purpose, we take observed sets of correlated values p* x p* r , which we shall 
call observed points p* , and see whether these points p* lie on the surface 
F r , 1 e whether the sets of values p* x p* r satisfy condition (1) The class 
of the observed points p* is called the class M 

The gas law p v-—'T which can be written in the form 


F r 


P 9 vm 

R-T 


supplies an example of a function to be tested The parameters p x p r are 
the five magnitudes p, v, T, m, R If m and R are regarded as constants, then 
F r can be visualized as a surface in the three-dimensional space of p, v, T 
Then p, v, and T can be vaned experimentally and measured individually 
Sets of correlated values of these measurements furnish unobserved point p* 
in this three-dimensional space The question arises whether the points p* he 
on the surface (1) The fact that certam parameters are constant and cannot 
be varied creates no difficulty Supposedly, this fact is only due to alack of 
technical means and of scientific knowledge, we may assume that all physical 
constants can be represented as functions of other constants The problem 
is irrelevant in this context, and our following considerations will not be 
affected if constants occur among the parameters p x p r Incidentally, 
m our example, the molecular weight m can be varied if other gases are used 
Another example is furnished by Newton’s equation describing the orbit 
of a planet Here the space-time co-ordinates occur among the parameters, 
but this fact does not contradict what was stated above as the second assertion 
contained in the principle of causality because these co-ordinates occur only 
implicitly, if the solar system is at a different space point at a different time, 
the relative co-ordmates have the same numerical values Therefore, we can 
treat the relative co-ordmates in the same way as other parameters Strictly 
speaking, they are not co-ordmates but space-time distances Their role is the 
same as that of the parameter volume in the gas law; this parameter is likewise 
a result of measurements of spatial distances Among the parameters are 
furthermore the mass of the sun, initial position and initial velocity of the 
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planet, and the gravitational constant Usually these magnitudes are called 
orbital parameters In addition to the co-ordinates, we can also vary the 
orbital parameters by taking other planets into consideration In this 
example, in contrast to the previous one, there are no experiments , there are 
only observations , this means that we cannot establish arbitrary sets of values 
Px p r But this fact is irrelevant for the problem of testmg the principle of 
causality 

Let us now imagine that the test has been performed We cannot expect 
that all pomts p* will he exactly on the surface F r , but if the deviation is too 
great, we shall modify our theory Let us assume that the deviations are 
considerable Then we can avail ourselves of two methods of changing our 
hypothesis 

(1) We assume that our data are false The magmtudes pi p r , however, 
are not directly observed, but are usually inferred by means of theoretical 
considerations from the indications of the measuring mstruments, 1 e they 
are derived with the help of functions 

Pi = £(<7l ?m) 

from other data q x q m The mistake therefore could lie m the functions 
P t Yet, if one has made use of functions that are highly confirmed through 
frequent previous observations, and the test has been performed according 
to the schema we described, we shall regard the values p*x p* r as correct 

(2) We assume that the observed phenomenon is not adequately described 
by expression (1) and replace it by 

K + s(Pl Pr > Pr* 1 Pr+s) = 0 (2) 

We call the magnitudes p^x p^ 8 additional parameters , they correspond 
to other relevant causes They are vanables, and are determined for every set 
of values p* x p* r m such a way that (2) is satisfied with the desired exact- 
ness This result can also be reached without the introduction of additional 
parameters by a change of the function F r alone, but it can be better accom- 
plished by the use of additional parameters, and later we shall make use of 
the greater adaptability gamed in this fashion The pomts p* of the /'-dimen- 
sional space are now spread over the r 4- s-dimensional space of the para- 
meters px p r+s , two points p* that were previously close together may 
now lie far apart because of the difference m their co-ordmates p r+x p r+s 
This is the reason that the choice of a simple function F' T + B is more easily 
attamable 

For F'y+s we lay down the following conditions 
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(a) The surface F f r+ S should he in the space of the parameters p x p r+s 
in such a way that the observed points p* lie sufficiently close to the surface 
This approximation is required ‘on the whole’ , 1 e greater deviations of indi- 
vidual points are permitted We may require, for instance, that the sum of the 
squares of the perpendicular distances of the p* from the surface divided by 
the number of the p* be within a given interval of exactness In this con- 
nection, the additional parameters p r+1 Pr+ S may be regarded as variables, 
1 e they may assume specific suitable values for every set of values p x p r 

(b) The function F t r ^ s should be the simplest among all those functions 
satisfymg condition (a) It is not possible to define the concept of simplicity 
precisely, but we shall nevertheless be able to apply it with sufficient 
assurance Simplicity refers to mathematical form, for example, a lmear func- 
tion is simpler than a quadratic one, a function with few oscillations is 
simpler than one with many oscillations One often draws a simplest curve 
through an observed sequence of points, this is the concept of simplicity that 
we mean Furthermore, a function F' r+S needmg a smaller number of ad- 
ditional parameters is simpler than another one 

(c) The function F r r+ S should be justified , 1 e it should be possible to 
incorporate the additional parameters mto other relationships There should 
exist functions 

Pr+i (Qi Qh) =* Pr+i z = 1 ^ 

and the special values p%, which the parameters p r+l assume relative to the 
p* i p* r should be related by means of the functions to observational 
data q\ q\ which have been found experimentally to belong to the 
respective sets of values p*j p* r The functions Pr+i should be confirmed 
empirically in the manner described here for the function F'r+ S 

If the justification of the function F f ^ 8 is not completely successful, the 
function should at least be plausible , 1 e some of the requirements (c) may 
be replaced by weaker ones If it is not possible to determine the p* r+l quan- 
titatively, they should at least be justified qualitatively 

These three requirements are rather mexactly formulated, but they deter- 
mine with sufficient precision a function F' r+fi We shall call it the function 
governing the class M 

We can trace the introduction of F f r+ S in our examples For the first 
example, F f r+ 8 is van der Waals’ equation 

P + 3 ( v ~b) = ~-T 
v L m 
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It satisfies conditions (a) and (b) The additional parameters p r+1 p^ s are 
van der Waals’ constants a and ft, the relations P r+l are the equations that con- 
nect these constants with the force of attraction and the effective volume of 
the gas molecules Moreover, these relations explain the significance of the 
additional parameters Thus condition (c) is satisfied 

In the second example, F' r+S is Einstein’s orbital equation which yields a 
precession of the perihelion The additional parameters are the magmtudes 
the P r +i a * e given through the connection of the with light rays, 
clocks, and measuring rods Condition (c) is also satisfied by Einstein’s 
principle of equivalence With respect to condition (a) we must remember 
that F' r+S is to supply the observed precession of the perihelion not only for 
one planet, but for all of them, it should be applicable to variable distances 
r from the sun This condition is not satisfied if Newton’s law is corrected 
only in the exponent, whereas Einstein’s law is adequate 

We have now found an improved law /v s , but we may ask whether this 
law is correct In order to answer this question, we proceed with the expen- 
mental test By observation, we determme further values p* , 1 e sets of values 
p*i p* r , and compare them with the calculated values These values 
p*i p* r should lie within the same value domain as before In this way, the 
class M of the observed values p* is extended to the class M f which comprises 
the old and the new values Now the decisive question arises is the function 
Fr+s also the function governing the new class M\ or does M ' lead to a new 
governing function F’^+s+P No increase m precision is required for condition 
(, a ), the limits of exactness remain the same Nevertheless, it is possible that 
the new points p* may lie too far away from the surface F' r + S m the r 4- s - 
dimensional space, and thus may be scattered without any relation to the 
surface if parameters pr+ x Pr+ S are co-ordinated to them according to 
the previous rules Under these circumstances, the introduction of new 
additional parameters p r+5+1 Pr+s+t a nd a new function F" r+s+f will be 
needed 

It is always possible to establish a function accordmg to conditions (a)-(c) 
because the class of the measured values p* is finite and the new parameters 
can be used to fulfil the simplicity condition The establishment of a func- 
tion F' r+S is therefore compatible with every result of the measurements, 
experience cannot disconfirm it However, the answer to the above question 
depends on experience in so far as the new points m M* may be situated in 
such a manner that a completely different function is mdicated 

With respect to our examples, this question may be formulated as follows 
If I make further measurements of a gas, will the newly determined values 
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coincide, within the required exactness, with the constructed p-^jT-surface 
of van der Waals’ equation 7 Or will they supply a completely different 
surface, for mstance, with more points of inflection 7 Will they satisfy 
Einstein’s formula with the previous exactness if I make further measure- 
ments of the perihelia of the planets 7 Or will they require a new formula 7 
We can imagine the procedure continued, we extend the class M' of the 
observed points p* to a class M n which comprises new observations in ad- 
dition to the previous ones We can then establish the function governing 
M" By continuing in this way, we arrive at a sequence of governing func- 
tions, we shall call it the governing sequence of the classes M ‘ M\ M n 
Dependmg on the answer to our question, two types of governmg sequences 
result 


I 

II 


FrF'^F'n FWs 
F r F' r +s F"r+f, +t F% s+t+ 


+ W 


The core of the inductive principle of causality is obviously represented by 
the assertion that type I and not type II results Before we enter mto a more 
detailed discussion of this assertion, we want to correct our considerations 
in one respect It may be objected that the form of sequences I and II 
depends on the accidental separation of past from future observations Yet 
this circumstance, which is connected with the person of the experimenter, 
should not have any influence smce it is our purpose to characterize an 
objective state of affairs by the types of the sequences We can exclude this 
influence by restrictmg our assertion to one observed measured sequence 
We imagine that all the measurements p* forming the class have been 
executed Only now do we start with the test If we were to treat the total 
class as we treated the first class M, we would pass directly from F r to 
F^ r+8+t+ +w(°* to the corresponding function of type I), 1 e we would 

obtain only two elements of the sequence Therefore we use another method 
We form all subclasses of M ^ — it is a finite number smce M ^ is finite — 
and arrange them m a sequence such that an earlier term of the sequence 
never contains more elements than a later term, subclasses with an equal 
number of elements are arranged m arbitrary order We form the governing 
function for each subclass, and arrange these functions m the order of the 
corresponding classes Thus the governing sequence is defined, independently 
of the observer, as a function of the number of elements in the class The 
resulting sequence may again be of type I or type II Evidently, these two 
possible forms constitute an objective characteristic of the numerical data 
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This procedure will never supply type I in pure form The subclasses 
showmg ‘singularities’ furnish different governing functions that occasionally 
deviate from the sequence, but the regular functions will be more frequent, 
so that the type can be clearly recognized We shall call such a sequence a 
complete governing sequence , in contrast to the incomplete governing 
sequence which results if the choice of the subclasses is left to chance Even 
this chance selection need not come about in the manner described above, by 
means of alternate calculation and observation, it is possible to first obtam 
all the numerical data, and then to select subclasses M, M\ M” accordmg 
to laws of chance, for instance, by throwing dice 

Sequences I and II characterize an objective state of affairs One notices 
that the requirement of simplicity has a decisive influence It is due solely 
to the requirement of simplicity that the subclasses M\ M" furnish 
different governing functions from that furnished by the total class M ^ 
The governing function F^ l \ +s+t+ + w belonging to satisfies conditions 

(a) and (c) for the subclasses, but occasionally does not satisfy condition 

(b) It is due to this fact that the type of the governing sequence represents 
an objective characteristic of the physical events under consideration 


3 THE PROBABILITY INFERENCE 

Let us now mvestigate which of the two types of sequences, I or II, is realized 
m the physical world, or rather what we are able to say about this problem 
Here we encounter a difficulty which we have not mentioned before 
The main feature of the two sequences I and II is that they are forms of an 
infinite sequence It is possible that an initial finite section might be the 
same for both types, and that the difference might manifest itself only m the 
sequence of the infinitely many subsequent elements The construction of a 
sequence on the basis of experience, however, will always furnish only a 
finite number of elements, and therefore we cannot know with certainty 
which type is represented If we have ten members of form II, we cannot 
know whether the following elements will represent form I, and vice versa 
Here we encounter a fundamental difficulty in physics which does not exist 
in mathematics In mathematics, we can make absolutely certain statements 
about the character of an infinite sequence because we need not know all the 
elements in order to do so Thus, we know that the division of 367,895 by 
1233 yields an infinite sequence of decimals which becomes periodic after a 
certain element, whereas, when we calculate y/T, we obtam an infinite 
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sequence in which continuously new groupings of integers occur instead of 
periods We know this because these sequences are given intentionally , 1 e , 
all their elements are determined by the given designation, and the properties 
of the sequence can therefore be inferred from the nature of the defining 
operations For an interpretation of the sequences I and II, we do not have 
such criteria since they can be given only by an enumeration of their ele- 
ments, 1 e extensionally Although types I and II of the sequences are well 
defined conceptually , and can be precisely distinguished, we cannot know in 
an actual case which type is represented It is, however, possible to come to a 
decision if probability statements are admitted as meaningful 

Let us imagine that we have established the governing sequence for experi- 
ments concerning the gas law As we know — we want to adopt the naive 
point of view for the moment — van der Waals’ equation will satisfy the 
experiments within a certain range of the vanable with a certain exactness 
We shall obtain a relatively large number of elements according to type I 
Although we must break off the sequence after a finite number of elements, 
we shall say, nevertheless, that there exists a high probability that the follow- 
ing elements will be similar, and that type I will be realized In any case, this 
is the kind of inference that is used m practice 

It is at the same time the kind of inference that is used to establish a 
particular law of nature If we want to know which law describes the experi- 
ments performed with the gas, we infer from a finite number of the elements 
of the sequence that the specific function 

(*+£)•(.-»)- £- 7 - 

is the desired law We make this mference on the assumption that the infinite 
sequence would furnish this function if it could be constructed We are again 
left with a probability mference 

We shall later have to mvestigate whether the probability inference can be 
avoided if a pnon principles are admitted For the time bemg, we shall base 
our considerations on the assumption that this mference is meaningful and 
admissible, and with the help of this assumption try to analyze the meaning 
of the principle of causality 


4 FORMULATION OF THE PRINCIPLE OF CAUSALITY 


When we connect a set of measured values by a function, we can interpret 
the result in two ways First, the function may simply describe the numerical 
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data If p* i p* r - 1 are observed values of parameters, the function F r can 
serve the purpose of calculating the value p* r of the last observed parameter 
belonging to this system The function must furnish the correct value p* r 
within the desired interval of exactness because it was fitted to all observed 
points p* In this case, the function is nothing but an alternative indication 
of the last parameter But since this parameter must first be observed in order 
for us to find the function, nothing is gained by the construction of the 
function, we would not call it a law If the function connecting the set of 
observed points is to have this extended significance, something more is 
required from it For any unobserved value p x of the parameter, it 

should furnish an unobserved value p r that one would have observed as 
belonging to it if the parameters p x p r ^ t had been observed Only such a 
function expresses a law, only such a function describes an objective state 
and is mdependent of the accidental observational data This mterpretation 
of law is always presupposed when we speak of causality This mterpretation 
raises the fundamental problem of induction we cannot know what we 
would have observed, only what we have observed Yet we beheve that the 
above interpretation is meamngful We can make random tests by first calcu- 
lating the values of the function, and then making observations and checking 
whether the observed values correspond to the calculated ones This proce- 
dure is equivalent to constructing a governing sequence But on the basis of 
such random tests we can only say whether the performed random tests 
agree, not whether all possible random tests will do so If we believe, never- 
theless, that frequent confirmation is sufficient to justify the probability 
statement that the function will always be correct, we are applying the in- 
ductive inference which we have characterized above as leading to an 
assertion concernmg the type of the sequence The assertion that our func- 
tion is more than a mere description of observational data, that it represents 
an objective law, a description of all possible observations , depends on the 
application of a probability inference 

Accordingly, a law is not a description of what is observed, but of what is 
observable We distinguish between the reproductive and the inductive 
description, the first is merely a reproduction of what is known through 
observation, whereas the latter describes something that to a large extent is 
known only by virtue of the description The inductive description is also 
called a law 

This extended significance of law is the reason that the governing sequence 
cannot have only a finite number of elements We regard the governing 
function as a law of nature only because we assume that it will remain the 
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same when the sequence is extended to any number of further measurements, 
the proper meaning of the principle of causality can therefore be formulated 
in the following way causality exists when the governing sequence exhibits 
type I 

So far we have construed physical laws as functions of physical parameters 
p 1 p r Now we have to investigate whether space-time co-ordinates can 
also occur among the arguments Obviously, one cannot know beforehand 
whether measurements m the same system at different times and at different 
places will furnish the same results, m general, one will have to expect a 
function F(pi p Y} x x jc 4 ) It is possible, however to eliminate the space- 
time co-ordinates by introducing functions 

Pr* 1 = fcl(*l *4) 

Pr+4 = *4) 

that characterize, instead of the space-time co-ordinates, certam magnitudes 
Pr+i Pr +4 determining physical states The p r+1 p r+4 can then be 
regarded as a space-time field, any influence upon physical events is ascribed 
to this field, while the space-time co-ordinates are eliminated from the laws 
of nature It is a matter of taste whether one prefers this procedure or 
whether one wishes to retam the space-time co-ordmates explicitly m the 
laws Yet the second property of causality mentioned m Section I can always 
be obtained if causality exists at all, 1 e if the governing sequence assumes 
type I The independence of the laws from space-time co-ordmates does not 
constitute a separate empirical pnnciple The procedure descnbed above, by 
which the number of the parameters p t is mcreased until a governing sequence 
of type I is reached, will at any rate result m the elimination of the co- 
ordmates, one will automatically proceed in this way until the parameters 
Pr+i Pr +4 are also mtroduced 4 


5 THE SIGNIFICANCE OF THE REQUIREMENT OF SIMPLICITY 

We suggested at the end of Section 2 that the requirement of simplicity is of 
great importance for the establishment of the governing function, without it 
the function is not umquely determined It is well known that simplicity plays a 
decisive role m the theory of the laws of nature, and we are now in a position 
to explicate the requirement of simplicity on the basis of our formulations 
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In Section 4 we distinguished between reproductive and inductive descrip- 
tions The requirement of simplicity can be made even for reproductive 
descriptions Among the many possible descriptions, it would single out one 
and m this way determine the choice The function obtained in this manner 
would be the simplest description We call this simplicity descriptive sim- 
plicity, it is a characteristic of the description alone, not of the objects which 
are described Any other more complicated function would represent the 
observed sets of values p* , l e the objects of the description, just as well We 
can characterize this simplicity also as logical economy There are cases where 
physical theories make use of descriptive simplicity, in the theory of space 
and time, for instance, it determines the choice of the simplest geometry 5 
For our present problem, simplicity has a different significance We saw that 
the governmg function is supposed to be a law, l e an inductive , not merely 
a reproductive description This claim is based on the property of simplicity 
When we make the requirement of simplicity for the governmg function, we 
assume that it is the simplest function which will furnish a sequence of 
type I This simplicity is called inductive simplicity , it has nothing to do with 
economy, but claims to lead to laws which hold objectively 

Let us illustrate the significance of mductive simplicity A number of 
measured pomts may be given in a plane co-ordmate system We can connect 
them by a simple curve or by a complicated one that oscillates several times 
between two neighbouring measured pomts If the latter curve were the 
correct one, namely the curve on which further measurements will he, the 
given measured pomts would constitute an exceptional selection, which is 
not characteristic of this curve but which suggests, by chance, a more regular 
shape Yet we deem it improbable that the measured points represent such a 
singularity, and we regard the simplest interpolating curve as the most prob- 
able one In this interpretation, we were guided by a ‘hunch’ that influences 
our thinking considerably But we can formulate this idea also as an hypo- 
thesis , if there exists a random selection of measured values, it is improbable 
that it represents an exceptional selection This statement is certamly an 
hypothesis, l e an assumption about nature, and does not refer to a property 
of the description In this formulation, we have not mentioned the simplicity 
of the description, but we have assumed that we had the correct description 
In this case, our hypothesis is an assumption that future measured values will 
lie on the curve Therefore, it is also an hypothesis, and the same hypothesis 
m a different form, that for a given finite number of measured points, it is 
the simplest curve upon which future measured values will lie 

The considerations holding for the curve in the two-dimensional co-ordmate 
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system hold correspondmly for the surface (2) m the space of the parameters 
First, we need the requirement of simplicity in order to establish a connectmg 
function beyond the observed data because the mere requirement of approxi- 
mation admits of infinitely many functions Furthermore, we want to arrive 
by means of this requirement at that function which corresponds to future 
measurements We can formulate more precisely what is expected of the 
requirement of simplicity with respect to future measurements The funda- 
mental shape of the surface is essentially determined by the requirement 
of approximation, 1 e by the measured points We need the requirement of 
simplicity in order to mterpolate and extrapolate to determine the inter- 
mediate values of the parameters, and the closely located exterior values of 
the parameters The requirement of simplicity thus constitutes the hypothesis 
that the desired function is the smoothest one (the one showing the least 
oscillation) or that the smoothest surface is the most probable one The 
probability hypothesis represented by the requirement of simplicity is there- 
fore an hypothesis of contmuity This result is noteworthy because con- 
tinuity plays an important role m the theory of probability 

The foregomg considerations help us to justify the hypothesis of simplicity 
m terms of the theory of probability If we wished to test this hypothesis 
empirically, we would have to proceed in the following way we would have 
to find new observed values p* lying between the old ones, and establish 
the governing function for this larger class of values If the hypothesis of 
simplicity is correct, the previous governing function, obtained with its help, 
must also hold for the larger class Thus we test the hypothesis of simplicity 
by mcreasmg the density of the observed points Two results are possible 
either type I is obtained or not If it is obtained, the hypothesis of simplicity 
is confirmed We can know only with probability whether type I will result, 
but we know with certainty if it results the hypothesis of simplicity is 
confirmed If type I does not result, there are again two possible cases The 
failure may be due to the fact that the hypothesis of causality does not 
hold, then it would be impossible to find any continuous function approxi- 
mating type I, even by violating the requirement of simplicity On the other 
hand, the failure may be due to the requirement of simplicity, and if one 
were to abandon this requirement and choose a more complicated (yet 
continuous) function F, a sequence of type I would be obtained In the 
latter case, one should continue with the observations, according to the 
assumption, the points will satisfy the function F approximately One should 
be careful to set the mstruments or to choose the observations m such a way 
that the measured points will be distributed as evenly as possible over the 
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space of the parameters so that the distance between any two succeeding 
observed points will nowhere be too great, the larger the number of observed 
points, the smaller we make the average distance between them When enough 
points have been plotted, the function F , because of its continuity, will also 
be the simplest interpolating function between them, and from then on the 
property of simplicity will again be satisfied by the govermng function The 
failure of the method due to the requirement of simplicity resulted from the 
fact that under the supposition of an even distribution of observed pomts, 
the class of measured values was too small Summarizing, we can say Either 
no continuous causal laws exist , or they can be obtained by the requirement 
of simplicity This assertion holds with certainty , not only with probability 
The above argument justifies the requirement of simplicity Of course, 
we must not infer with certainty from this argument that the simplest con- 
necting function will correspond to future observational results because we 
cannot know whether we had a sufficient number of observed points, or 
whether, within the given interval of exactness, a continuous function can be 
constructed only on the basis of a larger class of pomts But we do know if 
any function exists that fulfils the requirement of approximation (a) for all 
classes M^ k \ M^ k+1 ^ , then the probability that this function for is 

also the simplest according to requirement (b) converges with increasing 
k toward 1 The above assumption that the simplest function is most prob- 
ably the correct one follows from this result If we prefer the simplest among 
all the functions that connect the observed pomts, we do so on the basis of 
the probability inference that a given element with a finite ordinal number 
exhibits the type represented by the whole sequence In the present section, 
the probability inference itself is accepted without proof 


6 THE APRIORIST CONCEPTION OF CAUSALITY 

We have formulated the principle of causality precisely enough to enter into a 
critical discussion of some philosophical doctrines concerning it It is essential 
for our conception of causality to assume that probability statements about 
an infinite sequence can be made when only a finite number of the elements 
of the sequence are given This assumption contains the specific difficulty of 
the problem of causality It is the source of the great vanety of interpre- 
tations of the problem of causality because, at closer exammation, it appears 
so puzzling that new attempts to circumvent this assumption are always 
being made We can say that scientific discussion of the problem of causality 
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began with Hume’s discovery of this difficulty 6 However, Hume’s treatment 
of this difficulty was not successful because his interpretation of the induc- 
tive inference as a habit does not solve the problem Subsequently, two major 
attempts to avoid using the inductive mference have been made We shall 
analyze these two attempts, the apnonst and the conventionalist on the basis 
of our precise formulation of the principle of causality 

Apnonst philosophy also takes the infinite governing sequence mto 
account, but rejects the inductive inference It refuses to mfer the nature of 
the sequence from a finite number of empirically established elements, yet 
maintains that we can make judgments about the structure of the infinite 
sequence by other means The source of these judgments is a priori intuition 
It is claimed that the principle of causality is required on grounds which 
pertain to the nature of pure reason, and that it is impossible for reason to 
fail m this respect These philosophers consider causality a self-evident prin- 
ciple although they admit that it is not logically necessary, and they appeal 
to the fact that science is permeated by the belief in causality This justifi- 
cation is of the same type as Kant’s first justification of synthetic a priori 
judgments [1920f, p 106, n 17] According to this view, knowledge con- 
cerning the nature of the infinite sequence springs from a special source 
winch we shall call a priori intuition 

Once the inductive mference has been rejected, the apnonst contention 
can be maintained m the face of all possible experience In this case, any 
empirical refutation of their assertion is impossible because the sequences 
of types I and II are infinite If I have discovered that a number of elements 
of the govermng sequence correspond to type II, I can still hope that sub- 
sequent elements will correspond to type I It is always possible to search 
for causal laws which have not yet been discovered 

Even if we grant, for the moment, that the probability mference may 
be rejected, we maintain, nevertheless, that the resulting irrefutability of 
the apnonst conception is not equivalent to its justification Such an argu- 
ment overlooks the fact that the assertion 'such and such a type of sequence 
holds’ is always an empincal statement If type I does not hold in reality, 
one will never find causal laws, however long one searches for them If 
causality is regarded as a priori necessary, it must be possible to show m 
some way that type I and not type II of the sequence holds in the physical 
world, if it is impossible to do so on empincal grounds due to the rejection 
of the inductive mference, the justification must be given on other grounds 
We recognize immediately that such a decision is not possible The type of 
the govermng sequence depends on what measured values p* i p* r are 
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obtained, and the assumption that type I holds constitutes a restriction on 
the possible values of the measurements This restriction would mean that the 
elements of the governing sequence obey an intemional rule, but the 
sequence can only be given extensionally It is given by the measured values, 
and nobody can know what measured values will be obtained Since it is 
mathematically possible to construct classes M, M\ M'\ m such a way 
that type I is not realized for the proper mtermediate values — every subse- 
quent class M ^ can be chosen in such a way that it will lead to a different 
governmg function — it is possible for the empirically given classes M ^ to 
have such irregular nature The assertion that causality is necessary because 
of the nature of pure reason means that pure reason has an influence upon 
the values of the measurements, yet nobody would seriously defend such 
an assertion 

Let us return now to the rejection of the inductive inference by aprionst 
philosophers They could rightly reject this inference only if they could 
avoid it everywhere But that is impossible Even if they avoid it in con- 
nection with the general principle of causality, they have to admit it m order 
to establish any particular law If we want to know what law of nature 
applies in a given case, say that of changes m the pressure of gases, we can 
only use the procedure described above for the formulation of the governing 
function We have to infer from a finite number of elements that the resulting 
function - say, van der Waals’ equation — will probably remain the same for 
all subsequent elements In this case, apnorist philosophers must also admit 
the probability mference — why are they entitled to reject it in establishing 
the general principle of causality 7 Those philosophers who hold an apnorist 
conception of causality frequently use the following argument m defending 
the different ways m which they treat particular laws and the general prin- 
ciple of causality They contend that the inductive mference concerning a 
particular law is justified only because the general principle of causality is 
absolutely certam If this were true, the general principle of causality could 
neither be confirmed nor refuted by an mductive mference since there would 
be no basis for this mference Let us examme the above contention 

Suppose we had constructed the governmg sequence for a given case and 
we were trying to discover the corresponding particular law What use would 
it be to know with certainty that after a certam element F ^ of the sequence 
the governmg function will remam the same 7 Even if we had found a number 
of identical elements, we would not know whether we had reached the 
element F ^ We might not yet have reached F ^ and the elements might 
change once more Our a pnon knowledge of the existence of such an 
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element does not facilitate the inductive inference in the least In order to 
clarify these considerations, let us distinguish three cases 

(1) It is certain that the sequence will not be of type I 

(2) It is certain that the sequence will be of type I 

(3) It is uncertain whether the sequence will be of type I or not 

In the first case, it is inadmissible to infer any particular law, however many 
elements corresponding to type I we may have found, we are certain that ulti- 
mately we shall arrive at the infinite sequence of the deviating elements The 
second and third cases do not differ from each other in their bearing upon 
our mference, the second one does not give us any more right to infer the 
existence of a special function than the third one does We can only assert if 
it is to be possible to establish particular laws of nature, it cannot be an a 
priori principle that causality does not hold However, the existence of caus- 
ality may not be asserted as an a priori principle, that wbuld be a serious 
mistake 

Thus the last defense of the a priori conception of causality breaks down 
This conception involves an assertion that would restrict the possible behavior 
of nature, and therefore it cannot be maintained The aprionst conception 
would not even eliminate the difficulties involved in discovering particular 
laws of nature by means of inductive inferences since it cannot justify such 
inferences Therefore, this conception must be abandoned 


7 THE CONVENTIONALIST CONCEPTION OF CAUSALITY 

The conventionalist conception is an elaboration of the apnorist view How- 
ever, it is not based on the idea that a priori principles hold objectively, but 
rather on Kant’s other contention that they are necessary presuppositions of 
knowledge 7 Kant had attempted to justify the necessity of a priori principles 
by maintaining that they are indispensable for all knowledge Conventionalism 
has adopted the view that there must be specific principles compatible with 
the totality of expenence because we keep ordenng our experiences until they 
satisfy these principles Conventionalist philosophers draw the correct con- 
clusion that these principles lose their apodictic character because they do not 
state anything about reality, if these principles are compatible with every 
expenence, they do not say anything about the content of experiences but 
only something about the manner of descnbing that content From the episte- 
mological point of view, these principles are therefore arbitrary and empty 
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Yet the conventionalist assertion itself is not empty, to say of a principle 
that it is compatible with every experience is to make a synthetic assertion 
since the continuous application of a principle to certain conceivable experi- 
ences may finally lead to contradictions At any rate, contradictions are 
possible if more than one principle is used, smce these principles might 
conflict when applied to certain experiences If one wishes to adopt the 
conventionalist interpretation of causality, one must first find out whether 
the principle of causality could contradict itself or other principles with 
regard to conceivable experiences 

The conventionalist conception promises to be a successful solution for 
the problem of causality as we formulated it This problem consists in pre- 
dicting the structure of an infinite sequence We showed that such a sequence, 
m so far as it is given at all, is given extensionally , and that therefore we have 
no means of inferring its structure from its definition For this reason, we 
introduced the probability inference which encounters so much resistance 
The conventionalist conception offers a special method for avoiding the 
difficulty connected with the extensionally given sequence 

The sequence is given extensionally only because we have constructed it 
in this way We defined the governing function in such a way that it is com- 
pletely dependent on the empirical numerical values Are we compelled to 
give such a definition 7 Is it not possible to include in the definition of the 
governing function a prescription guaranteeing that the resulting sequence 
of governing functions will be of type I 7 Then this sequence would no longer 
be determined purely in an extensional manner, but in some respects it 
would be determined intensionally , and we could make the desired statement 
about the infinite sequence with certainty because we would be able to derive 
it from the mtensional definition of the sequence 

It is the fundamental tenet of conventionalism to explain the contmued 
confirmation of certam principles by showing that these principles are 
deliberately maintamed In order to apply this tenet to the principle of 
causality, we need only add the following condition to the definition of the 
governmg function 

( d ) Once the governing function has been established for a class M ^ 
according to conditions (a)-(c), this function may not be changed for the 
subsequent classes 

If this condition is satisfied when the governmg function is established, it 
follows with certamty that the infinite sequence will be of type I 

But now we have to ask whether conventionalism can carry through this 
condition without arriving at contradictions Can we prove that for any given 
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numerical values requirement (d) will be compatible with requirements 
(tf)~(c)? This is the problem of the conventionalist conception of causality 
Let certain classes M, M\ M ", M ^ M^ i+t>} of measured values be 

given, and let us adopt requirement (d), i e that the governing function 
should be the same for the classes M ^ to If the governing function 

for Af (l) has been formed accordmg to requirements (< a)-(c ), we are no 
longer certain with respect to that the same function will still satisfy 

the requirement of approximation It is possible that (a) and (d) will contra- 
dict each other We can avoid the contradiction if we first establish the 
govermng function for M^ +t ^ accordmg to (tf)-(c), and then go backward 
and use the same function for the earlier classes In this case, (a) is satisfied 
because the earlier classes are subclasses of and the governmg func- 

tion of M^ l+t ^ approximates their measured values as well But then the 
requirement of simplicity may be violated for the earlier classes Require- 
ment ( d ) would therefore contradict either (a) or ( b ) 

The requirement of approximation is certainly the most important one 
because the resulting function could not be called a law without it, an 
assertion of causality that contradicts the requirement of approximation 
is self-contradictory Yet we cannot dispense with the requirement of sim- 
plicity either since it is the basis for assuming that the resulting function 
will also satisfy the requirement of approximation for the subsequent classes 
Af( I+ * +fe ) which have not yet been given Thus we cannot make a probability 
prediction that the function fitted to M^ l+t ^ but violating the requirement 
of simplicity for can be retamed for future measurements 

If we believe that this probability inference is unjustified, we have to test 
it by forming further classes M^ l+t+k ^ Should the requirement of approxi- 
mation be violated, we could change the function again, and from there on 
retain it accordmg to requirement ( d ), but we still do now know whether 
we shall ever arrive at an unchanging function by this method The mten- 
sional rule ( d ) does not help us because we do not know whether or not 
it will contradict the requirement of approximation when we make new 
measurements Since it cannot guarantee a sequence of type I, it cannot 
enable us to eliminate the probability mference If we admit this inference, 
however, we may be able to mfer from the violation of the requirement 
of simplicity for the subclasses M ^ that future measurements 

will probably contradict requirement (a) 

These are the reasons for the failure of the conventionalist attempt to 
justify causality as a necessary principle of knowledge without usmg an 
mductive inference to determine the type of the sequence The principle 
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of causality constitutes a restrictive statement about the behaviour of 
physical phenomena, and may therefore encounter contradictions This 
possibility cannot be ruled out by a rejection of the mductive inference On 
the contrary, in order to establish that the principle of causality holds, we 
are dependent upon the inductive inference 


8 THE PROBABILISTIC CONCEPTION OF CAUSALITY 

We want to call the conception of causality which we have developed m the 
present investigation the probabilistic conception, in contrast to the apriorist 
and the conventionalist conceptions According to the probabilistic inter- 
pretation, the principle of causality is an objective statement about the 
physical world, and it is possible to determine whether causality holds by 
means of a probability mference based on observations 

Empiricist philosophy asserts that this determination is based on experi- 
ence This point of view is usually defended m the following manner we 
notice that certain laws hold in particular instances, and we infer that the 
laws will hold in all instances This inference is an inductive mference and 
therefore not certain, exceptions to the principle of causality are possible 
We can only infer with high probability, on the basis of all past experience, 
that causality holds always and everywhere 

Yet these considerations do not solve the problem The mam problem 
concerning the principle of causality is not the assertion that it holds for 
all phenomena The mductive problem arises earlier, namely, with regard 
to each specific determination of causality, for mstance, with regard to the 
determination of the gas law Whether causality holds m a specific mstance 
can ultimately be decided only by investigating that mstance If causality 
holds in other cases, the probability that causality holds m the specific case 
under consideration merely increases , but this probability must be deter- 
mined initially on the basis of the relevant governing function The increase 
of the probability due to other cases is not very great because special circum- 
stances may mtervene m the specific mstance If the probabdity that causality 
holds m a specific case could not be mdependently established for at least 
one case, it could not be mcreased by an appeal to other cases Such an 
appeal presupposes that the probability that causality holds has been deter- 
mined for these other cases 

The correct inference has the following form since we have observed that 
the same function governs a finite number of observations, we conclude that 
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it governs all observations The presupposition of this inference is not that 
causality holds in certain cases, 1 e that an inductive description is true, 
but only that a reproductive descnption exhibits regularity This inference 
can be earned through separately for every particular natural phenomenon 
without considering its result in other cases By means of this inference 
alone we come to a decision concerning the given case 

Let us recall the space of the parameters in which the observed pomts 
p* have been plotted When we construct the govemmg function F, we 
assert that certain other pomts p t , which are determined by F on the basis 
of the p* , would be measured if we were to observe the corresponding 
states We must distinguish two statements 

(a) These other pomts are the points p t 

(b) It is possible to determine these other pomts on the basis of the p* 

Statement (a) represents the assertion of a particular law , and statement 
(b) the general assertion of causality for the particular case We can formulate 
the two statements m a different way if we assume that the governing 
sequence whose last actually determined element is F has been established 

(a) F is that element of the sequence after which all elements remain 
the same 

( b ) There is an element of the sequence after which all elements remain 
the same 

Now we can ask for the probability that these statements are true, let us 
call these probabilities P(a) and j P(b), respectively 8 Then we have 

P(b)>P(a) (1) 

P(b)<P(a) is excluded because (b) follows from (a), if (a) is true, then 
(b) is always true, and therefore the probability of (b) is not lower than 
the probability of (a) How are P(a) and P(b) determined? We do not wish 
to calculate these probabilities precisely, we know, however, that they 
depend upon how many elements of the govemmg sequence have been 
determined, and how many of them are the same The greater the number 
of identical elements, the higher P{a) as well as P(b) If we consider only 
the established elements of the governmg sequence for the determination 
of (b), then P(b)—P{a) But we may infer with high probability, from 
other expenences in which P(a) is high, that the sequence will still be of 
type I even though the elements established so far do not exhibit this type, 
and therefore P(b)>P(a) The assertion that P(b ) is higher than P(a) 
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expresses the empiricist idea that we may infer, from the fact that causality 
holds m other cases, that it holds m a given case, but this assertion exhausts 
the significance of the mference P(b) is largely determined by P{a) and when 
P{a) is low, P(b) is also low If P(b ) is low we say it is probable that causality 
does not hold in this case 

The aprionst and the conventionalist conceptions determine P{a ) in the 
same way as we do, but they set P(b)~ 1 by claiming that (&) holds with 
certainty However, this claim is mcorrect because P(b) is essentially deter- 
mined by the observed initial elements of the governing sequence If a prob- 
ability inference from the observed elements is admitted for P(a ), it must also 
be admitted for P(b) The assertion 

PQ>)<1 (2) 

characterizes the probabilistic conception of causality The fundamental idea, 
expressed incorrectly by the aprionst conception, that the certainty of the 
general assertion of causality is a necessary presupposition for the inductive 
ascertainment of every particular law, is taken over and formulated adequately 
by the inequality (1) 

If we infer in a particular mstance where P(b) is small that causality does 
not hold, we have presupposed that causality holds in other cases By regard- 
ing the observed pomts p* as correct, we have presupposed causality m the 
relation of the p* to the given measured values q\ , i e we have made the 
inductive inference that the functions P^Qi q k ) hold (cf Section 2) 
This assumption does not mvolve us in a contradiction It is possible that 
causality holds for certain phenomena and not for others, the assertion that 
causality holds for certain cases may lead to the inference that it does not 
hold for others 

We mfer P(b) by means of the probability mference characterized in 
Section 3 For the time bemg, it seems to be impossible to justify this infer- 
ence, although we cannot dispense with it The other conceptions of causality 
cannot avoid it either, because they need it for the determmation of P(a) 
Furthermore, we pomted out in Section 6 that the probability inference 
concemmg P(a) cannot be eliminated by setting P(b) = 1 , therefore, the 
statement about P(b) is as well founded as that about P(a) It seems that the 
conception of causality developed here is as well grounded as the probability 
mference Even though this mference has not yet been clarified sufficiently, 
it appears to be our best means of making statements about reality Without 
it we could hardly formulate a single law of nature 

The inductive mference has greater generality than the principle of 
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causality This result follows from the fact that we use this mference m order 
to determine whether causality holds On the other hand, the inductive 
mference is also employed for the determination of statistical laws The two 
forms of laws, causal and statistical, must be regarded as special forms of 
a more general assertion dealmg with the existence of probability laws m the 
physical world 9 

The different forms of probability show that causality does not occupy 
the central position which philosophy has traditionally ascribed to it In 
modern physics, statistical laws have acquired the same significance as causal 
laws, and their practical application does not lag behind that of causal laws 
It is therefore not impossible that physics will some day be confronted by 
phenomena that compel it to abandon causality We know that causal laws 
are becoming more and more complicated as we require greater and greater 
precision, and it seems that the microcosm is much more intricate than the 
macrocosm Some of the causal laws of the macrocosm could be explained 
as statistical laws of the microcosm, and even though certain causal laws 
could be taken over m atomic dimensions, it does not seem possible to 
describe atomic processes by their help alone Perhaps this result mdicates 
that causality does not hold throughout the microcosm It would certainly 
be premature to make such a definite assertion, yet if physics is not able to 
solve the problem of the quanta m a different fashion, it must not be handi- 
capped by a faith m the necessary existence of causality In principle, it is 
possible to determine on the basis of expenence whether causality holds 


NOTES 

1 For a finite number of data, an analytic function can always be established that 
connects the data strictly, not only approximately 

2 This formulation is given by M Schlick, Naturw 8, 46 if (1920) 

3 Bertrand Russell, Our Knowledge of the External World , Lectures V and VI (London, 
1914) 

4 At this place, the original manuscript contained detailed investigations concerning 
the possible occurrence of co-ordinates m the laws of nature, for the sake of brevity, 
we are omittmg these passages whose results we have summarized in the preceding 
paragraph 

5 Compare [ 1924h] (In this book, I distinguished between the two lands of simplicity 
for the first time ) 

6 Hume’s merit consists, fust of all, m his having shown that the inductive inference 
is not logically necessary His discovery that the inductive inference is not an inference 
of the logical type has since been accepted in philosophy There is another point m 
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which the principle of causality does not possess logical necessity It is not logically 
necessary for the specific relation F to hold between the parameters, a different relation 
F' could hold just as well If we say that the principle of causality is not logically nec- 
essay, we are making two assertions (1) it is not logically necessary that the regularity 
discovered for certain observations will persist for all observations, (2) a particular law 
of nature is not logically necessary (for instance, it is not logically necessary that heat 
expand bodies instead of contracting them) Furthermore, Hume has shown that the 
inductive inference cannot be justified by experience, if we were to infer its truth from 
the fact that it has held in the past, we would be making another inductive inference 

7 I analyzed these two aspects of Kant’s philosophy m detail m [1920f] Vol VII 

8 According to my recent probability notation ([1932f], p 568), each of these prob- 
ability statements would have to be wntten with two arguments since probability is a 
relation, but this consideration is irrelevant for the present discussion 

9 The preceding paragraph is a summary of a longer discussion in the original manu- 
script which has been omitted for the sake of brevity Let us add the following clarifi- 
cation according to the above considerations, the distinction between the two kmds of 
laws must be mterpreted m such a way that the statistical law may apply even if the 
sequence is of type II, l e even if causality does not hold According to our discussion, 
the establishment of a function of type I is a method of predicting with high probability 
the occurrence of each particular element of the sequence If such a prediction is not 
possible because the governing sequence is of type II, an alternative method of trans- 
forming the existmg low probability of the occurrence of a certain instance mto a high 
probability is available This method consists m usmg a large number of cases, m going 
from the particular case to a multitude of cases by means of statistics There may be 
two reasons for the occurrence of statistical laws either it is not possible to determine 
a function of type I for practical reasons, i e it is impossible to establish a high prob- 
ability for the particular case (as in the classical interpretation of the kinetic theory of 
gases), or it is impossible in principle to determine a function of type I because the 
governing sequence is of type II (as in quantum mechanics) 
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Remarks on Karl Popper’s The Logic of Scientific Discovery 
[1935e] 

i 

In a recently published book, 1 Karl Popper has set himself the task of analyz- 
ing the methods of scientific research and finding a solution for those prob- 
lems that he at the focal pomt of all logical questions of science the problems 
of induction and probability An investigation of these problems is certamly a 
worthy endeavor, if only because it seems to be necessary to attempt every 
conceivable solution in this complex field before deciding on the definitive 
answer Furthermore, Popper deserves credit for relying heavily upon math- 
ematics and physics and making extensive use of the conceptual tools of logi- 
cal positivism in the development of his ideas The discussion is thereby 
elevated to the plane of scientific philosophy, and we need not be bothered 
with hazy trains of thought that cannot progress beyond metaphor — as is, 
alas, too often the case with philosophical discussions But with all due recog- 
nition of the sincerity of the mtention, I nonetheless unfortunately feel com- 
pelled to declare my opposition to the theses presented in Popper’s book, for 
they appear to me to be completely untenable I see this as related to the fact 
that the earnest of the methods fails to measure up to the earnest of the mten- 
tion It is simply not enough to make use of the conceptual constructs of 
logic, in the treatment of epistemological problems, it is necessary to think 
through the applicability of these concepts to their most remote consequences 
and thus to create a method that transfers to material problems the certamty 
attaching to formal logic It can be shown m detail, point for point, that 
failure to carry out a cntique of this kmd bears the responsibility for the 
defects m Popper’s book To analyze here every single one of Popper’s ideas 
would take us too far afield I will therefore limit myself to picking out the 
principal pomts and criticizing them in turn 

For Popper, the problem of induction stands in the foreground He lists 
the epistemological difficulties of inductive mference first pointed out by 
Hume and declares them to be msuperable As a substitute, he wishes to show 
that it is possible to construct the methods of science without using the prin- 
ciple of induction (Section 1 , pp 29-30) 

The argument he develops runs roughly as follows In proposing theoretical 

372 
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assumptions, science does not claim them to be true propositions Rather, all 
theoretical assumptions in science are proposed provisionally They are main- 
tained so long as they stand up to scrutiny, rejected as soon as they prove 
false 

It is not this positive portion of Popper’s argument that I wish to attack at 
present For the thesis that the propositions of science make no claim to 
absolute truth and are to be rejected on the appearance of contradictory evi- 
dence accords equally with the epistemological theory I have advocated for 
some time and is most certainly the view that has been held by most scientists 
for centuries What distinguishes Popper’s view from mine is the negative part 
of his discussion Over and above the idea that all knowledge is provisional, 
some thinkers have suggested that the construction of hypotheses has some- 
thing to do with probability, that the process of proposing and testing hypoth- 
eses is carried out through probability judgments But Popper rejects this idea, 
which stands in the forefront of my epistemological works, among others, 
and he sees the value of his arguments as consisting precisely m their elimin- 
ation of the concept of probability from the epistemological problems of 
science 

The idea that scientific processes exclude the concept of probability cer- 
tainly does not seem to me to be new either On the contrary, widely varying 
schools of philosophical thought have developed methods of natural science 
not including the concept of probability To be sure, closer inspection has 
invariably revealed that this elimination of the probability concept rests upon 
a certain schematization That is, through the equating of a low probability 
with impossibility and a high probability with certainty, a characterization of 
knowledge has been achieved that gets along with two alternative truth-values 
The elimination of the concept of probability, then, is attributable solely to 
this schematization, and the disappearance of the problems of probability is 
merely illusory They reappear just as soon as the schematization itself is 
scrutinized more carefully 

Popper, too, has fallen victim to this fallacy It is possible to identify the 
precise points m his argument at which, apparently unaware, he makes use of 
the above-mentioned schematization Contrary to his claims 

1 The process of falsifying a theory contains the concept of probability 

2 The procedure for constructing a new theory contains the concept of 
probability 


In the following sections I will demonstrate these points m greater detail 
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II 

The possibility of strict falsification plays a major role in Popper’s thinking 
He admits — and here he approaches the view I have long taken — that scien- 
tific theories can never be judged true, but he believes that they can be judged 
false under certain circumstances He appeals for justification to the logical 
form of a universal proposition The universal propositions of natural science 
relate, indeed, to cases that are only extensionally given While in mathematics 
- that is to say, for intensionally given cases — it is possible to decide from 
the definition whether a universal proposition is true, science is only able to 
run through and test each case one by one But this process cannot be earned 
out for an infinite number of cases, and as the umversal propositions of 
natural science apply to an infinite number of cases, it is impossible to venfy 
them The situation is different for refutation, a single contrary case is suf- 
ficient to refute a umversal proposition Popper’s theory is based upon this 
logical asymmetry, he believes it to have the consequence that scientific 
theones can at least be falsified, viz , by the discovery of a single case m 
which the theory fails to apply 

However, it is easy to see that this idea, while correct m itself, is not 
applicable within the precincts of natural science It fails because that which 
is called a fact in natural science can never be asserted to be absolutely certain 
Rather, the fact possesses a degree of uncertamty, and we always have the 
choice of explaining a conflict with a theory as an error m the establishing of 
the fact For instance, if we want to test the theoretical assertion that an elec- 
trical current produces a magnetic field by demonstrating the deflection of a 
magnetic needle by the current, a failure of the experiment need not be seen 
immediately as a refutation of the theory The failure of the magnetic needle 
to turn may also stem from the compass needle being clamped somewhat too 
tightly onto its mooring And while we can perhaps exclude this possible 
explanation of the failure by doing another experiment, there are still many 
other possible explanations for it Here the physicist simplifies matters by 
treating certain possibilities possessing a low degree of probability as though 
they were impossible He tests his instruments with the utmost precision, and 
ultimately declares the pertinent theory responsible for the negative outcome 
of the experiment Thus Michelson’s experiment was conceived at the time as 
a refutation of the mechanical theory of a luminiferous ether, and yet it is 
clear that it cannot be regarded as an absolutely cert am refutation, for the 
absence of the interference effect can be explained in many other ways That 
there exists no absolute falsification of a theory becomes particularly plam 
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whenever it is less than clear that the probability of another interpretation of 
the experiment is low For instance, the latest observations of the Einstemian 
deflection of light have revealed an excessive deflection, so that a conflict 
with Einstein’s theory has arisen, nonetheless, no one has yet dared to declare 
the pertinent formula in the theory false, for it is not clear what other effects 
have played a role in the origin of the observation 

The elimination of the concept of probability through the idea of falsifi- 
cation can only succeed, then, because a certam low degree of probability is 
equated with zero But if we accept a schematization of this kind, we have no 
need to confine ourselves to falsification, for it can also be used to verify 
theones Under certam circumstances, that is, the probability of a theory 
being correct is so high that it may be regarded as virtual certainty For 
instance, no one today will seriously contest the idea that light waves are elec- 
trical phenomena, we can declare this assertion to be verified with as much 
certainty as we assert the mechanical ether theory to be falsified It is there- 
fore untenable to maintain the existence of an asymmetry between verification 
and falsification within scientific knowledge Either we resort to a schema by 
equatmg low degrees of probability with zero and high degrees with one, in 
which case we are able to verify as well as falsify scientific theories, or we 
accede to more precise observation and reject the schematization, in which 
case we open the door to the concept of probability, for falsification as well 
as for verification 


in 

We turn now to the second pomt at which Popper erroneously believes him- 
self able to eliminate the concept of probability This concerns the construc- 
tion of scientific theones At the beginning of this article, I indicated, as the 
common ground between his theory and mme, the idea that scientific prop- 
ositions (hypotheses, theones) cannot be asserted to be true propositions and 
may later be discarded under certain circumstances But the step beyond this, 
to which I assent but Popper does not, is the claim that hypothetical prop- 
ositions are estabhshed by means of a procedure in which the concept of 
probability plays a role It is my contention that past observations make 
certam propositions more probable than others and that the consequent rank- 
ing of hypotheses determines the scientific judgment For mstance, the simi- 
larities between the specimens of vanous races together with the relations 
between fossil and types of rock estabhshed in paleontology render probable 
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our descent from a common ancestor, so that we must regard the Darwinian 
theory as more probable than a theory holding all races to have existed side 
by side ever since the existence of dry land The procedure employed here in 
setting up the hypothesis is called induction This, then, is how I would sum 
up my theory of scientific knowledge 

(1) In constructing scientific theories, we employ the process of induction, 
(2) we pronounce hypotheses with probability, (3) the probability of hypoth- 
eses is of fundamentally the same nature as the probability of phenomena, 
and (4) we require, for the logical characterization of this process, a generaliz- 
ation of logic which I have developed under the name of probability logic 
Popper objects to these ideas, and I wish immediately to address myself to his 
objections to my theory 

Popper differentiates logical probability’ from ‘numerical probability’, 
asserting that theories are based on logical, not numerical, probability (Section 
33, pp 115-6, and Section 83, p 269) The concept of logical probability is 
introduced by Popper in the following way (Section 33-4, pp 115-9) Let P 
and R be the classes of testable possibilities of two theories, l e , the classes of 
verifiable phenomena asserted by the theories Now, it is possible that Pis a 
subclass of R, in which case Popper calls the P-assertmg theory more ‘logically 
probable’ than the # -asserting theory Popper goes onto assign the designation 
‘incommensurable’ to two theories the testability of which does not stem 
from one including the other as a subclass It is obvious that this is a totally 
inadequate definition of so-called logical probability, for it does not permit 
any determination of the degree of this probability and allows for compara- 
bility only under quite specific conditions The term, ‘logical probability’, 
and the reverse term, ‘degree of falsification’, also used by Popper, is not 
adequately defined by him, and he therefore has no right to make use of this 
concept He nonetheless does use it constantly, for he has before his mind 
simply the ordinary concept of probability It can easily be shown that the 
ranking relation introduced by Popper for logical probability is immediately 
fulfilled for ordinary probability If P is a subclass of R, then R may be 
replaced by the logical product P • Q, where Q is the portion of R that does 
not contain P In probability calculus, it is possible to prove the universally 
applicable inequality 2 * 

[W is used here and throughout because it is the first letter of the German word 
'Wahrschemlichkeif (probability) From the standpoint of perspicuity, P should be used 
m its place in English, but as P already has a different use in various formulas, this could 
only create ambiguity I have therefore left the notation just as Reichenbach set it down 
- E,H S] 
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W(0 9 p Q) < W(0,p\ 

where O is the common antecedent for the relevant probabilities Under cer- 
tain circumstances, then, it is possible to set up a probability inequality on the 
basis of purely logical relations But this is far from justifying any talk of a 
‘logical probability’, for such logical relations do not suffice to define a metric 
On the contrary, the usual treatment of the concept in such cases shows that 
we are faced here, too, with nothing other than genuine probability 

Behmd Popper’s expression, ‘logical probability’, there presumably lies 
the idea that, with reference to the degree of probability, we can separate 
assertions of order from metric assertions , as is indeed possible for, e g , 
geometrical measurements along a straight line Such assertions of order are 
expressed through inequalities like the one given above Yet we are not to 
believe that, say, we have here any sort of independent concept of probability, 
it would be totally erroneous to assume that we can get along simply with 
ordering assertions m judging the probability of theones 

In order to refute my view that the probability of hypotheses is identical 
with numerical probability, Popper introduces yet another argument In my 
theory, probability is attnbuted, not to propositions, but to sequences of 
propositions, and Popper undertakes to deny (Section 80, p 257) that 
hypotheses are sequences of propositions in the way that I have described, 
asserting (pp 257-9) that hypotheses do not have the form, ‘For every value 
k , it is the case that such and such occurs at the place k ’ No doubt it is true 
that hypotheses do not possess this form, yet they do have the form of a gen- 
eral implication ‘For all k , it is the case that if the attribute O is present at a 
place k , then the attribute P is also present there ’ If we add to this the fact 
that, when we are dealing with laws of nature, this implication is never a gen- 
eral implication, but invariably a probability implication, it turns out that 
hypotheses possess precisely the same form that I developed for probability 
implication and have transcribed in the form 

(k)(x k eO -3- y k eP ) 

(Cf my Theory of Probability [1935h], Section 9) Both here (Section 71) 
and in my earlier work on the logic of probability [‘Wahrschelnllchkeltsloglk , , 
(1934c)], I showed that a transition can be made from this implicative con- 
ception of a probability proposition to a predictive conception by cancelling 
out in the sequences all those pairs of members for which x k e 0 is not true 
I am thus correct m asserting that hypotheses may be conceived as prop- 
ositional sequences 
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Popper considers it a nonsensical consequence of this theory that the prob- 
ability \ is attributed to an hypothesis if every second member of the prop- 
ositional sequence contradicts it (p 257) But I can see nothing nonsensical 
about it Let us take a sequence of throws of a die and consider the hypoth- 
esis, "When the die is thrown, side six will show ’ With respect to the sequence 
of throws, this hypothesis is to be assigned the probability 1/6 We can, in 
turn, inquire into the probability of the hypothesis, ‘The probability that side 
six will show is 1 16 ’ The probability of this hypothesis has, of course, a quite 
different value, yet it, too, can be statistically defmed, namely, by the 
enumeration of a sequence the elements of which are sequences of throws of 
the die This probability is given through the total number of sequences dis- 
playing the frequency 1/6 relative to the total number of sequences Prob- 
ability of hypotheses, then, is simply a probability of a higher order, the 
logical-mathematical form for which I presented in my Theory of Probability 
(Section 8) Thus there is no difficulty whatsoever in interpreting the prob- 
ability of an hypothesis as genume probability 


IV 

In this connection, I wish to msert a few remarks concernmg the probability 
of theories that will serve to complement my previous very brief comments 
on this subject and also, perhaps, to clear up a certam confusion that still 
hangs over it We can follow either one of two routes m defining the prob- 
ability of a theory To begin with, we can enumerate the totality of experi- 
mentally testable propositions belonging to the theory and calculate the 
relative frequency of the pertinent propositions This relative frequency 
can be viewed as a measure of the probability of the theory Let us call this 
probability of the first form, or first-form probability But we can also treat 
the theory as an ideological construct and order it mto a class along with 
other, similar ideological constructs - that is, with other theones proposed 
by scientists — and then calculate the relative frequency within this class This 
we will designate probability of the second form, or second form probability 
Which of these two probabilities should be descnbed as the probability of the 
theory 9 

It would be a mistake to insist upon one or other of the two Both have a 
meaning, and it is simply a matter of clanfymg this meaning Let us take 
quantum theory as an example This theory embraces a whole senes of groups 
of propositions, which may be symbolized as follows 
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Vr(x r i) <Pr(Xrs) 

For instance, Vi(x n ) might stand for, ‘Photograph x u shows a spectral line at 
589 /ij li’, ipi(x n ) for, ‘Photograph x X2 shows a spectral line at 669 aim’, and so 
forth, ^ 2 (^ 21 ) » f° r ‘The Geiger counter is deflected at moment x 2i \ <Pz(x2i) 
for, The Geiger counter is deflected at moment x 2 2 \ and so on Each of the 
horizontal sequences will have a certam number of positive outcomes, which 
are to be conceived of as the probability of the applicability of the assertion 
V k (x kl ) or as the probability of the propositional sequence y fe (jc fel ) (where 1 is 
consecutive), as the case may be 3 The quantum theory then becomes the 
logical product of the propositional sequence through <p r 

^ = <Pl • <P2 

and its probability, if we also presuppose the mdependence of the factors m 
the product, becomes 

W) = Wfoi) W(<p 2 ) Wfa) 

This is the first-form probability for quantum theory We note that it is not 
equal to one, but is somewhat smaller, for m the report of W(tp k ) there are 
also included the ‘misses’ that occur whenever a theory is subjected to experi- 
mental tests and that are taken into account, e g , m calculating the margin of 
error Only when we round off the numbers, setting the individual W(ip k ) 
equal to one, does W(\p) become equal to one This is the schematization to 
which I referred earlier 

Let the value of the given product equal q> then the first-form probability 
for quantum theory is 

= q 

We can now make a transition to the higher-level probability that W(4>) =q, 
1 e , to the probability that 

nm>)=q] 

Rather than asking whether the probability in question is precisely equal to q, 
we will find it more to the purpose to indicate an interval q ±8, within which 
the probability lies We will ask, that is, after the probability 

W[q - 6 < W(\p)<q+8] = w. 
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where, for a large q f 8 is so chosen that q + 8 ^ 1 , w then becomes the prob- 
ability that the probability of the quantum theory lies near one within a cer- 
tain interval 17 = 5 4- 1 — q 

In order to determine this probability w, we will have to include the 
proposition 

q —5 ^ W(\p) ^q + 5 

in a class containing other, similar propositions, and here we find the possi- 
bility of making the transition to the class of scientific theones of such and 
such a type 

Carrying out an enumeration of this class is relatively complicated Con- 
ceptually, the probability sought for corresponds to Bayesian probability In 
my Theory of Probability , I present this idea in connection with the theory 
of inductive inference (Section 62), treating it subsequently in connection 
with the correctional procedure (Section 89) What is in question is the prob- 
ability that a sequence, the frequency of which, after n members, lies within 
the interval q ± 8 , will, upon further extension, approach a limit lying within 
this interval This probability could be calculated by considermg other scien- 
tific theories which indicate an initial probability within q ± 8 and then count- 
ing among these the narrower class of those that have continued to show this 
probability, 1 e , have maintained it up to the present That, m making this 
calculation, we do not know the limit of the frequency for certain, but simply 
posit it, is a peculiarity not only of this problem but also of all other prob- 
ability calculations (Section 89) 

In this way the second-form probability for quantum mechanics arises 
Thus it is not to be conceived of as the probability of quantum theory but as 
the probability that the probability of the quantum theory lies near one 
within the interval rj, or, more briefly, that the quantum theory is correct 
within a probability interval rj 

Thus the probabilities of the first and second form are probabilities of dif- 
ferent levels, comparable to the two levels m the above example, ‘Side six 
shows when the die is thrown’ and ‘The probability that side six will show 
when the die is thrown is 1/6 ’ The reason these two levels are not usually 
kept separate in considenng the probability of theones is that theories have 
not been treated as having a probabilistic nature but have been regarded as 
being either true or false From this viewpoint, the group of propositions in 
quantum theory corresponds to what we have called the first level, while the 
proposition, The quantum theory is true’, corresponds to the second level It 
is well known that two-valued logic generally makes no distinction between 
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the proposition a and the proposition "a is true’ In that context, equating 
these two propositions is perfectly safe, for if a is true, the proposition c a is 
true’ is true In probability logic, however, this distinction becomes essential, 
for the two probabilities in question, q and w m our example, are mdependent 
of one another and may be quite different (Cf my Theory of Probability , 
Section 60, p 324) 

The probability of theories fits naturally into probability logic, and it is 
quite erroneous to suppose that it constitutes a different type of probability 
Perhaps the idea that a theory means a single case and thus creates difficulties 
in the treatment of probability plays a role m Popper’s objection But the 
question arises in just the same way for phenomena and can be handled with 
my concepts, posit and appraisal ( Theory of Probability, Section 73) The 
probability w appearing above for the validity of quantum mechamcs is 
accordingly to be conceived of in the sense of an appraisal Furthermore, the 
arbitrary element m the choice of the ‘scientific theories of such and such a 
type’ raises no new difficulty that pertains only to theories The very same 
difficulty arises for individual cases, e g ,m considering the question whether 
the probability that a particular case of tuberculosis will prove fatal should be 
calculated in accordance with the death rate from tuberculosis m the general 
population or in accordance with the death rate among persons havmg 
tuberculosis with certain specified X-ray findings In fact, we choose the 
narrowest class for which reliable statistics can be compiled (Theory of Prob- 
ability , Section 72, p 374) These are practical difficulties which arise m the 
determmation of any probability but which can have no effect upon the funda- 
mental possibility of the statistical comprehension of probabilities It is the 
possibility m principle that matters here, and consequently the fact that the 
available historical material does not suffice for developmg a usable statistical 
theory for confirming theories does not constitute an objection to my views 


v 

In this connection I must correct yet another of Popper’s opinions, this one 
belonging more to the mathematical theory of probability, but nonetheless 
playing a role in his discussions He believes (Section 64, p 185) that he can 
eliminate from probability calculus the concept of a limit by using a certain 
interpretation of the concept of probability, I have already made note of this 
interpretation in my article ‘Causality and Probability’ ([1930g] , p 165) and 
employ for this concept the term partial limit in The Theory of Probability 
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(Section 64) The frequency sequence coordinated with the probability 
sequence has a partial limit near p if the frequency invariably approaches the 
value p without restriction, le ,ifp is a point of accumulation in this sequence 
It can easily be shown that the partial limit becomes a genuine limit if p is the 
only place for which a partial limit exists On the other hand, it can also be 
shown that if two values p x and p 2 are partial limits, all the intermediate 
values are also partial limits This follows from simple considerations concern- 
ing the progression of the frequency sequence 

Popper wishes to use the concept of the partial limit in his interpretation 
of probability This portion of his discussion is extraordinarily unclear He 
fails altogether to understand the logical order required for the construction 
of the probability calculus, so that it is difficult even to correct his arguments 
I must confine myself to sketching briefly the proper way in which to con- 
struct such conceptions 

Probability calculus can be developed axiomatically, as a formal discipline, 
without appeal to any particular interpretation of the concept of probability 
The axioms then take the form of implicit definitions All the propositions of 
the probability calculus will be derivable from them, but these propositions 
will, of course, always contain the concept of probability as a term without 
mterpretation On the other hand, the concept of probability can be given 
interpretation m terms of its contents, e g , by means of the limit It must 
then be shown that this mterpretation conforms to the axioms, i e , that the 
axioms are fulfilled for it This is the case, for instance, for the mterpretation 
in terms of the limit Once it is shown to conform to the axioms, the validity 
on this interpretation of the propositions deduced from it requires no further 
demonstration 

We could make the experiment of interpreting probability by substitutmg 
for the limit the partial limit, which will result in a weaker mterpretation The 
fulfilment of the axioms must then be demonstrated separately, requiring 
more careful formulation For instance, m the case of the theorem of addition, 
it is not permissible to say If P has a partial limit at p and Q has a partial limit 
at q , then there exists for P or Q a partial limit at p + q It must mstead be 
reformulated as If the partial limits for P lie entirely between p x and p 2 and, 
similarly, the partial limits for Q entirely between q x and q 2i then the partial 
limits for P or Q lie between p x + q x and p 2 + q 2 (without necessarily filling 
the entire interval) Carrying out this mterpretation becomes extremely com- 
plicated, as account must be taken of the intervals for the partial limits But if 
the conception is carried out with appropriate care, all the propositions of the 
probability calculus will be valid on this mterpretation as well It is therefore 
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impossible to comprehend the special stress Popper lays on the fact that 
Bernoulli’s theorem is valid on his interpretation through the partial limit, 
which he calls ‘middle frequency’ (Section 64, pp 186-8) That it is valid 
follows as a matter of course, once the axioms are shown to be fulfilled on 
this mterpretation and the applicability of the special theorem of multipli- 
cation is assured by means of certam stipulations as to the structure of the 
sequence Popper, however, omits the initial investigation, and as a result his 
presentation is mcorrect in that it does not include information about the 
intervals for the partial limits 4 Yet it is quite wrong to see any special math- 
ematical significance m the fact that Bernoulli’s theorem can be inferred if 
the limit mterpretation is rejected Bernoulli’s theorem as such has no more 
connection with the limit mterpretation than does every other proposition m 
the probability calculus and can be derived even m formal probability calculus 
The view might be taken that an mterpretation through the partial limit 
possesses certam advantages over mterpretation through the limit I myself 
was formerly of this opinion, but I gave it up when I showed, m my article, 
‘Causality and Probability’ (p 165), the possibility of mferrmg the mterpre- 
tation by means of the true limit from the mterpretation through the partial 
limit m conjunction with the axioms of the formal probability calculus (cf 
my Theory of Probability , Section 64) It is demonstrable that interpretation 
through the partial limit possesses no other logical advantages, either Popper 
perceives as a logical advantage of this mterpretation the fact that the exis- 
tence of a partial limit is mathematically necessary for an infinite sequence of 
frequencies He believes that it avoids the difficulties arismg for the assertion 
of the limit from the fact that the value of the limit and the pomts of con- 
vergence for an extensionally given sequence cannot be given But he neglects 
to note that the same difficulties arise for the partial limit as soon as we try 
to determine it For the proposition, ‘p is a partial limit’, contains the same 
logical difficulties as the proposition, ‘p is a true limit ’ 

For these reasons, the mathematical portion of Popper’s argument is also 
completely untenable 


VI 

In the precedmg sections, I was able to do no more than select for comment 
the most important details m Popper’s presentation There remain some pomts 
of which I shall not offer a thorough refutation here, e g , his discussion of 
quantum mechanics, which has been subjected to criticism from another 
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direction (Weizsacker, C F von .Natumissenschaf ten 22, 808 (1934)) I only 
wish now to comment on the positive portion of Popper’s discussion, in 
which he attempts to replace the principle of induction with a different con- 
ception His argument is related to the idea, described m Section I above, that 
we do not need the concept of probability in order to construct new theones 
Popper disputes that we are working according to a system at all m such cases 
“We do not know,” he says, “we guess” (Section 85, p 278) He evidently 
sees the substitution of guessing for methodical investigation as resolving the 
problem of mduction 

Now I can see no advantage whatsoever m tossing aside the systematic 
endeavors to rationalize the process of constructing scientific hypotheses with 
the remark that the process is not rational Ever smce Hume, eminent philos- 
ophers and scientists have been of the opmion that the principle of mduction 
is used m this process, and careful investigation has, m fact, shown that the 
construction of scientific theones is based upon this principle To be sure, 
no one had as yet come up with a justification for its use, which made an 
unpleasant situation for epistemology Yet I do not believe we can escape 
from this situation by contesting the use of the principle of mduction as such 
Certainly, it is difficult to estabhsh which principles a person has used m his 
thinking, all we can show is that his actions are logically ordered according to 
a certam principle But if we succeed in this latter proof, we will not put 
much trust in his word, even if he constantly assures us that he does not 
employ the aforesaid principle m his thinking I shall avail myself of a some- 
what dramatic analogy Fruit-vendors on the street have a habit of placing the 
good apples at the front of their cart — that is, on the side visible to the 
public — while leaving the bad apples at the back, then, when they come to 
fill the customers’ bags, they invariably take the apples from the back of the 
heap If we take up this matter with a fruit-vendor, he will deny emphatically 
that he employs any such principle m selling his fruit, describing his choice of 
apples for the customers as independent of such considerations I put as little 
trust m those who claim to form their predictions about the future without 
using mduction as I do m the fruit -vendor For time after time it turns out 
that they believe precisely those assertions about the future that accord with 
the principle of mduction - that they, for instance, expect a tram to depart 
at the time mdicated m the railway schedule and press the bell when they 
want to ring If anyone retorts, “We don’t know, we guess”, I can only point 
out that this guessing follows a course which accords quite strikingly with the 
principle of mduction — just as I had to indicate, in the case of the fruit 
vendor, the agreement of his actions with a principle he demes using Popper 
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admits that “our guessing is guided by the unscientific, metaphysical belief 
(which can be explained biologically) that there exist regularities which we 
can unveil, discover” (Section 85, p 278) If he goes this far, he ought rather 
to admit that this belief is nothing other than the principle of induction, for 
it is, in fact, this principle that determines our opmions about the future 

As long as Popper goes on speaking of a metaphysical belief in this connec- 
tion, I certainly do not share his opmion We have no right to a metaphysical 
belief, and contenting ourselves with this Popperian solution would mean the 
end of all scientific philosophy I am therefore unable to understand why 
Popper believes his investigation to constitute even the smallest step forward 
in resolving the problem of induction Hume had already reached this pomt 
when he spoke of an unshakable belief, but he was honest enough to admit 
that he knew of no justification for this belief Whatever good can it do us 
today to be offered a theory of epistemology that allegedly makes no use of 
the principle of induction and substitutes for it a metaphysical belief 7 How 
such a philosophy can even be described as a scientific conception of the 
universe is incomprehensible to me 

Thus it seems to me to lie m the interests of any advocate of a scientific 
world-view to take up my probability theory of induction, which Popper 
attacks without success This theory shows that there is only one concept of 
probability, the same for phenomena and for scientific theories, and, further, 
that the process of constructing scientific theones fits into a probabilistic 
method that I have called the method of correction That scientific theones 
are never treated as absolutely true by this method, but as merely provisional 
- a pomt which Popper appears to regard as the most important discovery in 
his book (Section 85, pp 280-1) - is assumed as a matter of course for the 
probability theory of knowledge and is not, by the way, a discovery that first 
came to light m recent times But the successful establishment of a procedure 
conforming to probability logic for predicting propositions and constructing 
hypotheses, leading ultimately to a rational justification of the rule of induc- 
tion, seems to me a result that should induce us to favor the probability 
theory of knowledge over all other epistemological theones 

* * * 

Postscript Carnap has published m this journal (Erkenntms 5, 290-4 (1935)) 
a discussion of Popper’s book in which he makes two attempts to defend 
Popper’s arguments against my criticisms I wish to show bnefly that his 
attempted defense of Popper is untenable, 

Carnap first tnes to defend Popper’s theory of falsification by replacing 
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the single observed contradictory case with a finite sequence of contradictory 
cases (This is what Carnap’s comments on p 290 amount to ) However, this 
alters nothing For we then have the choice, as we did before for a single case, 
of assertmg either that the theory correctly predicts the future or that an 
induction based upon the finite sequence of cases does so — a genuine prob- 
ability problem in the sense of my method of correction Thus a falsification, 
like a verification, can only be pronounced with probability - which is just 
what I said, in contrast to Popper Carnap says, “A theory is said to be falsi- 
fied if it is incompatible with an empirical hypothesis that has been con- 
firmed ” But this is identical to my assertion at the end of Section II above 
that a theory can only be falsified through the employment of a schema m 
which high probabilities are equated with one and low probabilities with 
zero that is, by regardmg Carnap’s ‘empirical hypothesis’ as true And then 
the asymmetry between falsification and verification disappears 

Next, Carnap believes that he can salvage Popper’s mathematical theory by 
appealing to his requirement of freedom from after-effects (p 291) This 
portion of Carnap’s defense is answered by note 4 of my article , with which 
Carnap was unacquainted when he wrote his review Let me emphasize, by 
the way, that Popper’s mathematical error was not the decisive factor m my 
rejection of his idea Even if his theory were mathematically viable, it would 
not hold the slightest advantage for the problem of probability For it is poss- 
ible to raise against Popper’s definition of probability as a partial limit free of 
after-effects all the logical and epistemological objections that have been 
brought agamst the simple limit, so that Popper’s mathematical theory simply 
mtroduces a superfluous complication into the total complex of problems 
Thus my objections to Popper remain intact I do not wish at this time to 
go into Carnap’s attempt to give his own interpretation of the problem of the 
probability of hypotheses I will say simply that I do not regard this question 
as the problem of a ‘decision’ Decisions and conventions do play a certain 
part m science, but the question of how we are able to attain the best predic- 
tion of the future — which is the aim of scientific theories — is not to be 
answered by an arbitrary decision 


NOTES 

1 Popper, Logik der Forschung, (Springer, Vienna, 1935) [translated with new appen- 
dices and notes as The Logic of Scientific Discovery , Hutchinson, (London, 1959), section 
numbers are identical] 
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2 Cf K&ic\ienb2Lc\i,WahrscheinhchkeitsJehre,[l93>5h],p 97 [The citation given appears 
in the English translation in Section 20, p 85 ] 

3 Here, of course, we can only count out the frequency for the finite number of observed 
cases and regard this value as being a limit m the sense of a posit for the frequency of a 
sequence I shall not at present go into this problem, which arises ion every probability 
determination, not just, say, for the probability of theories, I discuss the matter 
thoroughly m my Theory of Probability [1935h] 

4 Popper does not render such an investigation superfluous by adding to the probability 
sequences another requirement, over and above the existence of the partial limit, for 
which he uses my expression freedom from after-effects (Reichenbach, ‘Axiomatik der 
Wahrscheinlichkeitsrechnung’ [1932f], p 600) It is mcumbant upon Popper to prove 
the applicability of the addition theorem to the partial limit determined through this 
characteristic However, I think it unlikely that this is possible In any case, Popper’s 
theory cannot be discussed in mathematical terms until such a proof is proffered 

Incidentally, Popper appears to have overlooked that sequences without after-effects 
cannot be regarded as a complete substitute for ‘random’ sequences because the special 
theorem of multiplication does not necessarily apply to them in enumerations by sec- 
tions (It does so only m enumerations by over-lapping segments, cf my Theory of Prob- 
ability, Sections 28-9 ) If, for instance, we make, in a sequence without after-effects, a 
line after every fourth member and regard the resulting four-member sections as elements 
in a new system of counting, the special multiplication theorem will not necessarily 
apply to the probability of these combinations This is the reason that I have introduced 
the normal sequence as a type alongside the sequence without after-effects 



58 THE SEMANTIC AND THE OBJECT CONCEPTIONS 
OF PROBABILITY EXPRESSIONS 

[1939b] 

1 INTRODUCTORY REMARKS 

My probability theory has been criticized from a number of different quarters 
on the grounds that it leaves unanswered the question whether probability 
is to be conceived of as a syntactic, a semantic, or an object relation Some of 
my critics have even attempted to draw the conclusion that my probability 
logic is untenable It is my purpose, in this article, to investigate this question 
more closely and to show that considerations of this nature pose no diffi- 
culties for my theory 1 

First, a few comments about my use of terminology I call a relation 
between things an object relation , as does Carnap 2 , a relation between signs a 
syntactic relation , and a relation between signs and things a semantic relation , 
as does Tarski 3 I regard states of affairs as belonging m the category of 
things, sentences, m turn, as belonging to the category of signs An example 
of an object relation is the attraction between a magnet and a piece of iron, 
of a syntactic relation, the relation of logical derivability of one sentence 
from another A semantic relation is exemplified by the truth of a sentence, 
for it represents a relation between the sentence (that is, a group of signs), 
and objects (that is, states of affairs) 

There are also signs for signs, that is, second-level signs, these occur in 
discussions of signs Like Carnap, I propose to derive these second-level signs 
from first-level signs by setting the first-level signs m quotation marks If, for 
mstance, I am discussmg the word ‘magnet’, this word, including the quota- 
tion marks, signifies a second-level sign Example The word ‘magnet’ is 
spelled with six letters Signs of the first level could likewise be constructed 
from objects by laymg the objects themselves on the paper and surrounding 
them by quotation marks Instead of writing A magnet attracts iron, we 
could replace the word ‘magnet’ on the paper with a magnet and put quota- 
tion marks to the right and to the left — While such a procedure would be 
highly unsuitable for signs of the first level, it would be appropriate for 
second-level signs 

If I say a magnet exercises a force of attraction upon a piece of iron, the 
relation of attraction exists between two objects, viz , between the magnet 
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and the iron, the sign of relation, viz , the word ‘attraction’ stands between 
object signs, viz , between the words ‘magnet’ and ‘piece of iron’ The objects, 
magnet and iron, are the argument signs of the relation, the argument signs 
are the words, ‘magnet’ and ‘iron’ 4 

I wish to add one more remark concerning the elementary sentential 
connectives, such as the or-relation and the and-relation These relations are 
to be conceived as object relations, for instance, the sign ‘or’ stands between 
sentences, not between signs for sentences Accordingly, the elementary 
sentential connectives are relations of the same logical level as, eg, the 
magnetic force of attraction 

Yet there is a remarkable difference here It is immediately clear that the 
logical sentential connectives are relations between states of affairs, not 
between thmgs (such as the magnetic force of attraction) Thus the object 
relations are to be classified into thing relations and state-of-affairs relations 
Moreover, the sentential connectives present state-of-affairs relations of a 
special sort 

Let us show this by going from the sentence, 

‘ a or b ’ (la) 

to the sentence 

‘“a” is true or “b” is true ’ (lb) 

We call the second ‘or’ the semantic correlate of the first ‘or’, for it stands 
between sentences of higher levels of language Instead of saying, ‘The or- 
relation pertains to states of affairs’, we may instead say, ‘The semantic corre- 
late of the or-relation pertains to sentences’, these are equivalent expressions 
The second expression may be abbreviated as, ‘The or-relation connects sen- 
tences ’ The word ‘connect’, then, offers us a short-cut m place of the circu- 
itous method of characterizing a relation by means of an assertion about its 
semantic correlate 

The semantic ‘or’ may also be conceived as the logically primary sign, 
reducmg the object ‘or’ to it by construing the sentence (16) as the defini- 
tion of the sentence (la) The peculiarity of the sentential connectives, 
as distinct from other state-of-affairs relations, finds expression here they 
are determined by their semantic correlates, and their presence therefore 
depends solely upon the truth value of the sentences in question In sym- 
bolic logic, this peculiarity is ordinarily expressed by designating the sentential 
connectives as truth functions, an expression that, strictly speaking, applies 
only to the semantic correlates of the sentential connectives If we speak 
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of the sentential connectives as state -of-aff airs relations, we must say, accord- 
ingly The sentential connectives are specifically those state-of-affairs 
relations that depend only upon the existence of the pertinent states of 
affairs We will therefore call them existential relations 

2 PROBABILITY IMPLICATION 

I turn now to the question of probability implication I have mtroduced this 
relation 5 m the form 

(z) (x,eO -3-y t eP) (2a) 

P 

which is equivalent to the form 6 , 

0) “3- ’/'J'i) (26) 

P 

The sign then, is used between sentences and is therefore of the same 
logical level as the sign ‘or’, the implication sign, and so forth Probability 
implication is, accordingly, an object relation - specifically, an existential 
relation — just like the elementary sentential connectives 

In order to show this, let us take a closer look at probability implication I 
have described probability implication as a generalization of logical impli- 
cation 7 This descnption is justified by its factual meaning for the pertinent 
states of affairs, for logical implication signifies a relation between states of 
affairs, which may be conceived as a special case of probability implication 
A case m which jp* is P whenever x t is 0 is an mstance of logical implication 
Probability implication, on the other hand, is exemplified by the cases in 
which, if x x is 0, y x is only sometimes P (the only condition here bemg that 
the relative frequency tend toward a limit) We can formulate the same 
point as a semantic sentence by using the word ‘connect’, mtroduced above, 
if, whenever %eO' is true, y t eP' is also true, these two sentences are con- 
nected by logical implication, whereas a connection through probability 
implication is present also in the case m which, if bqeO’ is true, ^eP’ is 
only sometimes true 

I have expressed this logical state of affairs m Axiom II, 1 

[(') foeO D^eP)] [(z) (x t eO -3- y,eP) ■ (p = 1)] 

P 

This axiom has been mistakenly attacked by Nagel 8 , logical implication and 
probability implication are relations occupymg the same logical level, viz , 
existential relations To put it another way their semantic correlates are 
truth functions 
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Despite the analogy presented here, there exists in another respect a 
fundamental difference between logical implication and probability impli- 
cation If two series of events are related by logical implication, this signifies 
something not only about the series of events as a whole, but also about 
each individual pair of events namely, that whenever an event of type 0 
occurs, an event of type P also occurs (semantic correlate If the sentence 
ipx t is true, then the sentence \ py t is also true) But there exists no corres- 
ponding meaning for the single case in the realm of probability implication 
The sign ‘-3-’, then, is meamngful only within expression such as (2a) or 
(2b), in the absence of the universal quantifier at the beginning of the ex- 
pression, it possesses no meaning There is no analogue here to individual 
implication 9 Only advocates of the interpretation of the concept of prob- 
ability in terms of the individual case will endow an individual probability 
implication with a meaning For advocates of the frequency interpretation, 
the sign ‘-B-’, has a merely fictitious meaning when applied to the single 
case l e , every individual application of this sign must be capable of being 
converted mto a general application 10 


3 THE W-N OTATION* 

I have introduced yet another notation 11 m place of (1), I write 

W(0,P)=p (3) 

or, using sentence functions, I write m place of (2) 12 

M = P (4) 

I will present here a more detailed analysis of this notation than was carried 
out m The Theory of Probability [1935h] 

In this second notation, probability implication is divided mto two oper- 
ations The first is distinguished by the appearance of the comma between 
the argument signs "O' and "P ' m (3) and between and ‘ypyf in (4), and 
is to be called the operation of selection Accordmg to the frequency inter- 
pretation, the operation of selection signifies the construction of a new 
sequence of events from the two original sequences This is achieved by 
omittmg from the second sequence of events all those members the 
correspondmg member of which in the first sequence does not belong to 


[See translator’s note on p 376 above — Ed ] 
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class O through the construction, that is, of a subsequence from the second 
sequence of events, selected by means of the first sequence of events A 
correspondmg procedure may be carried out at higher language levels for the 
sentence sequences correspondmg to the sequences of events, if we take note 
of the semantic correlate of the operation of selection This operation 
signifies the construction of a new sentential sequence from the two original 
sentential sequences, accomplished by omitting from the second sentential 
sequence all those members the correspondmg member of which m the first 
sequence is false , through the construction, that is, of a partial sequence from 
the second sentential sequence, selected by means of the first sentential 
sequence We see here that the operation of selection is similar to the ele- 
mentary sentential connectives, except that it connects entire senes of 
sentences and not individual sentences Just as the or-operation connects two 
sentences to a new sentence, the operation of selection connects two senten- 
tial sequences to a new sentential sequence 

For the new sentential sequence, let us introduce the abbreviation 
usmg the definition 

(<pzk) =Df(vxi,'Pyi) (5) 

(where z k represents a subsequence taken from y t by a new, complete enu- 
meration) Then (4) takes on the form 

W(>pz k ) = p (6) 

In this case, only one sequence of events comes into question, the selective 
operation disappears in this conception 

The second constituent in (3) or (4), the only one remaining in form (6), 
is the sign ‘W( )’ On the frequency mterpretation, this means we are to 
determine the limit of the frequency of events of type P (or, as the case may 
be, type \pz k ) m the new sequence of events Thus the probability appears 
here as a characteristic of one sequence of events and no longer as a relation 
between two sequences of events In my Theory of Probability , (p 396) 
[1935h], I make the correspondmg distinction between the predicative 
conception and the implicative conception of probability For purposes of 
of producing the predicative conception, the character of the relation was 
first put into the distinctive form of a special logical operation, the operation 
of selection 

Let me justnote that we can, in the same way, also divide the sign mto 
the sign [szc — Ed ] , which corresponds to the comma, and the degree of 
probability y I have used the sign ‘-B-’ m this sense - that is, as equivalent 
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to the comma — in the truth table m Theory of Probability , pp 400-401 
But I must add the qualification that the sign is not strictly identical 
with the indefinite probability implication that I introduced on p 52 of 
Theory of Probability , which asserts somewhat more, it includes the 
additional assertion that the new subsequence possesses a limit of the 
frequency 


4 SEMANTIC CONCEPTION OF THE W-NOTATION 

We have interpreted the operation i W( )’ as the determination of a frequency 
in a sequence of events It now becomes obvious that we can likewise apply 
the frequency in the corresponding sequence of sentences If our symbol 
W( ) is to have this meaning, we must write, m place of (4), 

H'Cte, W) = P (7) 

and, in place of (6), 

mw) = p ( 8 ) 

Thus the argument of the logical function ‘W( )’ is no longer the new 
sequence of events , constructed by means of the operation of selection, but 
is the new sequence of sentences coordinated to it Hence (7) and (8) must 
contam as an argument sign an expression that contains the new sentence 
sequence in quotation marks The selective operation will not be altered, but 
will retain the character of an object relation, analogous to the elementary 
sentential connectives 13 

In notations (3), (4), and (6), probability is defined as a frequency of 
events, in (7) and (8), as a frequency of sentences Thus the first conception 
is an object theory of probability, while the second is a semantic theory of 
probability The first conception corresponds to the mathematical theory 
of probability, the second to the logical theory of probability 14 , 

It is now apparent that both theones are isomorphic, for the result will 
invariably be the same whether we count events or the corresponding sen- 
tences Thus the difference between (4) and (7) on the one hand and (6) and 
(8) on the other is of no practical significance If, in the course of a precise 
logical investigation, we wish nonetheless to carry through this distinction, 
the result is as follows For all mathematical purposes, the notations (3), (4), 
and (6) are correct, only when the transition is made to a conception of 
probability theory as a probability logic do the notations (7) and (8) become 
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correct I should therefore, strictly speaking, have used notations (7) and (8) 
throughout the last chapter of my Theory of Probability , wherever I neglected 
to do so, it is to be interpreted as a stipulation that the parentheses in the 
symbol W( ) are to take over the function of the quotation marks, l e , that 
they are to transform sentential sequences into signs for sentential sequences 
In addition, there comes mto play the stipulation enforced m my Theory of 
Probability that the parentheses m the W( ) symbol take over the function of 
the parentheses of the sentential sequence symbol at the same time The 
notation with the quotation marks seems to me impracticable, but anyone 
whose logical conscience will not let him rest is expressly justified in msertmg 
quotation marks 

I believe this disposes of the objections accordmg to which I erred in 
presenting my concept of probability as a generalization of the concept of 
truth 15 Just as truth is a relation between sentences and things, probability 
in its Semantic conception is a relation between sequences of sentences and of 
events Incidentally, I have already indicated, m Theory of Probability, 
p 396, the semantic character of probability assertions m their logical form 
by describing assertions of probability as parallel to assertions of the form 
* a is true’ 

On the other hand, it must be clearly recognized that, in view of the 
complete isomorphism, no deeper epistemological meamng is to be attributed 
to the difference between the semantic and the object conceptions of the 
concept of probability On the contrary, the logical and the mathematical 
concepts of probability can for most purposes be treated as identical, it is 
only within the framework of certain logical investigations of a specific 
kind that the difference becomes significant Thus we do not, in general, 
differentiate between, e g , the object relation ‘or’ and the semantic relation 
‘or’, this distinction plays a part only m highly specialized studies The 
structural equivalence of the concepts expressed in the isomorphism may for 
most purposes be interpreted as an identity 

Differentiation of high-level probabilities is of the same kind (Theory of 
Probability , Chap 8) The probability of expressions that are themselves 
probability expressions is in question here, so that these expressions contain 
probability concepts of yet higher levels We must, then, distinguish not just 
two lands of probability concepts, but must construct a whole hierarchy of 
such concepts, the first step will consist of the probability concept of the 
object conception, the second step, of the first semantic probability concept, 
represented in (7) and (8) Because of the existing isomorphism, however, 
we are justified of speaking instead of a single concept of probability that is 
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repeated at vanous logical levels This is how I have expressed the point in 
my Theory of Probability 


5 DUALITY OF THE SEMANTIC AND THE 
OBJECT CONCEPTIONS 

I will now investigate the question of how it happens that the concept of 
probability admits of the duality of a semantic and an object conception, 
whereas the concept of truth may only be conceived semantically The reason 
is that the concept of probability has a more complicated structure while 
the concept of truth is merely qualitative, the concept of probability also 
contains quantitative information An object relation corresponds to the 
quantitative component in the concept of probability 

In order to understand this, we must study in greater detail a peculiar 
difference between two-valued and many-valued logics In writing down a 
two-valued sentence, 

<PXi (9) 

we may have one of two purposes m mind we may be setting down the 
sentence in order to consider it, or we may be asserting it The latter func- 
tion of (9) can be replaced by a second, semantic sentence concerning the 
truth of fyx i \ which (including, for once, the quotation marks) shall be 
written as follows 

Wtyx i’) =1 (10) 

This is again a two-valued sentence If we consider (9) and assert (10), the 
result will be the same as when we assert (9) 

This is the reason that, for practical purposes, we do not need to use 
semantic sentences in two-valued logic We stipulate mstead that, m being 
written down , a complete sentence is also being asserted , false complete 
sentences are simply not written down The truth value remains indeter- 
minate only for partial sentences with a complete sentence For instance, 

aDb 

leaves open the question whether V or V is true, on the other hand, the 
truth of the complete sentence is asserted 

But this does not work in multi-valued logic If we write down the sen- 
tential sequence 
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Op*.) (li) 

we can only consider it, since there are more than two degrees of truth 
possible, we cannot simply substitute for it the alternative, “Write it down 
or do not write it down ” Consequently, the semantic sentence 

WOOp*,)’) = P (12) 

that is coordinated to it is not superfluous As semantic sentences m prob- 
ability logic — at least in its simplest form — are two valued, (12) is a two- 
valued sentence, and therefore the act of writing it down may be interpreted 
as an assertion of it 

Only when they are taken together do (11) and (12) make an assertion 
Expression (1 1) alone asserts nothing, it would read, for example, 

Xi is a throw of six, 

x 2 is a throw of six, (13) 

*3 is a throw of six, 

This says nothing as to which of the individual sentences m this sequence are 
true and which are false Only in (12) are we given information on this 
point 16 

However, (11) and (12) can be replaced by a two-valued object sentence 
about the frequency of events 

W&x i) = p (14) 

Assertion of this sentence is equivalent to a combination of considering (11) 
and asserting (12) The object correlate of the semantic sentence (12) is (14) 
A correlate exists because a two-valued presentation of the event is also 
possible alongside the multi-valued presentation through (1 1) and (12) 

That this distinction vanishes in two-valued logic becomes clear if we 
consider the transition to sentential sequences of value 1 , through which 
probability logic is converted mto two-valued logic In this process, (12) is 
converted mto (10), while (14) becomes sentence (9) if p equals 1 The two 
latter sentences then assume the form, *Xi is a single event with the charac- 
teristic y * Thus the object correlate of the semantic sentence here becomes 
identical with the object sentence 

With respect to the higher levels of language, however, there exists a per- 
fect parallel between the concept of truth and the concept of probability In 
observing the truth of semantic sentences of the form is true”, we 

come to truth concepts of higher levels, corresponding to the probability 
concepts of higher levels 
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6 INDIVIDUAL CONCEPTION OF THE OPERATION 
OF SELECTION 

A remark about the operation of selection is in order here We have called 
the operation of selection an analogue of the elementary sentential con- 
nectives, but with this difference the operation of selection connects sen- 
tential sequences as a whole, while the elementary sentential connectives 
connect individual sentences In my Theory of Probability , I show how it is 
possible for the latter to be transformed into operations connecting sentential 
sequences as a whole This is accomplished through definitions 17 For illustra- 
tive purposes, I shall present here only the definition concernmg the 
or-relation 


V (t py,) =Df (</«, V 1 M (15) 

We can now pose the question whether a similar relation may be laid down 
for the operation of selection, connectmg an individual operation with the 
general operation 

The following must be borne in mind Our notation of the operation of 
selection in (4), etc , is so chosen that it corresponds to the right side of 
(15), 1 e , we set the comma between the individual sentences (Only the 
expression ‘(i/dc,)’ in parentheses signifies a sentential sequence) Here too, 
of course, we may introduce a notation corresponding to the left side of 

(15) , writing 

(v’x,), (i py,) = D f (w, 4>y.) (l 6) 

If we now take a look at our definition of the contents of the right side of 

(16) , as presented m Section 3, we find that it applies only if the case of whole 
sequences of sentences, not to individual sentences There we defined the 
general operation of selection, and this is more correctly symbolized by the 
left side of (16) than by the right side 

However, we can proceed m the opposite direction and assign an intuitive 
meanmg to the nght side of (16) by defining an individual operation of 
selection, repeated application of which to individual sentences leads to the 
general operation This will happen if we conceive of the individual operation 
of selection as a limiting case of an operation between sentence sequences 
which occurs when the value of the sentence sequence equals 1 From the 
aforementioned definition of the contents of the operation of selection, the 
following immediately becomes evident If y*i * is true, then the pair 


(H) 
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simply means the sentence ‘tyyi \ but if V*i * is false, then the pair (17) has 
no meaning at all The corresponding idea is expressed in the truth table 
lie 18 , which I derived here expressly for the operation of selection Omittmg 
the quotation marks, we obtain the following results for sentence sequences 
with the value 1 

If Wfoxx) = 1, then W(ipxi , i//>q) = W(\ py x ) 9 

IfWfoxx) — 0, then WfoXi , \pyi) = indeterminate (18) 

The operation, then, has an individual meaning, but it is defective, le , its 
table of values contains mdeterminacies 

The transition to the probability values for sentential sequences from the 
truth values of the individual operation is accomplished here analogously to 
that for elementary sentential connectives The frequency interpretation 
requires that the probability of the sentential sequence is determined through 
enumeration of the truth values assumed by the relevant operation in the 
individual members of the sentential sequence, this applies likewise to the 
operation of selection In this process the members with indeterminate truth 
values are omitted 19 

A further difference between the operation of selection and the elemen- 
tary sentential connectives lies in the fact that the operation of selection is 
not commutative and not associative 20 The pointlessness of considering 
expressions of the form 

(W» M) v (Wfe) 

is connected with this fact, such expressions are not capable of further 
dissolution It is preferable to mtroduce the sign 0//Z&) into the new sentence 
sequence m accordance with (5) and transform it in accordance with (15) 


7 A DIFFERENT INTERPRETATION OF THE OPERATION 
OF SELECTION 

We have interpreted the operation of selection as an operation between 
sentential sequences But we can give it another interpretation, according to 
which it represents an operation between sentential functions 

To recognize this, we must consider a peculiar difference between the 
predicative and the implicative notation In the predicative notation 

Ww) 


(19) 
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y x is not a free variable but a sequence of individual signs, 1 e , signs that are 
coordinated to certain individual events The advantage of the implicative 
notation lies m its replacing the individual signs with a description carried 
out with the help of a free variable, that is, the sequence of events (jq) is 
described with the help of another sentential function in which there then 
occurs a free variable Thus the implicative notation 

(w, M (20) 

may be conceived m the following way The characteristic \p is seen as 
relatmg to all those y t belongmg to x x that make ipx \ true The sentential 
function then, assumes the definition of those elements that are to be 
filled in as arguments in the sentential function \p In order to obtain an 
ordered series from these elements, we must add a prescription about order 
(for instance, that the y x are to be taken in the temporal order in which 
they occur), the addition of such a prescription shall be mdicated by the 
parenthesis in (20) In Theory of Probability , p 396, I call the senes of 
events (y,) the fundament of the sentential sequence (i/oO, the sentential 
sequence itself then bemg defined as the combination of a sentential function 
with a fundament Usmg the given interpretation of (20), we may also say 
A sentential sequence is equivalent to a pair of sentential functions plus an 
order prescription 

The resulting difference m the interpretation of the operation of selection 
is certainly not very profound If we regard this operation sometimes as an 
operation between sentential sequences , sometimes as an operation between 
sentential functions t the sole difference involved is whether we introduce the 
order prescription before or after applying it For we must make use of such 
a prescription in the second case, too, if we wish to set up the new sentential 
sequence 

In some respects, the implicative notation may appear more correct than 
the predicative notation, but we must bear m mind that the same may be 
said of individual assertions In the sentence 

4 >yi ( 21 ) 

is a individual sign, we may instead characterize the argument by a 
description V*f\ writing, as before, 

#,)• ( 22 ) 

This is an individual sentence if V*/ is so chosen that there is only one x x that 
makes true In that case the single sentence is also to be represented as a 
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pair of sentential functions with the help of a free variable, then, of course, 
there is no order prescription Then (22) has the significance of the individual 
operation of selection 

As an example of (21), let us take the sentence, ‘Wolfgang Bolyai was an 
Hunganan 5 Then (22) would have a form along the following lines 

y l “The man 

jc i whose son 

ip discovered non-Euclidean geometry m 1823 

\p was an Hungarian ” 

Just as we may use either of the two notations for individual sentences, it 
will also be permissible to use either the implicative or the predicative 
notation for sentential sequences 


8 EXTENSION ALITY 

I turn now to the accusation that my probability logic is not extensional 2i 
The objection is based upon a definition of extensionality accordmg to which 
it is present only if the truth value of a sentential connective is determined by 
the truth values of the two individual sentences This characteristic is cer- 
tainly obhterated in probability logic, for, as I have shown, the probability 
of a connection between sentential sequences depends upon yet a third 
parameter, viz , upon the probability of the sentential sequence determmed 
by the operation of selection, which I also refer to as the ‘degree of coupling’ 
However, I do not believe it is proper to regard this peculiarity as a viola- 
tion of the principle of extensionality It appears far more to the point to 
expand the definition of extensionality so as to take account of the relations 
m question For probability logic is also not intensional , as probability is 
obviously not dependent upon the content of the sentential sequences 
What is accomplished in probability logic is a natural extension of those 
relations found in two-valued logic, instead of being determined by two 
parameters, the probability values of the connection requires three para- 
meters The additional parameter is of the same logical type as the other 
two, viz , it is also a probability value It should be noted, too, that m place 
of the probability of the sentential sequence determmed by the operation 
of selection, the probability of another connection may be used as the 
third independent parameter, for mstance, the probability of the logical 
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product , this determines instead the probability of the connective of selection 
In calling my probability logic extensional, I was, of course, thinking of 
extensionality in the broader sense We are invariably compelled to expand 
concepts when we make the transition to logical systems of a more general 
nature Simply consider the expansion of the concept of numerical equality 
necessitated by infinite sets or the expansion of the concept of a sum re- 
quired for vector calculus The circumstances that have promoted the require- 
ment of extensionality to an important epistemological principle — especially 
the mdependence of extensional logic from the content of the sentences, the 
possibility of constructing a theory of meaning upon the concept of verifi- 
ability, and the like — are as strongly m force in the case of the more general 
concept of extensionality And on the other hand, this discussion appears to 
me to illustrate how dangerous it is to restrict the development of theories by 
postulates that are too narrowly conceived A tenacious insistence upon the 
narrow conception of extensionality would exclude precisely those of the 
multi-valued logics that may be conceived of as a logical interpretation of the 
concept of probability 


9 PROBABILITY LOGIC AS A GENERALIZATION OF 
TWO-VALUED LOGIC 

My probability logic has been further criticized for failing to constitute a 
genuine generalization of logic in that, by employing the frequency inter- 
pretation, it reduces probability to an enumeration of two-valued sentences 
or assertions 22 I gave a brief answer to this objection 23 by indicating the 
necessity of differentiating between the formal system of probability logic 
%s defined through the truth tables and the interpretation through frequency 
The latter results in a mapping of probability logic on two-valued logic, 
comparable to the mapping of a non-Euclidean geometry on Euclidean 
geometry The formal system itself is untouched and is structurally different 
from two-valued logic In the same place I mdicated that a corresponding 
mapping on two-valued logic would also be possible for the logical systems 
of Lukasiewicz and Tarski, and that Post, for example, subjected his logic 
to such a frequency interpretation 

I have presented a more thorough investigation of this problem else- 
where 24 , showing that a reduction to two-valued logic can be strictly exe- 
cuted only for mathematical probability calculus, m applied probability 
calculus it can only be approximated 
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For this reason the physical concept of truth must, strictly speaking, be 
regarded merely as probability of a high degree For the so-called assertions 
of physics are, as I indicated earlier, really posits to which a weight is attri- 
buted (I now use the word ‘weight 5 in place of the word ‘appraisal 5 , which I 
used m my Theory of Probability), the weight is to be conceived as a prob- 
ability applied to a single case The logic of posits, or weight logic, replaces 
the two-valued logic of assertions, this weight logic is a probability logic 
made up not of sentential sequences but of posits analogous to individual 
assertions Here, then, we are dealing with an interpretation of probability 
logic that does not represent a mapping upon two-valued logic 

J Hosiasson 25 has now raised the more sweeping objection that not even 
the formal system of probability logic may be regarded as a generalization 
of two-valued logic She bases this idea upon the fact that all tautologies 
of two-valued logic retam their tautological character in probability logic, 
that is, that the set T 0 of all tautologies in two-valued logic is a subset of 
set T of all tautologies m probability logic This bemg so, says Hosiasson, 
T may not be designated a generalization of T 0 

But I never asserted anythmg of the kind, so far as I can see, T actually 
becomes identical with T 0 In calling probability logic a generalization of 
two-valued logic, I meant by ‘logic 5 more than the set of tautologies The 
exhaustive characterization of a logic must include, m addition to the set 
of tautologies, the syntactic and semantic rules of logic, and it is here that 
we find the differences between probability logic and two-valued logic 
This can be seen clearly from, eg, the truth tables, which are to be con- 
strued as semantic rules In my Theory of Probability , I showed that the truth 
tables of two-valued logic are mcluded as a special case m the truth tables of 
probability logic To further illustrate the point, let us take the following 
example, in which ‘a 5 is to represent the constituent of the pertinent logic a 
sentence in two-valued logic, a sentential sequence or a posit in probability 
logic (quotation marks omitted) 


Two-valued logic 


Object sentence 

av a 

( 23 } 

Semantic sentences 

W(a v a ) = 1 

(24) 


[ W(d ) = 1] v [W(a) = 1] 

(25) 

Probability logic 



Object sentence 

av a 

(26) 
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Semantic sentences W{a\/ a) - 1 (27) 

W(a) + W(a) = 1 (28) 

Here (23) is a sentence that may be considered or asserted, while (26) may 
only be considered, in accordance with our previous discussion Sentences 
(27) and (28) are subject to the rules of two-valued logic, as are, of course, 
(24) and (25) It is obvious that (25) would be false, taken as a semantic 
sentence of probability logic, it is replaced by (28) Sentence (28) is a general- 
ization of (25), that is, (28) comcides with (25) m the special case m which 
the truth value can assume only the value 1 or the value 0 

At the same time, it is clearly impossible to consider the meaning of a 
formula independent of the attendant syntax Formulas (23) and (26) are 
wntten in just the same way, but they do not have the same meanmg This is 
seen from the fact that, at higher language levels, formula (25) may be derived 
from the one, formula (28) from the other Thus it will not do to define as 
logic’ only the system of formulas of the first level, without regard to the 
attendant syntax 

Thus probability logic may clearly be correctly regarded as a general- 
ization of two-valued logic That the tautologies of two-valued logic are not 
disturbed by this arises from the fact that my system is adapted to the prob- 
ability concept used m physics It is only physical sentences, not tautologies, 
that physics wishes to regard as merely probable Certainly, it is possible to 
think up other generalizations of logic m which not only the semantic rules 
but also the tautologies of two-valued logic are altered But the construction 
of such systems will take on practical significance only if these systems are 
applicable to the concept of knowledge m physics 


NOTES 


1 I refer here to the presentation of my theory given m my book, Wahrscheinlich 
keitslehre [1935h, revised by the author for English translation as [1949f] , page refer- 
ences to the English edition indicated, where appropriate, - Ed ] A more recent sum- 
mary of my probability theory, including the distinction between the semantic and the 
object conception, appeared under the title, ‘Les fondements logiques du calcul des 
probabilites’ [1937b] 

2 Carnap, R , Logische Syntax der Sprache, Vienna, 1934 [trans as The Logical Syntax 
of Language, London, 1937] 

3 Tarski, A , Actes du Congres international de philosophic scientifique , Pans, 1936, 
III, 1 
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4 Some authors use the terms ‘relation 1 and ‘argument’ m the sense in which I here 
use ‘relation sign’ and ‘argument sign’, but I prefer this latter terminology 

5 Wahrscheinhchkeitslehre, p 57 [p 46] 

6 Wahrscheinhchkeitslehre, p 374 [p 395] 

I Wahrscheinhchkeitslehre, pp 65 and 68 [pp 54 and 57] 

8 Nagel, E ,Mind 45, 503 (1936) 

9 I have developed this idea m ‘Axiomatik der Wahrschemlichkeitsrechnung’, [1932f] 
p 572 

10 Incidentally, such an individual probability implication would be mtensional, general 
probability implication, on the other hand, is extensional, smce — according to the 
frequency interpretation - it depends only upon the truth values of the individual 
sentences 

II Wahrscheinhchkeitslehre , p 61 [p 51] 

12 Wahrscheinhchkeitslehre , p 374 [p 395] 

13 Note that in place of (7) we could also introduce the notation 

wc(<p Xl y), \+ yi y) 

Here the operation of selection is replaced by its semantic correlate, i e , the comma 
signifies the semantic correlate of the operation of selection Incidentally, this notation 
amounts to the same as (7) We prefer form (7) because we are able through it to treat 
the operation designated by the comma as an analogue of the elementary sentential 
connectives 

14 This distinction stems from Boole (An Investigation of the Lam of Thought , 
(London, 1854),pp 247-8), who also emphasized the equivalence of the two conceptions 

15 Nagel, op cit , p 510 Hosiasson, J ,Actes du Congres international de philosophic 
scientifique 4, 63 (1936) 

16 A precise enumeration replacing (13) and showing whether each constituent is true or 
false would offer yet more precise information than (12), but the resulting enumeration 
is not the sentence sequence ‘(<px,)’ but a different construct, to which the probability 
1 is to be attributed 

17 Wahrscheinhchkeitslehre, p 379 [p 398] 

18 Wahrscheinhchkeitslehre, p 381 [p 400] 

19 The peculiar characteristic of my probability theory (pointed out by C Hempel), 
according to which the operation of selection leads, m the case of fmite sentential 
sequences, to sentential sequences for which the number of truth values may be smaller 
than for the original sentential sequences, results from this feature, l e , from the defec- 
tive character of the operation 

20 At least, if the fust sequence is not ‘dense’, for then the presence of the parentheses 
signifies the transition to a new enumeration, cf (5) 

21 Tarski, Erkenntnis 5, 174 (1935), Nagel, loc cit 

22 Tarski, loc cit , Nagel, op cit , 509-10 

23 Tarski, op cit , p 177 

24 In Experience and Prediction [1938c], Section 36 Cf also my article ‘On Probability 
and Induction’ in [1938a] 

25 Hosiasson, op cit, p 58 
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456 Puerto del Mar 
Pacific Palisades, California 
March 28,1949 

Professor Bertrand Russell 
Trinity College 
Cambridge, England 

Dear Mr Russell 

I have read with great pleasure your book on Human Knowledge * I like 
the book, m particular, because it presents philosophical analysis in a form 
accessible to non-experts and yet precise enough to constitute a basis for dis- 
cussion among experts May I congratulate you upon this successful presen- 
tation of your views’ 

I should like to write to you today principally about your views on prob- 
ability and induction and your criticism of my theory I like it that your 
criticism is always to the point and witty — it is so different from the antag- 
onism springing from neurotic arrogance, typical of a certain group of modern 
logicians In fact, I am reading your book at present with my graduate 
students in a seminar, we study your objections against my theory and have 
great fun in gomg through the various arguments 

The more I read your book, the more I think that a discussion of an hour 
or two between you and me would settle the dispute and reveal that you 
merely misunderstand my theory in some essential points You would then 
see that your abandonment of empiricism is unnecessary and that you need 
not resort to an “extra-logical principle not based on experience ” But I will 
rather not talk about this general problem and go mto more details [instead] 
There is first the question of interpreting my theory as referrmg to finite 
sequences I have said repeatedly that this is the ultimate meaning of my theory 
and that the infinite sequence is used merely for mathematical convenience 

* B Russell, Human Knowledge Its Scope and Limits (Simon and Schuster, New York, 
and Allen <& Unwin, London, 1948) 
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{Experience and Prediction [1938c], pp 360-362, Wahrscheinhchkeitslehre 
[1935h], p 419, Zeitschr f Physik 93 [1935b], p 792) I have always 
emphasized that my axioms are satisfied stnctly even before going to the 
limit ( Wahrscheinhchkeitslehre , p 88) But it is also clear that such a ‘Unitiz- 
ation’ does not excuse us from studymg the order of the probability sequences, 
which is indispensable, m fact, my theory of probability includes a chapter on 
the theory of the order of probability sequences The view that probability 
refers to classes, not to senes, is one of the errors of the line of development 
expounded by Keynes 

My distinction between the frequency up to an element of the series and 
the limit, cnticized by you on p 364, remains valid, however, since it is only 
the last value of the frequency m a finite sequence which is decisive Prob- 
ability is always used as a property of the sequence as a whole, not as a prop- 
erty varying from element to element 

I will now answer the objection of the infinite regress raised by you You 
use it m two ways first, you say that going from a probability statement to 
the statement that it is probable, l e , to probabilities of higher levels, there 
arises an infinity of levels Second, you say that gomg conversely from a prob- 
ability sequence to the analysis of the statements about elements, which are 
merely probable, there is [also] an infinity of levels 

As to the first form, there is a mathematical error m your presentation on 
p, 416 Combining the probabilities of different levels mto one probability is 
permissible only if special conditions are satisfied, but even then, this combi- 
nation cannot be done by mere multiplication Let V be the statement ‘the 
probability of the event is f’, and let V be the statement ‘the probability of 
“0” is 5 * In order now to find out what is the probability of the event, you 
have to know what is the probability of the event if V is false This prob- 
ability might be higher than | And the final probability of the event is then 
found by a formula called by me the rule of elimination It is a mean value, 
which may be greater than | These values do not go to 0 (see Wahrscheinlich- 
keitslehre , pp 316-317) The product which you calculate is the probability, 
not of the event, but of the total conjunction of the infinite number of prop- 
ositions on all the levels, which is of course = 0 

I have said that we get away from the regress because we cut it off, on a 
certain level, by a blind posit You say (pp 415-416) “I cannot see what 
ground he can have for making one posit rather than another except that he 
thinks it more likely to be true ” And on p 413 “A blind posit is a decision 
to treat some proposition as true although we have no good ground for domg 
so,” This is the decisive pomt in which you misunderstand my theory of 
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induction I have shown that blind posits are justified as a means to an end, 
and that no kind of belief in their truth is required This I regard as the essen- 
tial merit of my theory I have shown that there are other reasons to make 
assertions than reasons based on belief So I do have a good ground for deal- 
ing with the posit as if [it were] true , but the ground is derived neither from a 
probability , nor from a belief 

I therefore do not need such a thing as your ‘credibility’ In fact, I think, 
whoever assumes that there is a credibility other than a probability mterpret- 
able as a frequency has committed himself to an error which makes an 
empiricist solution of the problem of knowledge impossible The idea that 
there is such a thing as a ‘rational belief’ is the root of all evil in the theory of 
knowledge and is nothing but a remnant from rationalistic philosophies I was 
so glad to see that you have made a great step toward the frequency interpret- 
ation of probability and recognize its merits — why do you still employ a con- 
cept of ‘credibility,’ which is unjustifiable and redundant? 

For these reasons, my theory does not lead to an infinite regress The scale 
of probabilities is cut off at some level by a posit asserted for other grounds 
than probabilities 

I will now discuss your objection that there is a similar regress in the con- 
verse direction (p 368) It is true that the elements of statistics, which we 
regard as true and use as the basis of an mductive inference, are strictly speak- 
ing only probable It is permissible to neglect this probability character for 
many purposes But of course you can apply the frequency interpretation to 
these probabilities 

Going down the ladder in this direction, you arrive after a finite number of 
steps at those elements which you call ‘sense data’ and I call ‘immediate 
things’ So your objection can be formulated why do we base all statements 
about the world on sense data, or immediate things? Must we not first prove 
that statements about sense data are credible? 

Here again I answer that the acceptance of the data is not a matter of 
credibility, but that they are selected as the basis of knowledge for other 
reasons We choose them because they are the things that interest us - after 
all, my toothache and my sensations of pleasure are the things that matter to 
me So once more, it is not credibility that determines the choice, but another 
reason ( Experience and Prediction , pp 289-290) 

You might perhaps object But I want to be sure that what I select as a 
basic datum is something of the kind that interests me, in other words, that it 
is a perception and not an invented thing Asking that it be physically existing 
would of course be too much, but it should at least have subjective existence, 
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a Protokoll sentence should not be a lie (something that Neurath never under- 
stood) So you would insist that there is some credibility involved I would 
answer as follows If I say “This is a true Protokoll sentence of mine”, such a 
statement is merely probable, and this probability can be translated into a 
frequency In domg so, I would have to introduce other Protokoll sentences 
that are not yet checked So I must always rely on some Protokoll sentences 
accepted without a test These ‘ultimate Protokoll sentences’ are posited for 
the simple reason that I have nothing else to start with, that I simply cannot 
do otherwise There is no ultimate Protokoll sentence in the sense that it can- 
not be tested, m fact, every Protokoll sentence can be tested But there are 
always a number of last Protokoll sentences for a given context of inquiry 
They are accepted because I cannot help domg it I cannot events/: whether 
they are reliable - the question is meaningless Such a question has meaning 
only if other Protokoll sentences have already been accepted, since only then 
is it verifiable, it is so by the use of mductive methods (In a terminology to 
be explained presently, it is meaningful only m advanced knowledge ) The 
answer is similar to what must be said about analytic self-evidence we cannot 
help accepting it, and we cannot even ask whether it is reliable unless we use 
analytic self-evidence for other sentences 

This argument cannot be extended to induction, because the mductive 
principle is not self-evident, in fact, while using it, we can very well imagine 
that it leads to false conclusions This is the reason why I have introduced a 
very different argument for the use of induction I shall now answer your 
criticism of my theory of mduction 

First, you say (p 413) that the inference that mjn goes to a limit is “only 
apparently more general” than the inference for m = n It is true that to some 
extent the general mference is reducible to the special one, although a precise 
formulation would lead to complications (the improvement of the convergence 
for larger n is then cumbersome to formulate) But that does not make the 
mference less general Riemannean geometry can be mapped on Euclidean 
geometry, but still is more general Secondly, you would then have to for- 
mulate the special mference so as to state that the relative frequency will 
remain = 1 within an interval of exactness 5, which formulation mcludes, 
essentially, all the features of the general mference, because it admits fre- 
quencies different from 1 

On p 417 you say that hypothetical mduction does not differ from mduc- 
tion by enumeration because we can regard the class of observed consequences 
that conform to the hypothesis as a class B, and then infer ‘all A are B’ 
by simple enumeration But this trivial way of transforming hypothetical 
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induction into induction by enumeration does not supply an equivalent infer- 
ence The schema of the mference by hypothetical induction, which is given 
by the rule of Bayes and covered by my general theory of probability, is 
much more powerful than the derived mference by enumeration If this 
schema ‘collapses’ mto mduction by enumeration, the degree of probability 
attamed for the conclusion is much lower The thesis that all mduction is 
reducible to mduction by enumeration, which has often been maintained, 
cannot be proved this way It was proved for the first time m my axiomatic 
construction of the calculus of probability, which shows that the axioms are 
denvable from the frequency mterpretation and that therefore the application 
of the calculus to physical reality is ultimately reducible to induction by 
enumeration 

On p 369 you say that the inductive principle has no empirical content 
You come to this view because you assume that the principle says the induc- 
tive conclusion is probable So what you discuss is not the meaning of mduc- 
tion, but that of a probability statement But if probabilities are mterpreted 
as frequencies m finite sequences, the probability statement is verifiable 

However, the mductive conclusion can be called probable only when many 
other inductions have already been made, which tell us something about the 
second level probabilities I speak here of a state of advanced knowledge In 
primitive knowledge , i e , before any mductions were made, the mductive 
conclusion is not probable To make this clear, let us assume that the event B 
has happened m times among n events, the mductive conclusion is now 

the probability of B m the sequence is = ~ ± 5 

This statement is not made probable by the mference It is maintained as a 
blind posit, 1 e , as a step within a procedure which on continuation will 
furnish the probability of B if such a probability exists The rule of mduction, 
m primitive knowledge, is an asymptotic rule, not supported by probabilities 
nor conferring probabilities on its conclusions 

Strangely enough, you say on p 413 that the mductive posit can be shown 
to be false You construct an example where an individual mductive conclusion 
is false But thousands of such examples have been known for thousands of 
years 1 Who has ever said that the mductive conclusion must be true 7 Induction 
merely supplies an asymptotic rule which eventually must come true if there 
is a limit of the frequency And this is true for your example, too Suppose 
you define your class B as the class of all things except the elements of the 
sequence beyond n Then all elements up to n are m B, and the mductive 
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conclusion would be the next element is m B Further observation would 
show this conclusion to be false Continuing the procedure, you would soon 
find that the relative number of elements in B gets smaller and smaller, and 
the inductive conclusion would furnish for an element B a probability that 
converges to 0 So the asymptotic rule works correctly Of course, m your 
example no one would apply the rule because you have a deductive proof 
that the element n 4- 1 , or all elements beyond n, are not m B Your inference 
violates the rule use the narrowest reference class available You will find a 
similar example, but of a more general form, m the forthcoming English 
edition of Wahrscheinlichkeitslehre [1949f], § 87 

Induction does not require an intensional logic, as you say on p 415 And 
the inductive rule is not too general That our actual mductions are directed 
by many other considerations, such as [those] concerning likely connections 
or suitable variations of instances, that we are even able to tell when a num- 
ber of observations is large enough to warrant an induction, is a consequence 
of the fact that all such mductions are made in advanced knowledge The 
current literature on induction is abundant with errors resulting from not dis- 
tinguishing between these two states of knowledge Once many inductions 
have been made, the mductive inference becomes much better through a 
concatenation of mductions But these ‘better 5 properties cannot be required 
for primitive knowledge, nor can they be proved a pnon 

One more remark I was surprised to find myself hyphenated to von Mises 
(p 362) - as much surprised, presumably, as he You even call my theory a 
development of that of von Mises I do not think this is a correct statement 
My first publication on probability [1915b], which is earlier than Mises 5 
publications, has already a frequency interpretation and a criticism of the 
principle of indifference, although I later abandoned the Kantian frame 
of this paper (see Wahrscheinlichkeitslehre p 342, footnote) Mises 5 merit 
is to have shown that the stnct-limit interpretation does not lead to contra- 
dictions and, further, to have provided a means for the characterization of 
random sequences I then could show that my earlier frequency interpre- 
tation (which was weaker than a stnct-limit interpretation) in combination 
with Bernoulli’s theorem leads to the limit interpretation and thus took over 
this interpretation, But my mathematical theory is more comprehensive than 
Mises’ theory, smce it is not restricted to random sequences, furthermore, 
Mises does not connect his theory with the logical symbolism And Mises has 
never had a theory of mduction or of application of his theory to physical 
reality 

I have answered those of your criticisms which appeared to me the 
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important ones I wish I could send you the English edition of my book 
Wahrscheinhchkeitslehre , which is now ready in the proofs I think I have 
improved the presentation of my views, so that in fact most of your objections 
are answered m it, although I wrote this edition long before your book came 
out When the book appears (it is scheduled for May) I will send you a copy 

Incidentally, when my book on symbolic logic [1947c] came out, about a 
year ago, I asked my publisher to send you a copy Did you get it? If not, I 
will gladly send you one 

Recently I got an invitation from Argentma for their congress, and I saw 
that you, too, were invited I hoped to meet you there But then we came to 
the decision not to attend the congress in order to demonstrate against the 
dictatorship in that country What did you decide? 

It is a great pity that we cannot talk about induction together The dis- 
tances are so large I had plans to go to Europe last summer in combination 
with the congress at Amsterdam, but finally had to renounce them because of 
the expenses of the tnp 

Please give my best regards to Mrs Russell and to Conrad 1 We all miss you 
very much here and would be so happy once again to have you among us r 

Yours very cordially, 


Hans Reichenbach 
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